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1S . 517 (075.8)

Uy fuwnwlpp pnyunnpyly  E nuugpnipul ZGU-h
nunuGudtpnpuijw tunphpnh Ynnihg (mpdwﬁmqpmpjmﬁ Na i, 20
wwyphth 2000p.)

LbjGwn Gpjwlnh Nwlptgwl
pwpénuagny)f dwpbidwwnhlyw

‘Lhpyw dtnfwpyp Guuwntudwo & 20U wqpwpwypl
L htinwlw ﬂnul.mthmﬁhpb nuwlnnitph  hwiwp: (85111
yuquyty £ gnponn opwanh awjwihG hwdwujwunwufuwi:

U fuwwnwGpnid twwngtih élny pwpuinpyby & pupapw-
qniQ Jwpbiwnhywh hhiGwlwG dtipnnbpp, wnwaha
ntyptipmd gnigunptny qlntqwmﬁmhuwl{wﬁ wpuwninpjwl
plwqujwnf onphfwyGbp: Snipupwbyynp qﬁupg htinn
ppywo 0 juGnhpibp U JupdnpymGGtn hGpGniwpny G
wtuwwnwph hwdwp:

QtnGwpyp Yupnn & oquwlpup {hity Gul 2Q.U-h wy
puynntin itnph nuw@nnGtphQ:

o 2w jjuljul qlmrlmuaﬁmhuwhwﬁ wlwntdpw-2000

wulLhShy GRupLUUONMO3NMLE
LUrENkRe3UL drU

Uhwihwply yud Yhpmoww tipypwyunhmpymfip nuunud-
(wuhpmyd k tiplypwywihwiywu( wuwnftpiph hwaynpyntGibpp
huwtipwhwuh dtpnnGtpny, pwGwalbph dhengny: NuuniGwuhp-
gl hpiGwyw( dtpnnp ynnpnhGuunwlwd tpngl L

WNAMPLUESBULL Ubenae arah 4ed,
oJU3hL UNULSR

dhpglulp dh quiwjwywé nmhn: Wi mGh Gpym
hwlwihp nunaepym GG Cuwn gulympjwl, pluptkip npwlghg
gty b whguiblp npwlw nupnnpynel:

WG mnpnp, nph Ypw GJwd t gpuywd nunp;ntdp,
yoymd b wnwgp:  G-dwqpnud wy Gl Gl upupny b
ywlwynw Gy nwmy’ X,y,zt...:

Q. 1.

Upt wnwgph gpw GpUwo | (wb hwyyupyh uygplwytng,
npi plnniGqwd b Gubwlty O wwanny U ywhdwl dhwynp
Eﬁmupmwp), www wjn wrwlgpn ynsymd E pjwjhG wnwlgp
qo.1):

‘Lyhlp Stiponp, nph oqlnipjuiip wnwlgph Upw yLpgpwo
Joipupwbymp Yo plnpnaymy t nplhgt dh pyny, puwn app by
wnwlgpp Ynyymd & puwfili winmuligp:

hpnp' x wrwlgph Ypw YtpgGhlp dh M gt L pwpdwb
Shwynph oqlnpyudp swihbip OM hwinwoh tplwpnipymbp:
UpymGpnud  QuuwGwGp Sh phd, npp gogymd £ M jlnh
yanpnhGuw U gpynud £ M(x) wbupny: O Ytwh yoapnhGwwnn
hwdwuwp t gqpogh: UnnpphGwn nilbGwin wpryatlpnui Ytwh
nhppp wewbigph Ypw gueGnud b apnawyh: Wjuwhuny, Ywpng
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tiip wuh), np pyujhl wnulgph Yntph puqinpjwi L hpuljud
pubph pwgimpjul  dhol  gnympmb wlh  Ginfudpupdbp
hunfwyuwmwufuwlnegp ymG:

Qwpltiip tpym Yhnbiph dholi tiqud  hbmwdnpmpyndp
pUywjhl wnwlgph Yypw: “Ghgmp, npguo GG Mi(x) b Ma(x,)
yhwnbpp b wwhwGeymd £ hwyyti gpulg dhol bqud  d
htnunnpmpymGp: LkGp Yhnbpp wnwbgph Ypu (go.2):

X
- d e 4 »
M, » X
X3
99.2
40.2-hg bt £, np d =M M, | =|OM, ~OM, | =x, - x,}:

Wuyhuny, hwjnmGh  YnepghGumGbpm]  Gpyme  Yenbph
htnwynpmpym Gp wnwgph ypw buwpggmd k

d=[x,—x| ()
pwlwdm:

(hpnuiGlyma nluwmn e nnpphtunnwlpel hwdwlunpgn
hwppmipnul yJpuw

Gpb (pJwo L h dbpnn, nph ogbmpyjudp Juwptih £ npngb
Ytunp nhppp hwppnepjwl Jpw, wwyw wunnd b6, np hwppmp b
Ypw dingyuwd t ynnpphiwmujuG huiwljung:

THhuwpyblp wwpquagmii b wikGwihpuntih gonpogh-
fwwmwlwl hwiwlwpgp, npp Unggmd £ mgnuiyymG
nbluwnujul:

“Fhgmp, hwppmpjub Jpu mpjuwo L6 bpym thnfumnnw-
hwjpug wnwlgpltp (Ox L Oy) L suhdwl dhwynpp (Gwuyumupp):
UWu  nphypnd - wund kG, np wpjwd GG mgnublpymG
yonpnhGwwwyG hudwluwpg: UnwlgpGbiph hwwmdwi Ynp
Yngynud £ YnopphGuwwnGbph ulyqpbwltin, pull wnwlgpbtipp’
ynnpghGunuwl wewGgpip (Ox-p wpughulbph wnubgp, Oy-
n opnhGuunGhph wnwGgp):

Ulpwnplilip, hwppnipyuG Jpu dwgud b Yanprhiwuw-
yut hudwlunpg b mpwo b oh M Y (qo.3):

Apnytiljnbip M Yanp ynnpohGwmwyu G wmuligpltph 4w b
qpnybyghwbpp hwdwywwwuiuwliwpuwn (ipwlwybklip M, L M,:
ouptym OM; L OM;  hwajwolbph  dkompmbGGtpp
q.;ulw[il.tltip‘ OM =x,0M,=y: .
Wyuhlpl® hwppmpjul  Jpw
y A npud YhnhG hwdwugumnwo-

fawtnud t sh qnug phy (x,y),

npp Yogymd £ Gpu Ynnpnh-

Guwwlbp:  x-p Unggnud |

wnwohl  Ynnpphliwn  Yud

wpughu, hul y-p° Gpypnpn

UnnpphGuwwm und opghliun L

gunui £t hbnlguy by

> MOxy): Qwlwnul  wlnoudp

(nyluybtu &hpw E, wjuplph

uipuwd wdkG  dh qmyg

S hputpwt  pghG  hwppmpjub

Ypw hwdwuyunnwojuwlngd b

th npnpwlyh Ytan: Wu pytph  (YnnpphlunnGhph) dhongmy]

hwppnipjub Ypu juemgymu k jhnp:

SYpunwphtip wlwhwmhy  GpypwyunhnipputG  dh puwbp

wwpqugny i funhpGip hwppnipju6 Yypu:

G My

Gnplm Glanbph dhol b htinunlopnipynilip

Qhgmp, hwppmpjub Ypur mpjwo b bpyne Yo M (x,y) b
Mi(x2,y2) U wwhwloymd L hwpgbty gputg dhot tnwd d
htmunpmpyniGp:  Ywemgblp  Ybmbpp  hwppmpjul  Jpw
(wtionnp YtpgGbim] rnprhGunwywl hudwlwpg:

Qwiwdwyl Mympwgnpuuh pinptish, AM,NM, -hg

) 2 2 2
(40.4) ywpnn Llip gptiy’ |M|M2‘ =|M1N| +|NM2|



YA

pwtpnp  MM;|=d, MN|=[PQ[=x,-x,,
[NV =[ Q| - [QN| = [ | - [PM| =2 -1
wyw d* =(x, 'Xl)z +(y2 "}’u)za“rlmbflbg

d=\j(x2“x1)2+(3’2*}’|)2 (2)
OphGuly.- 2wt M; (-2,3) L M,(1,-2) Ytantiph htpwdnpmpnilp:
Lnonud.- dwiwdw)l pubiwdlh

d=y1+2P +(2-37 =9+25 =434

Qwunywoph pwdwlindp wpfuo hwpupbpnipudp

Y hgmp, hwppnipjul Ypw wpgwo t tplym Y M(x,y1) b
M;(x2,y2): MM, hunduioh Upw Ypgblp uh M(x,y) Ytun:
MM

hwpwptpmpynilp  Gwlwynud G A uwnny b

2

wuntd, np M Ytwp MM, hunnjwdp pwdwlind £ A
hwpwpbipnipjudp:

yA M;
M/
M,
Py P Plz T

Q0.5.

Glipwrphblp, A-G mpdud £, M, L M; ytwnbiph ynnpihluwwn-
(tpp hwjynGh bG, npnytGp M pwdwlivwb ytnh ynnpnhGuu-
Gopp: M;, M L M, htantipp wnnytyntip Ox wnwlgph dpw U
npwlg wpn)eyghwitpp hunfwyjwinwujuwiwpwp (ywhwlyblp
P,.PLP,(g0.5):

Zwdwdw)G nwppuiub hpl{pmzwamp]wﬁ qniquhtin
muhntph dhol bnwo hwunywaltiph hwdbiwwnwljubnpjul
dwuh( ptnplidh, Yupnn GOp gpti.

PP MM A
PP, MM,
puyg  PyP=x-xi PPy=x0-X

Stqunpbiny wju wpdtptpp (3) hwywuwpmpjut dbe
junwGwuGp.

: )

X—Xy _

Xy —X
Lnobny wju hwwuwpnpiolip x wlhwpnp Ghundwdp
JuunwGwip
X+ A
% =il X2
1+A



M,, M L M; yanmbtipp wypnytyutm} Oy wnrwlgph ypw L
Jupdbtny Giwl dtny’ y wihwjmp hwdwp unw Gubp’
Nt l}g
1+A
Upuwhuny, pwdwlidwi Ytnh YnnpphGwwbtpp npnpgnud
til hnlyw) pwlwdlbpny.
_ X1 +R.X2
1+ A
_Yithy,
1+
Uwulwynp niypmd, tipi M jtup quiynd £ hwndwoh
MM
MM,
hwuywoh vhelwytnh npnydwl hwiwp junwGwip.
X X2
2
ity
P
Oppiwy.- Spywd t ABC tnwlilpwl ququph YnapnhliwmnGlpp
A(2, 1), B(-2, 4), C(6, 2):
Mwhwloynud £ qunlity AD ¢helGwqoh tpYwpnipnilp:

(4)

dhelwltnmy, www A= =1 U (4) pwlwdlbphg

(5)
y e

B

Q-0.6.

Lmonud- Qwnwupbfp wwjjiwlwijwl gowghpp b Gwhuwuotiv
npmpiip D dheGwlytwh YnnpnhGuwnbGhpp: <’.Ludu16wj[1 (3)
pwwalbph

Xg+X, —-2+6

Xl)z 2 = 2 =2
+ 4+2
yD:ynzy"_—_ 5 =3

Mmpbd@ D ytinh YnnpphGwwnGbpt b6 (2, 3): GwGhGp AD
dholwqoh tplwpnipjmbp hwiwdw)l (2) pwlwdbp.

AD=(2-2 +(3-1) =

AL Ghoe QULAMI3UL LU

Glpwnptfp, hwppmpjul dpw wpwd b ognublynt
nhjupunjub ynnpphGwnwlywl hwdwupg U dh mohy ghd, npp
Ox wnwigph npujwi mannipjwl htwn Juqinud £ o wGlymG:

o wilynlp Yngjmu t nmqnh ptpdwG wilyneG, huly Gpuw
mwiqhfup’ mohnh wilyniGujhG gnpowlhg L Grwlwyynd k& k
wmwnny:

teo=k (6)

UGYniiwhG gnpowlihgp ningh nugnnipjwG fwplinpugne) G
plnpnyhyl £ L dunwytiu oquwgnpoymd £ wlwghnhy tpypw;w-
thmpjwb L Gpw YhpwenpniGitph dbe:

<Y

90.7.



OhunwpytiGp h mnhy L Gpw Ypw JpgGhlp tipym Y.
Mi(x,y)) U Ma(xa,y2) (40.7): Npnptlip ninhph  wilynuGwhl
gnpowlhgp.

k=tgo = Y20 (7)
X, — X,

Uw nunh wilgmGughG qnpdwygh npnzdwd pwlwdbl t

(ipw tpym Yhantiph dhongny:

(i hwwuwpmdp wlilmGuihl gnpowygnmy

fLhgmp, wpjwd tdh ninhn, nph wiblyniGwghl gnpowlpgp
hujuuwp t k b opnhuninGtph wnwGgphg yupmd kb hmmt{u{ﬁ
(g0.8): Nunh Ypw yYtipglkbp h M(x,y) plipwghy Ytan L Gp6Gp
Gpu YnnpghGuwwnibpp gdwgph Ypuw: Gowqgphg bpbmd b np
nputin £ np qugh M ytanp mnpnh qpuw, dhpw Yupkih L gptiy

y-b
o
alb >
X
O’\x/
Q.0.8.
H:tga:k,
X
n{lmhllh(}‘ y-b:kX, y:: kx+b (8)

Uyuuhuny, jnpupwtymp mopn. npt mGh k wilyoGughG
qnpowlhg b Oy umwbgphyg Yupmd b hwunjwd, pinipugmlma

9

1. (8) hwjuuwpnuiny: Qwiwnwlb b 6hyw b (8) mbiuph wiita gh
tuduuwupnid hwppnip)ul Jpuw wwnltipmd £ ninhy gho:

(8)  hwquuwpnip  Ynpmd  E nmqnh hwduuwpnod
whlymbuyghG  gopdwlhgny: Gpb b=0, wuyw nmnpnp  YuigGh
yunpohiwunwiul uyqpbuwlytinny, nph hwduowpmdG ty Yhip
v=kx:

Spfwo Ukl Ylunny wiligling Loinpiiwo wilymGuyht
qnpowlihgn mGhgng mgph hwuwwpnid

Cun nhypbpmd wlhpwdtyn b jhinad Jugity npwo
Mi(xy,y1) Yhwnnyd wiglon b k whlymbwihG gnpdwlhg mGhgny
annh hwjuuwpmip: Gpbh ningh Jpu JtpglhGp dh M(x,y)
plipughly Y, wuj (7) pulwdUh hwdwaw)b Yupng bap gpby.

v—

k=2=21 qui y-y =k(x-x,) )
X=X,

Uw npnfitith mignh hunjwuawpnodG t;

Oguwgnpotim] (9) hwjwuwpmip Yuptih © ugdty
Mi(xi,y1) b Ma(Xa,y2) wipdwo kpym Ytinbpny wGgGny mngh

fujwuuppuip:

(7) pwiwdLp hudwa w6 k=32"%1.
X, — X,

wju wpdtipp (9) hwjwuwpdw6 gk YunwGwip.

Stinqunphym|

}/ —

Y=Y S &Rt 11 (x—x,)
X2 =X

Uju hwjwuwpmid@ plinmGdwo b gpty htinlgwy inbupny.

X=X _ YY1

X2 =X Y2—Y

(10)
fhinpn ghop npuybiu wwehli upgh gho:
(hghnh plnhwGmp hunjwawpnid

UywgmgtiGp htunlgwy uljgpnifipugh pinphadp:

10



@tnpbd-  Fhjupnywi ynnpphGwwGhipnd  wdkb  dh
mnhny npnzymd L wnwehl wumhdwih hwjwuwpniny b
hwiwnwyp  wibl dh wnwohf  wuwhGubh  hwyjwuwpnd
hwppnipjwl Ypw wuwnytpmd L oh nnpny: ‘ ‘

Uwwgnyg.- Lwju  wwwgngtlp  ptnptdh wnwoht
s Glipunpbklp, wpjwd b dh udwjwlwl mnhn: Gpb wjl
niqnuhwjwg 3k Ox wnwgphl, www wpnbl hwynGh E, np
pGnpugpymy b y=kx+b wrwehl wuwmptwlh hwywuwpnudiny:
puy bpb wjl nipqnuhwjug b Ox wnwlgphl, wwyw Gpw pnnp
Ytwbpp pimpugpymad Gl x=a hwwuwpnuiny, npubn a-0 mrm.h
Ox wnwlgphg Yupwd hwmjwald t: Uu hwt{wumpnu&.g
Gnyluiu  wnwehl  wuwnhdwlh hwyjwuwpnui k- (Otinplidh
wnwehl Gwup wywgngyud L

Uwwgnghlp hwlwnmuy wlinnuip: Gipwnpklp, wpjwo k
wnwehl wumpuwih hwjwuwpnd.

Ax+By+C=0 (1)

A, B, C gnpowlhgltph Juiwjwluw wpdbplitpny: Gpb
B0, www wpfwd huuuwpmip Yupbh toqphg htnlyu)
wtiupny’

__A C
ETBTB

Lywlwlbny -—% =k, —% =b" unwluwlp y=kx+b, npl

hGswhu wpntl hwjnGh b, hwppoipjw Ypw wwwnybipnud b n_lqlm
ghd, npp Oy wnwgphg Ywpnd & b hwujwo L mbh k
whlmbuha  gnpowlhg:  Wuwhuny  wdtl  dh wnweohl
wuwmhGwh hwdwuwpmd wwwnltpnad tainpn gho, nwwnp ninhn
qhop Yngmud k Gwl wnwehl fupgh qho:

Ax + By + C = 0 hwjwuwpnuip Yynyynid £ mnnh plnhwlmp
hwjwuwpnd  (npybu  wnwehl wuwmh@wlh plnhwimp
hwjwuwpnud):

11

[lnh plphwlmp hudwowpdwG hbuwqnumdp: unh
hwiunwpnidnp chwonwoGhpm»

<hinwgnunty nignh ﬂﬁr]hmﬁnip hwyjwuwpnudp” GulGwymd
t wuwpgbp, pb A, B, C gnpowlhgGtph wpdbplbphg Ywhudwo
nuipip héiswhuh nhpp L gpuymd hwppnipjwG ypu:-

TFhunwpltilp hbwlyw) nhwptpp.

1. C = 0, hwjwuwpnip YplngniGh Ax + By = 0 wbupp,

A A
npntinhg y = ——Ex =kx [k - _EJ . Uw  YynapphfwnwwG

uygpiwltinny wlglnn ninhnG L Fpwlmd Yupbh t hudngyby
(wl’ wmbqungpbimy hwjwuwpdw dbe x=0, y=0 YnnpnhGwwibpp:
2. B=0, A#0, hwjwuwpmip YpGnniGh Ax+C=0 wbupp,

C C
npnbnhg X = _X =a (a = _K): bulj uw Ox wnwigphG

niqquhwjwg Juwi Oy-hi gniguhtin nignh hwyjwuwwpmd k:

Uwulwynp pliypnud, Gph a=0, wupu mnhnp GhwdpGyth
Oy wnw(gph httn L wyy wnwgph hwywuwpnuip Yihth x=0:

3. A=0, B#0, hwjwuwnpmip Ynuniw By+C=0

— C _ b .
y B -

Uw dp mnph hwjwuwpnd £, nph pnpnp Ylintipp
hwjwuwpwwbu b6 htnwgywd Ox wnwlgphg, wjuhlpi Ox
woewlgphl  gqmqwhbn ninnh hwjwuwpnuiG t: UwuGwynp
ntypnud, tpl b=0, wyw mnhnp YhwiGyGh Ox wnwgph htw L
(pw hwjwuwpnuip YihGh y=0: Qpiw tlpwnpblp, wpywo t Ax +
By + C = 0 hwywuwpnuip L A, B, C gnpdwlhgltiphg ny dhp
hwywuwp ,t qpngh: Uju ghwpmd hunJwuwpnuip Yupkigh b plpby
Up hwomy wbuph, npp Guuwwwiwhwpiwp b wwguhy
tpywuhnipywi Sh pwpp ulnhpGbpnu:

Glipwgptlp, nnhnp  YnnpghlGwwmwiwl  wewligpltiphg
hwdwwywnwuiwlwpwp yupmd £ oa L b hwwnwdGtp:
NwhwGgynu t Yuqut| wyg ninph hwywuwpnusp (¢9.9): (pnGth
nnnh hwjwuowpmip qptlp plghwnp ntupny Ax+By+C=0,
nputinhg Yunwbwip' Ax+By=-C

12



y A
\' X
b
M
0 a : X
0.9,
_Ax By
c C
X y _
¢t
A B
C C i
imlib —— =3, ——=Db YnulikGulp
Upwliwlbyny r B Y p
LHP AESY (12),

a
Uw Ynsymd £ manh hwgwuwpnud <hwnjwudGipny»:

Gplne nughnGbpf uquwo whlynip:
fugfinGhph mpnuhw pwgnipywd b qniquhbnmpjui
wundwGlbpn

UGwihwhy  bpypwswihnpjub  hpiGwlwl  fulnhptitiphg
dblp Lpynt niqpnlhph Yuqiwd wilywa npnynwi B Wydu puipu
phipblp dh pwGwdl, nph dhongny QJupbih b hwpyby Gpyn
mnhnGtph  Yuqiwo wilymbp, btph  hwjnlh G npuwulg

13

GyymbwghG gnpowlhgltpp: TFhnwpytlp bpym mnpnGep (I L
), npnlip fugans U 60 @ wilynl. (go.10.)

(1)

07 a;

P / "

a-0.10

Ghpwnnhlip, wig mnhnbtph wilpntwghG gnpowihglina
i k] L k;:

Qowqgphg Hupnn  blp qphp oy =0 + @ (kpwllywb

muwphl wilymbGp hwjwuwp b hptl ny Yhg tpym Ghpphl
iilymGGtiph qnudwphG):

fipmbnhg @ =04, — 0y, hul
tga, —1ga;
I+tgo, -tga,
g tgay =k, tga, =k,, htinbwpwp
kz _L!
1+kk,

“hunwpytiGp Swulwynp nhwpbp.

D blpwnptlp, mnhnGbpp qmquhbe 6 UWn ghypmd
=0 L tgp = i}i@;kL =

1+kk,

Npntinhg hbntnd b, np Ky =k =0yws Ky =k,

tgp=tg(a, —a, )=

g = (13)



Wuywhuny, tpt mmhnlbpp qmquhtn nl, wwyw g
wGlyymGuhlG gnpowyhgltpp hwjwuwp bi:

L

o1 A3

2) tipwnptilip mnhnGhpp nippuhwjwg G6: Win nliypmd @ =

tgp — o0 : Uw by Gzwluymi t (1 3) pu.lﬁu.ldl'h hw juupupp
wbuwp t hwjwuwpth gpogh. 1+kk, =0 ot kiky =—1:

Wuhbpl, tpb ninhnltipp nupnuhwjug hl, wwyw Gpubg
wiGlniGughG gnpowlhgGbph wpuaunpujp huwuwp £ -1:

trurnea uirah QoGS

W6 qotipp, npnp pGnipugmimy GG Gplennt wuwnhéwp
hwywuwpmiGhpny, ynynud GG tpypnpg yuwpah qotp: Gplpnpn
Yyupgh bwjwuwpiwG pighwinp wbkupp htntwil £

Ax? +Bxy+Cy? +Dx +Ey + F=0:

Zanlapwp, uww  tpypopy Gupgh  abh plinhwGnip
hurwuwpnui( k:

Yhunwpykbp wupqugnyG Eplpnng yuwyreh gobnp: Fpwip
b6 powGwghop, ihwup, bhwbppnp Y WRIPRIE:
Zuwiwnnnwljh Ghpljuugihlp wiu qotipl wmpGdhG-wnwGapl:

crauvlaho

W6  Utwbph  bpypwswwlwi  9bag, npalo
hwjwuwpuybu 66 bmuggud hwppnipypuf Upw npgwd dp
ytanhg, npp Ynyym & YtGunpnG, Ynydoud & opowuliwghd:
Qwppmpjul Ypw GnglGliGp mnnublymb ynnpnhliwmuijub
hwiwluwpg b powlwgdh YtGwnpnbp (ywbwytifp C(asb)-ny:
Cpowliwgdh ynw YtpglihGp Gh M(x,y) pps9ht Ytwn (go.11):
Npwntin b np guGyh M Ytinp zppwGugdh ypuws- puwn uwhiwdwd,
CM htinwnpoipyniGp G6md & hwununnmd: Wy hwuununnnGp
plnmjwd L Gawwyb R wwend L wrwity 2ngwlwgdh
sunuijhn: <wytGp CM-p npuybu Bpynt yantPh htinunjnpnip)nl
L hunjuwuwpbgGilp R-h:

15

y
M
0 >
Q.11
M= 7 b
i (x-a) +(y-b) =R’ (14)

U hwjuwuwpmdp ynpdmd b ppowbwgdh YubnGwijwi
hwt!tuuu:pnui: UwuGun]np giyypnud, tipk 2pgwlwgdh YhGunpnbp
qulynid & Ynnpphluwnmwlub vlgpluybnmd, wyw a=b=0 L
2nowliwgdh hwduuwpmidp pnniGnud £ htnljw) nbupp.

X2 + )"2 — R2
Ruwgting (14) hunjwuwpiws thwlywqotpp funwbwp
x? +y? ~2ax-2by+a?+b?~R2 =0

Lwibwwmbm] wyu hwyjwowpnid

. pnudp tpypnpg Yuipgh qob
plnhwlngp hwjwuwpiwG htn' GYwwnnud bGp, np Aok

1) A=C
2) B=0O

Wuyhuny, Yupnn bGlp wub, np bph &

G 3 Pt tipypnpn Yupgh
E(fr}hummp hwjwuwpiwi d6y x* by’ gnpowyhglitpp hugwuwp
l{l U xy wpnunpuiny winudp puguluymd b, www wy
l}igmﬁui;ﬂpmgn wwultpnd £ opowGuwghd b wyl  phptgng

n wtuph, thwdwiwlwy Yupbih £ npopb G
Ubinpntin b e nnzbp 2powliugdh

:ﬁﬁﬁwq- hgnup, wpgwd b x% +y? —6x+ 4y-3=90
Wiwuwpnuip: {wdtdunating pphwnp hwjuuwpiwd hta,
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Gipuwnmy blp, np A = C = 1 L B=0: [hiptil nw powliwgoh
hwwuwpnui@ t: Gpw Yalupnp b wnwdhnp gulbm hwdwp
puuiw6 b wyl pipty YulnGhy wmbuph: Npubugh plnghwinp
utupny npywd zpewlwgdh hwjuuwpniip ptipyh YulnGuywa
wtuph, wihpwdtyw  fudpudnpty winudlGbpp L wlpwnti |pphy
pwnwlyntiuh.

(x?' —6x)+(y2 +4y)—3=0
(x-3)* +(y+2)*-9-4-3=0

qu  (x —-3)2 +(y +2)2 =16
Uw wpntl 2ppwGwgdh hwjwuwpnudG £ gpud JulinGhy
wmbupny, npntnhg tplonwl k, op YhGuwpnlp C(3;-2) ytunG t, huy
wnunjhnp’ R=4:
ELhMU

Vwhdwlmd.- Ehwu Ynggmd © wyl Ybwbiph bplpwgw-
thwljwé wmbnp, npnlg htinwynpoip jmGGtph gnuiwpp Yhquibinbp
ynpynn wmpwd kpynt Yntphg hwowmwwmniG sEompyma k.

Uhipglitlip YnnpphGuunwlywl hwiwlwpgp b G266p timyup
yhquybwtipp, npnlp pinmGywo b Gawhwlb] F; U F, vuwunbipny:
Uy Ytnbpp wbnugptilp 0x  wnwfigph ypw, w)lwta, np
yonpphGwwnwlwé  uygpGuytinp  guldh npwbg dtgutinnul
(g0.12):

FF, p Guwlwymd 6  2cnf L whjwlne
thoyhquibinwjhG  htrwynpmipymG:  <Lbwnlawpwp, paunpyud
hwiwupgmi  Yhquytntph YnnpghGunnGhpp YthGhG™ Fi(c,0)
Fy(-c,0): wppnipjwl Ypw yhpgltlp tihwup dp Juwiwjw
ppwghy Yt M(x,y) b w)l dhwgltlp Yhquiytntiph htwn:

Vywlwymd tip FM=r; L F2M=n, L wijwlimd Ljnyuf
YhquitwnwjhG ywrwyhnlbn:

Cunn bhwuph uwhiwGdwG, npntin p np quidh M Glang
tihwuh dpw, YhquijbnwhG 2wnun]hnGlph gmuiwpp thywm Gl
t hwuumwwnntG, npG pGymGwd t Gwlwlyty 2a-ny: Uyuhlpl’
rn+r,=2a 2a>2c, a>c

y A
M(x,y)
'/Q/N
& —>
Fz 0 F| X
Q.0.12

Qwaltiip r-p L rp-p npwbu Gpym Ytnbph dholi qud
1nwiynpmipymG b nbnunpbip wju hwjwuwpnipyuG k.

r, = FM =\/(x -l +y?
, =F,M= \{(x +c) +y?

\/(X—c)2 +y? +J(x+c)2 +y? =2a

i L‘lul YthGh Hihwuh hwyjwuwpmdp: Cbptlp wil nwghnlun
!.lenULullLu[i) wtiuph. wpn Guwwmwlyny dwfu dwuh wigwidlbphg
typ whnuipnfubiGp we twu L unwgywd hwqwuwpmp]l.uti
nynt ynndp pwpdpuwgltlp punwinwh’ .

o) (A7)

X} =2ex+cl +yt= Y

=4a3—4a\/(?-1~_c‘)2+—y2-1-)(2-1~2cx+c2+y2
a\/(xﬂ»c)—2+y2 =cx +a’

Unphg hwjwuwpdwb bplnt Yngd
| nup pupdnuglhlp pwnw-
mup 4, Gubwlybny a* ¢?= bg, JuunwGwip b"xp +alyt= algb2
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Rwdwlbng wiu hwjwuwpnpywt tpyne Yogdp a’b’ Jpw,
ynilibGwbp.

2

X 3
—+ == 1
T 1 (15)

Wu  hwjwuwpmip  ynpgmd £ bthwuh YulnGulywl
hwywuwpnui:  byybu  wbuGmd  G6p, (15) hwyjwuwpndp
bpympg Ywpgh hwjwuwpmd & DpbdG Shuup Gogliogta
tpypnpn Yupgh gho t

Ujdd hinmwqnntiGp bhwuh dlp b unmgbip w6

1. Tjpujuph  hwjuwuwpiw@ gk x Ly plpwughy
ynnpphGwwnbbpp  dwlmd &6 qmyg wunpéwGibpny:  Woe
hwpwhwyywlué wpwidGwhwnympymbp pipnd E juplop
phpuwswipwlwl  Ggpuhwlqiw.  thuup  updtoppl L
ynnpphGwwnwlwl wrwigpGhph Guuniudp: bpmp gulijugwo
(+x, +v) Ynnpphlwwbbpny Yhwbtpp pwyjwpupmd GG Ejayuh
hwjwuwpdwp:

2. QanGblp Lhwyup hwwdw( Yanbpp Ynnpphlunnwlwb
wnwlgpbph htw: Gpb (15) hwjwuwpiwl dbp wntnunptiip
y=0, www Juunwlwlp’

X
P ~a? X =*a

tnbwpwp, tthyul wpughulbph wpwigph hbn hwuymd
t bpynt Yewbpmd® A (a,0) L Ax(-a,0):

Liwh dlny, tph (15) hwjwuwpiw gt whnunptilp x=0,
JuuiwlimGp

,

%:] y? = b y =1b:

Ltnbwpwp, thwyup  opphGwwGhph  wnwlgph  hbn
(inyGuybu hwngnod & bpym Yenbpmd' B,(0; b) U Bx(0; -b):

Ay, Ay By, By Ybwbpp Ynpymd GG Efhuyuh ququplbp:

AlA>=2a L B(B=2b Ynmyymu Ll Ejhujuh wnwligplbp® 2a-0
UG0 wnwlgpl t, 2b-6" thnpp wnwtigpp: Qwiwujuuwmpuw iwpuin
a-0 Lb-0 Ynyynud GG tihwuh YhuwwnuGepbtip:

3. Gpt (15) hwwuwpmdp ym dutp y-h Gumiwdp, wupw
Juunwiwmbp’

_\'=i—b—\/;:(_3:
a

thu pnilyghwgp guympjul mppnypt b |x! < al wnwohl
pwinnpih hwdwn, bpp x=0, wyw y=b L bpp x—a, www y-p,
Gy hipnils aguinid £ 0-h:

Luwith np. pun wnwehl Ynh, Ehyup ehdtunphy ©
l]nnpq]}[iluu1wlnu[i wnwifigplbph Glundwdp, wwyw puduljwd b
Gpue wewupp Yunmgbp weweht pwnnpnnud b unpdbviphly dlny
pwpmiiwty djmu pwonpnlbpmd: Gu pagnp nunudGwuhpnt-
pymtitpp hpdw pw unmgtibp Ehyup (0. 13):

Lypup Lpugblitnphupinbnd ni ghplilpnphubbpg
b hwpwptipmpynilp nnoigwo £ Gwlwyb] € vronny U
a

wlguity tihwuh tpughlnphupntion’
g =— (16)

- A\/ /Jb ] \AI )X
G

B,
a d
- — S
€ g
Q.0 13
Lwbh np i £, < KM + E;M, wjuhtipl 2¢ < 2a, muwmp c<a:
Ebmhmpmp, tihwuh Epughitinjpuhmbwp’ e<1: Upnwhwjntbp

Pugliiniphupntinn khuyuh Yhuwwnwligplbtph dhongny:

20



¢ =Ja’ ~b? , htwnbwpwp
[.2 2 2
va b ’1.{2]

c
g=—=
a a a
Uju pwGwéihg htinbnd b, np hGypwé €-p hnpp b, wylpwl
b-G ¥mn t quiymy a-hl b hwipunwyp hGypwd &-p howlmd t,

w)fipw( b-6 wtih b thnppwGnud a-pg:

Uyu wiblp Yyuynud £yt vwupf, np tpughGunphufntn
plnpnymd  k Lihwuh aquuonipjwl Yud ubniuomp)ub
wuwnhéwlp:

x=i-.3 nmhnGtipp Ynpjnid t6 tihwuh nhptwppoubbp:
€

Lwth np € < 1, wuuw 85 a: anlwpup, nhptywphuGbpp
€

wpughulupp wnwgphl mnnuhwjug L tthwuh ququpltiphg
notpu gulignn nnhnGn B6 (90. 13):

Nwghnbuy pulud Ltip Epuguf [hquiytiunupli
pwnufpmGbph hwdwp

Puwn  Epwuh pwhiwliwb, ©n+r=23, l.u.uﬁnﬁmuwﬁ
hwjuuwpiw poipuptipiw( pipwgphg hwpnGh t op

aJ(;+ c)f +y’ =ex+ a’ ,wyuplpl

¢
Jx+c) +y' =—x+a=atex b =a+ex

a
UwhswGmshg 1, =281, =28-a -8 = a-¢ex:

Uyuwpuny, thuwuh yhquytinwjhG ywnwhnltph hwiwp

uunugynud B0 htnljug nwghnlwy pwlwdlbtpp

{q:a-ex -

r, =a+ex

Unw6g wujugmjgh phptp htunbjui ptinptdp. Ehwup
hundwuywnwufuw

gulugud ytnh  Yhquytanhg "

21

thhumpllullg mGkgwo htinwynpnipymGGtph hwpwptipnipymin
puuwwuntl £ U hwjuuwp t ipw tpughGnphuhuntunpG

37¢ (18)
d

LhMGLLNL

Uwhdwbnf-  <hwybppng Ynpynud £ uyl Ynbph
tpypwwthwlul wbnp, npn(g  htnunnpupynGGbph  wwpph-
pupyniGp  Yhquytntp  Yngdnn  wpqwd tpynu Yanbphg
nwuumunntl sEympynl t: <hwtippnih Yhquijbnbpp plnpmijwo
b GuGwyts Fi L F, wwnbpny, huy npwlg dhel tnwd
htnwynpnipynilp 2¢: <hujbppnth Jutwjwywi M pGpughy hawh
htnwynpoipymiGtpp Yhquytinbphg Gwbwynd LG r=FM L
r=F;M b wijwin YhquitnwhG swewyhnGbp: UyGhwywn t,
np wyry pwnunjhnGlph nwppbpnpymGp pwgwpdwl dkompyuip,
npG plnmGwd t Gulwyb) 2a, thopp b dholhquibtwnwjhl
htinunnpnipyntlhg: UjuhGpl* 2a<2c (a<c): Gpt
ynnpppGuwwnwljul  hwiwywupgp b Yhquytntipp pGuptlp
wyluybu, hGywtu tihuuh ghypny, www, puwn uwhiwliwG,
Yunnn LGp gpt, np

r-r=+2a (19)

M plpwghy Ytanh YnnpnhlunnGlipp GuulwybGp (x.y),
Yhqultntiph YnnpphGwwnltpp pGnppud hwiwlwpgmu YihGsa
(¢, 0) L (-¢, 0):

dupybp 1 L 1 hwmwdlbph bpywpmpimbitpp L
wtinunptbp (19) hwywuwpnipjwb k.

n=x-cf +y? L= J(x +c) +y?

(19) hwjwuwpnipymbhg YmGbGwbp.

Jx-c)f +y? ~Jx+cP +yt =x2a (0
Uw YhGh hhwytppnih hwwuwpmuadp:
Nupgbghlyny wju hujwuwpnip b Gwhwytyny b= c’-a”
YmbGwtp

X-=
a~ b

22
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Uju hwjuuwpnuip ynpyma & hpwhppnih ulnbwljwd
hwjwuwpnud:

Lhunmugnunbilp hpwbppnih hujuwuwpmip b unnigllip
wfi:

1. putppnih LulnGwlpub hunjuwuwpiwl 9k x Ly
thnthnjuwypuiittpp dnlmd b6 punwymuh wumhdwiny:

Uw Guuwyni &, np  hhwtppop updtwophy
hnnpr}pﬁwmmqm[i wnwlgptph GLwndwdp:

2. Qunltlip hhwtppnih hunndwG Yhanbipp
ynnpphuwnwlul wnwGgpGtph htan: Ujn Gupunwyny  (21)
hunjwuwpiwi 469 wntiqunptiip y=0 L x=0 nu qunGtip hunndw(
yhanbipp hwiwejuinusfuwiwpup 0x L Oy wnwligpttipp htu.

2

y=0, 3(—,—=1, x?=a’, x=%a:
a’
(ptaiG hhujtppnip wpughufitiph wnuligph htan hunnyod t
tpym yantipnud Aq(a,0) b Ay(-a,0):

g=0, —L =1, y?=-b', y=tJ-b’ =Ibi,

npntin 1 = J=1 W ynpgnud t 4tind shwynp:

Uuw Gwluymd L, np hhuwtippnip opnhGunnGtinh wnubgph
htiw hpwywi yantipnud )h huunoud: Ujunbnhg b htanlmid £, np
hhybppnin punljugwd t tipynt pLhg’ w9 pli, npp qubymi t we
lﬂ‘luwhl.uppmp_lmﬁ gty (x > 0) L dwfu pL, npp qufimd L dwju
ypuwhwppmpul dtip (x<0)

A, L A, Lantpp ynyymd  Ga hpwtippnih  quguipltp,
A\A=2a Yoo L hhugtipprih hpwlwd wnuwligp:

3. (21 hwwuwpnidp idtilip y-h Gluumiwdp

b 3
y=toAx -2’ 22)
a
Wju pmhghwb gnympynG mGp pojnp wyG x-tph hwdwp,
npntp pujupupond L6 x> —a’ =0 wihw]wuwpnipjuGp, fund
x| 2 a: Ujuhlpl, we pln quuwynpjwd b x>a Yhuwhwppnt-

pymGmy, huy  &wfu plp  x<-a uhuuxhwppmpjmﬁmd: bph
nhnwpyklp  dpuwyl wnuohG  pwenpnp,  wyw (22)

23

huwiwuwpmuihg htnbmd  k, np  x—o0, y—oo: Uwmwgguo
wluumﬁpﬁhph hhdwl Ypw Yuenighlp bhybppnip mnlughﬁ
pumll[llpllﬁ L wj@ updbwnphy Aatm] wpniwyblp Gy
ptunnpqﬁblmlﬁ (inyGuybu (qd.14):

AY

q.0.14.
<fuybippngh bpugbGuppufuntant o phpblpaphulbpp

C
-E; hwpwpbpnpyntGp Gzwlwynd GG e mwnnd L whigwlmd

hputippnih  EpugbGnphuhnbw’ € = <. Lwlh np hhubppnih
a

hwidwp ¢ > a,wuu € > 1:

a
X -—-ig nnhnGbpp Ynpymd GG hhuybppngh

nhpthuppuGlp: LwGh np e>1, wyw E<¢’i: <bnbiwpup,
€

hhwytppmh nhpt
pijnphuGtpp Ox  wnwlgphG  ngnuhwjw L
ququipltiphg Ghpu pGYuwsd mohnGbip GG: i
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ShNELLALP UURUMSNSLELL

Vuwfu uwhiwltip pb py © yngynid mpdwo Ppmiyghwih
wuhdywmnun:
Uwhdwlnd- Splwd T mnhnp yngynud £ L ynph wupsupnnm, bpk
yoaph Ypwjny Yewh wytpenptl htinwGwint dwiwlwy Gpuig
dhob nwd htnwynpatpynlp aqumu £ qungh (g9.15):

A

7

v
f

Q2.15.

Cuwn uwhiwGiwd, limMP = 0

AMPN -hg MP=MN cose: £wh np lcostpll_s Il/i uxu%u
MP—0, MN-p (Gnyfwybu Ydquh qnojp: WyuhGpl, o N=0,
Pwyg MN=Y-y, htunlwpup, wuptupnmnh  uwhdwlnuip
Ytipg Guljwl nbkupny dwptidwwnpynpt Ygpdh htinlywy Yhpw.

lim (Y-y)=0 (23)

X—=w

o

Wi gnyg wwlp, np Y =+—x  mnhnkpp

®

b 1
Y = +—-/x? ~a’ hhwtppath wuhdupnnntipl kG : bpnp
a

b b7 3
lirn(Y—}’)=1im[—X-— X’—a"]=

X—pa x—m\ & a

23

b ( = ) b a?
=i X=X —a o St T
a wl:l_];l:rl; a !2‘2 - +m 0
Q-otilip hhwbppnip hp wupiwywnnGbpng L nhph
hw(ntind (qo.16) nny L npptiljinhultipny

7

aly

—r

40.16
Giitgny hhwbppah vwhiwbinuih i
g Quwphih E uwnwlwg
?wghnﬁu;ll pwlwdbbtp hhwbppnth YhquitinwihG jwrwdhnGtph
wudwp: pulp §mGhGwl htnbyw) mbupp. ‘

I =a+egx
{rz =-a+ex w9 plh hwiwp b
n=-a-eX
{I'z =a-gx dwfu pup hwiwp:

hiywhu, np Hhwuh ghypmd k

> n, hhwytippnih pnnp YhntpG

E Pujwpuwpnud 66 (18)  hwywuwpiwlp:  w llilwu[lh[h pt
Wugmgh) widhowlwl mbnwnpiwi dhongny:
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mupruenL

Uwhdwlmd.-  Mwpwupnp  Ynpgmd L owyb Ytinbpf
bpypuywiwywé whnp, npatg htinwynpmpymGGtpp qpqml]bl_l
ynsijnn wpjwd dh Ybwhg U nhpbywphu Yopdng  wpfwo U}
ninnhg hwjuuwp &6 Ophajubg:

Mupwpnth  Yhquibnp (wlwyblp F wmwunm], PUL
nhpbywnphup g wwnny: YUhquitwmh L I}l‘l]]hl{ul]lhll[‘ll uhpt
htinwynpnpymibp plnmbjwo £ Gywlwlby p wwnny b wijwib

n wpwdbwp:

mwllwfmg]plrﬁpjliuﬁ lh‘lrlu.l dngliblp mnnuilyymG r}hl;w]un:m{[
ynnpphGwwmwlul huniwluwpg. wjlubu, np ox qu.uFigpn_ Lu[lngt
Yhquibnm| L ntnnthng) théh nhptywphupl - (nuppfwd

bljunphu tiwh Yhqultin):
o uuﬂrl?prlzl?ﬁ?umwumﬁ uljqpuwytinp wmbinunptlp Yhquytnp |
nhptywnphuhp ﬂhgmt;qmﬂ (qo.17):

Yy

g

odM/
[\

L

Q017

W

Clwnpgwd  hwdwlwpgmd  Yhqulbnh ynnprhlwwnGbpg

YihGtG [g’OJ » huy nhptipnphup huuuwpodp’ X = _%:

Upnwotlp  wwpwpnh  hwjwuwpnuip plopdwé
hwdwlwpgnud: Qwppnipjub Ypw Ybpglhlp dh M(x,y) pGpughl
Yt Guuwlwytbp npu htnuwynpmpymbp Yhquitnhg r-nd O
=FM), hulj nhptijwphuhg’ d-ng (d=MQ): Cun vwhiwGdw,

27

r=d (24)

Mupwpnih hunuwuwpnudip Jhpetwlwt wbupny unwliwgm

Guywuyny hwpdbtip r-p b d-G6 m wbnunphlp (24)
hquuumlldwﬁ ukig:

r= [K—B] +y’ d=x+2
2 2

Ltnbwpwp.
2
_P 2_x+R
[x 2] +y° =x+ 5
hphlip wju hwywuwnpnuip ywnpg wnbuph. wjn Gwwunwinm]
Lpym Ynnuip pupdpuglblp punwinuuh.

3 2
p 2 p
(x—i-} +y =(X+E)
2 2
xz-px+%+y3=x2+px+p— (25)

Luad y2 =2px

Uw YihGp wwpwpnih julnfwywl hwwuwpnoip:

ydd bhimwgnuntilip wpwpuwpnih mbiupp b unmgblp wyG:

l. (25) hwjwuwpnuihg hbwbnid E, np wwpwpnip
updtinphy £ Ox wnwlgph Gyuudwdp, pwGh np  Gpwd
punjupunnud GG popnp (x, £y) Yantph YonpphGumGbpp:

2. Lpp x=0, wyw y=0, wpuhlpl wwpwpnp wiglinmd t
Ynnpnhiwnwlwl uygpliuyiony:

3.Gpl p > 0, wuww x > 0, wiuhlpl wju nhypmd Wwpwpnpp
wuwynpwd kw9 Yhuwhwppmppub dte: bul tipt p< 0, wuyw x
< 0, nw Gulwymd &, op wwpwpnp puowynplwd b dwp
Yhuwhwppmppub hy:

4. (25) hwjwuwpndhg bplnw £ Gwl, np x—>0, y—>+w0

tdd yunnghlp wwpwpmp (go.17).

Upt ywpwpmp Yhquibnp mbnunpbGp 0y wnwlgph Jpw
L oqutiing uwhdwlnuihg gmipu plpklp hwjwuwpnudp, wujw
'—lULnu.lliu.llip.

X% = 2py (26)
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Uw dh wywpwpng b, nopp updtnphly b Oy L‘unw‘ugph
Guwwdwdp L nph ququpn Limjﬁu,].hu quiynud L
ynnpohGwwnwipul uyaplwybmnud: 6y npnw, Lpk p > 0, ].'Ul.jiw
y2 0 b wwpupnp nuiuwynpdwo b ytphl l{bumhwppmmwu Uk,
hul Gph p< 0, wwyw y<0 L wwpwpnp gumtymd tlumnpbﬁ
Yhuwhwppnipjwl Whg: Qaypnguful opwqphg hwjywnGh b owju

2

[
wwpwpnip: bpnp (26)-hg ¥ =-2;x :

1 a2,
Yuwd bpk Gpwlwltiop —,); =a, junwlwlp y=ax"
Lwhh np, pun wwpupagh pwhiwlidwb r = d, wupw jupnn
Lfip qpbiy L Wuwtinhg plwyul t bGpwnpt, op wwpwpnih
d

tpugbbwphujuntunp’ e=1: )
’ Wyuwhuny' tjhwjup, hhwtippnip b uwpupnip plnmpwgmmd
tG Wh pighwGmp wbuph hunjwuwpniing’

i
- =g
d

Gpb <1, wyw wju hunjuuwpnip wpunljipnu & tﬁqu,
tpt €1 hpwtippny, puy bpt e=1, wwyw wjy hwgwuwpnidp
wunybpnd L yjwpupni:

Ut uLteh SGLUNMIF3AMG
Jiupbdunnhywlu i dbompywl qunuignunn

Uwptdwwnhljujnu «ibompymb»  wlud uiuy
hwulpugymy Lowyl wuklp, hGyp bipwyw b ywhdw(: Uyunbn
hwply b G261 np dhonipyul phghljwluab tmpynilp dbq hwdwp
ﬁzmﬁmlmlpjmlj ynilip: W pul ywwéweny dwpbdwwnhluwh
papnq kqpuyugnipymbibpli  odwndwd Gl plnhwlpnipjudp,
puip yhpwetth GG poop dkomipymbGhph  Ghuwedwdp
pnhwpwuytu: Liwl whwh dWwdmpmbibpp Yngymd &l
gwptiwnhlwlwl  dbompmGGep:  Ukompjul  sunhiwd
wprymbpp wpnwhwjmymd © pynd, npp Ynpfnud £ Gpw pught
wpdbip:

= Uwptidwnhyulwi deompymGGtpp thtmd G0 hwunw-
wni b hnthnfuwfw:

Swumwunt 6 dhompyniG Yngynud £ wyl dtonpynilp, npb
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uggeiwywl wpdtpp L hwpymd  pmllghwgh  Aywép
Ay =f(x + Ax)—f(x):

3-pn pwyl. Juqind Gop $mbhghwih wéh b wpgnuiklnh

w6h hwpwpbipmpynilp % = fx + iXX) - f(x) :

4-pn} pwji. vnnugyud hunjwuwpmpyub dbe wlglimd Llp
uwhdwGh, tpp Ax > 0:
. A : -
hm_y: lim f(x +Ax) f(x)
-0 AX x>0 Ax

Gph wju vwhdwlp gqnympymb niGh, htiGg qw b} YhGh
$uyghwjh wowlgyum’ y' = £'(x)

Ophtwl.- <wpty y=x’
OqumJtilip plnhwGnip YuGnGhg

l. y+Ay =(x +AX)2 =x’ +2x-Ax +(m()2

2. Ay=x’+2x-Ax+(Ax) —x? =2x-Ax + (Ax)’
Ay 2x-Ax+ (Ax)2
AX Ax

Pmlbyghwih  wowbgyuyp:

=2x + Ax

;e A .
4. y =lim =Y = lim (2x+Ax)=2x,y'=2x:
x—0 AX  Ax—0

Gpb wwhwieyh hupyty npwd $nliljghwh wowlgup
wpjwd jhnnud' wubiGp, y = x? PInGyghwih wowlgyup x =3
Yhwnnud, wiyus pjuipybiGp kil Yy

Y/ s =(2%),2-3=6
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Uswligpuih tpgpuwsunhwlpul S6GGwpwlnmpmdp:
Unph snpwihnnh hifuiupmdp

Tthgnip, nnpdwo L dh L Ynp, nph hwjwuwpnd@G B y=f(x) L
Gpw Yypw Sh My(xe,Ye) Ubn: xe-hl mwlp Ax ws L xg+Ax Yhung
mwlkip oy wrnulGgphl gqmquwhbn mnhn dhigh gmudhyh bt
humiwi M Yhnp  (q8.21): My Ytiwom] nwliklp Yynph MM
hwwnnp b My T pnpuhnnp: Gapugphlp Ax—0:

Wn nliypmd M yhanp, awpddbny Ynph dpuym, Yégunh
M, ftnhG: <tnlwupwp, MgM - hwinnnp, wmnybny M, Ytanh
2mpep, Ldgunh gpundby MyT  ynpwihnnh nhppp U @ wilynibp
Yydqunh a- hG: Wyuplpl o—oa L tgo—teo:

A

3’

A .

O X, X HAX X
q9.21,

A
Ujmu 4nnshg, AM,CM-hg Ywpnn blp qpby A—i= tgp U

wju hwjwuwpmpjul dhy whglbiny vwhiwh, tpp Ax->0,
Coqe Ay . _ oo ,
YuunwlwGp ,!:Elo vl 112}, tge = tgo Jud y =tgo.:
Puijg tga -G ynyunhnnh wilmGuhG gnpdwihgG t, npp
plnuGgwd £ Gwbwlty k -m: ptdGy' =k
UyuhGpl  pmbyghuwjh wowbgpup wmpwi Ynmd
hwtfwuwp t Ynphb wyn Ynmy unupwd znpmhnnh wilyynibwhG
43

qn[lmlll-lghﬁ: “wimd t hbfg wdwlgpumb bpypwswgnuw

piwun{t
Wydd JuadtGp Yeph mpdwd Mo(xe,ye) Yty wiigling

pngwihnnh hwjwuwnmdp: <wynbh b, ep opdwd Yo wighnmg
mnp hwywuwpnuiG mGh hinljw) nbupp

Y=Y = k(Xaxo),
nunbn’ k-6 whlymbGuiht  gnpowbhgl  k: UdwGgyuyh
bpypugwthwlul  hdwunhg k =y’ N f'(x,): LbnLwpwp

nzuthnnh hwjwuwpmin Yheh' y -y, = F(x, x -x, ):

Dmblgpiuh nhpbpblgbipmpinitn

Utq wpbl hwynGi b, np Pmbyghwd Ynsynud £
nhdlipblghth wpjwd  ytumid, bpti wyy Ybwnnw wjli méGh
wowbgpui: <{piw  wupugnighlp ¢h  phnpt, npp lpwyy L
hwumuinmd  dniGyginugh nhbbpblgbihmpjwi L whply-
hunnmpnuG vhela:

2baphd- Gpb y=f(x) pnilighw( ghdtipklGghh b x=x,
Ytinmd, wuw wyn Gtonod wyG Guk winlnhunn t;

Uupugnyg.- Cun wwjiwh, $niliyghwl nhdpbptGghih t
Xo Yhonmd: 9w GiubGwhmd b, np gnyupinii nuGh

' . A
f(xo)=£xl_13 AT)((: Cuwn uwhiwGltpp whunipyjwi Pnlnuadhki-

ww phinpbidh fwpny 66 qpby
4y .,
o f'(x, )+, npintin o - 0 Yu, Ay = £'(x, JAX + 0Ax :

Unwgytg dh  Ywplnp pwGwél, n i
> nnp  bubliyghwyh
YEngunjnp wép wmawhwjnns t Gpw wowlguh Shengny:

. PuwGhnp '(x,) -6 npnzwyh phy kL o> 0, wuyw unwg-
wd wy Pwlwdébhg htnlmd k, n
: » np tpp Ax—» 0, Guwb Ay— 0,
m.l'-lhﬁpg dmGlighwl whpbnhwn b ¢
whwnwpdp, uwluyt, 6w st pmbhghwi Ywpnn
ngjuy Yhnned thGbky wlpfnhww, pwyg wawbgyuy smlibGwy:
flnubu ophwy  nunwpybp v =1-¥%* pnuGlghwe, npp
rwdhlip wunnltpdwo t qo. 22-m4:
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E]

-1 O i

Q.9.22.
U pmbyghwl wéplnhww t [-1;1] hwndwsh papop
Ytwnbtpnud, pwjyg Gpw wowlgjugp y'=—i, x=0 Yol
Wx
qnmipymb ymGh:
usuL3UUuL {hULuylv Orueuire

1. {wununnnGh wowGgyuyp.
hgmp, y=C, npintin C-6 hwuwmwwnn( £ Ujg nwypnnd

gubljugwd qgqpnjhg wwpptin  Ax-h  hwdwp  Ay=0 L
. Ay
(I 2 p-
y —ﬂ_rgAx 0: Wuwhumj, hwuwwmwontGh wowlgpugn
hujwuwp t gpngh : C'=0:
2. yv=x

Uju giyypond 6wl ppurp hwuuwp YhGeG Gputg wtpp
Ay=Ax L % =1, nph vwhdwGp GmyGubu YthGh 1, wyuhbpt y'=1:
Uju niyypnni wemd G0, np jnipiupwGymp nhnfuwuwth
wowbgyuh pun Gngy6 hmpnjuwubh hwjwownp b 1-h:
3. Qmidwph wowligrun
“Qhgnp, mitlp y =u v, nuntn u= u(x)-n L
v = v(x)-n nhtipblighih Pnbyghwbtp t6: Uyu nhuypnd
y+Ay=u+Autv+Av, huj Ay=AutAv L
by _fu, Av
Ax  AX AX

45 .

y' = Elm L A fl
ax—0 Ax
Wuhlpl’ (u + v) =u'tv':
gnuiwph wowbgywp hwjwuwp L wnwGdhli gnuiw-
tyhGbph wowlgjuitiph qmawphG:
4 Ummunpppuip wowlgnuyn
Nhgnip, pduwd k£ y = u-v, npnbn u=u(x)-n L v=v(x)-p
nhptinbégbith Pmlyghwbbp t6: Ogudtpny wdwbGgyunh npnydwi
plinhwamp hwﬁnﬁhg Ywpnn LGP gpky.
y+Ay= u + Auiv + Av) =uv+ (Au)v * (Av)u + (AuXAv)
Ay = (Au) v+ (Av) u +(AuXAv)
Ay _Au Au Av - Au Ay
Ax Ax Ax Ax

y = =fim Y —vam2Y s usim2Y 4 fim 28 av
ax—0 Ax Ax—0 Ax Ax—0 AX M0 Ax
Lwlh np Ax— 0, Av-G GmyGutiu dqumd L gpngh, muwnh
wiju wpmuhwpnopjwG ghpph6 gmaiwptihG Yéqunh qpnyh L dkGp
ymGbwlp y'=v'v+viu jwd (u-v) =u'v+vu:
SGunlaulp.- dwunmuwumbp YJwpbh t pmpu  hwlb

L
wowbgpup GawGhg: UyuhGp6' (c-u) =cu’: bpnp, Gwfunpy

pwlwdbh hwswéuw)@' (c-u) =cu+cu'=0-u+cu’' =cu':
5. Gmunnpuwilfi wowlignup
Udwligywih hwajdwG ynpu puibiph oqbmipyunip Yuipkih

I wnwluy, np bph y=£, opinbn u=u(x) L v=v(x), www
v

r llV‘

Y= uljuhﬁp[i Ymnnpuitth wowbgywin hunjwuwp t h

hnmn[lwl;h, nph hwjwwpwpms gpdmd t owpjwd Ynnnpwlh
hwpnwpwph — pumuymuh, hu bwdwphynud™  hudwphsh
wowlgyuy whquni hwpnwpwp hwiwd hwpnwpwph wowbgyug
whqw hunfwphy:
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6. Pwpn poillhghuh wowlg g

hgnip, wpgwo £ y=F(u) nhPhptGgbih PpmbyghwG,

npnbn  u-G hp htpphG X  thnpinfuwlwGh  nhdbpkGghih
pruGyghwé £ u=o¢(x): Wy ghupnd y-p  X-h pupy

pnutilghwit £ ywd mblghwsh mbyghw  y = Flp(x)], puy u-

G Yngynmd £ ShowGlyyuy wpgnuitiGn: Mwhwoynud t npnpty y), :

A
KX hwpwpbpmpymbp  Ywpnn Glp  Gbplujwglty
X
A i
htunbywy whupny’ —1=5Al—A£ L wlglbny uvwhdwh, tpp

Ax Au Ax
Ax -0 m GQuwh mlblwind, np AX—>0, Au-6 GnyGugbu
dqunmu t q[m_|]1, llmﬁh(iulﬁp‘

wuw y' = F'(u)- v’
7. Qwlhwnuipd pnillghuh wowlquip

bph dhq wpjwd £y =f(x) pnlyghwl, www mobny
wju  huguuupmpymbp  X-h  Gwndwdp, wyuhlpl  y-p

nhuwplting npybu wijwiu dmpnfuwlud, huy x-p° Guiuguwg,
yniGGwlp X = (p(y):

Uju  $pnlyghwG Yngymd b wpdwd  pmbyghuwjh
hwliwnuwpd pmlyghw: Stulhlp, pb hGsubu Yupbih b hwpytg
hwiwnwpd  pmbyghwjh  wowlgyup’ mnpn  pniGlghwih
wowbgjuip  vheongny: bmbyghwGbph  whplnhwinmpjul
26nphpy, bpp Ax = 0, Gl Ay -0

Ax_ 1
Ay Ay
Ax

Uju hwjwuwpnipyw@ dhy wighhing uwhiwbh L (uwnh
niitGuny Ytpp G2uwop’ ymGaGuGp

. A , 1
lim o J S fud X, =—:
X
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. Y=yl -ul Yud, bpb y=F(u),

y=1(x)

A
/ o X

4.0.23

WyuplpG” hwlwnupd pmbyghwh wowlgyuwin hwjwuwp
L g pmGyghwh wowGgyuih hwiwngwpé Skonipjwdnp:

Uyu wpnymbpp Yupbih b unwGuy Gut Gphpuyuhnpb:
Ppnp” wowbgyuih tpypuwswhwyw6 pdwunhg Y =tgo, huy

I'y = 1gB: Pwjyg pwlh np B=—§—a, wuyw th=tg(§—a)=

1
® clgo = —: UyuhGpl' x| A
tgo '

X

Spuilulyu G imwppulpul prGhghubbp
wowlgyuylbpp

bmllyghwjh wowbgjwih hupfdwb hhﬁﬁwqwﬁ- YuwlinGh L
Abpnhjyyuy optiGpGhph ogGmpjudp Ywpkih & hw)yty pnnp
AhdtwwG wwppuw $nGyghwlbph wowbg g Ghpp:

1. Uunpowlbuyhl pnillhghuwp wowlbgup:
Upt y=x", npintn n-p fudwyuluG huonunmb ppg

Et. wapu'y’ = nx" n-1 : huy y=u" pupg wunhdwGwihG $niGly-
ghwh pbwpndd, hwdwdwG@ pupg fbm(il;ghuuh wowlgdwb

n-] ’

Qm(ln(xh y'=nu" " -u":

&

£
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2. Lnquppapidwlpul prulilighuh wowlguyn
Gpt mpwo t y=Inx ImGyghwd, wuyuw y'=l, huly
X

y =Inu pwpn inquphpiwlu $mGlyghwh nhypmy y’ =

3. Bmgsuyhl pmGygpuwh wowligun
Gpt y=a*, wyw y'=a” Ina, pul ipk y =a", unyuw

cu':

=I IR

y'=a"lna-u';

4, UwuGuynp nhwypnud, bpt mGkGwbp y =e*, wuyu
y'=e* Ine=e*,pwGhnp Ine=1:

buljbpt y=€e",wmyw y'=e" - v’

Cnuwllym Guswwlyu pniGhghuwlbnh
wowlgyuylbpp

5. Ohgmp, wpdwd £ y=sinx dmllyghwb: Npuybu

ophGwly, snpu pwjiph oqGmpjundp hwyyklp wju pmbhghu;h
wdwlgjwip.

y + Ay =sin(x + Ax)

Ay =sin(x + Ax)—sinx = 2cos(x +%)-sinéi )

A 2005()( + TXJ sin% Ay SiD Ax
oY =200s(x+—x) — 2 ,
Ax Ax Ax
sinﬂ
y'= lim Ay _ lim cos| x+g 2 _cosx:
Ax—0 AX  Ax—0 2 éi
2

Uyuwpuny’ (sin x) =cosx,huj pwpnp PImbyghwyh
wowGgiwa YwbnGh hwswéw)b (sinu) =cosu- v’

6. LiwG duny Ywpbph b hwpdly y =cosx pmbyghuwgh
wnligupp: Unwgymd t, np' y'=-sinx, hul tipt y=cosu,
wpn y'=—sinu-u’

7.y =1gx

Uw Yupkih b Ghpyujuglh npytu sinx-h L cosx-h
hoquupbpupmG U oquujty Yynunpuyh wowlgdwl Yuwlnbhg:

sin x W (tgx)' _ cos? x +sin? x _ 1

7> huy

bpmp™ tgx = 2
COsX Cos X COos™ X

1

COS2 u

-u':

(1pu) =

CcOsSX
8. Liw dlny, ipt mpjuo b y =ctgx =

, g’

. ’ 1 4
,V' o 17 ,l’lUl] hph y—_-Cth, wuw y =— 3 -0
sin” x sin“u

Qwlpwnuwnd nwblymbuswihwlpuG pnidyghuGiph
wowlguylibnn

9. Gph y=arcsinX,www X=siny L hwlunupd
PuGhghugh wowlgiws YulnGh hwiwduwyl Yubon blp qpby
' 1 1 1 1

Y« =77 = =

X, cosy 41-sin’y ~1-x’
1
V1—u?

10. y =arccosx, X=cCO0Sy,

, 1 1 ___ 1 . LuwG auny,

YT T 0T
Xy siny  Jl-cos’y 1-x?

1

\ll—u2

11,y = arctgX, = X =gy,

Liwi 4uny, tiph

-u':

. r
y =arcsinu,wuw y =

’

U

Lph y = arccosu, wyw y' =—
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y'x =—1'—..cos y= L 1 > LiwG  dlm|, bph
X, 1+tgly 1+x -

r

‘u

y =arctgu , wyw y' = 5
1+u

12, y = arcctgx, = x = ctgy
——-1——~sin2y—— Lt
Y l+ctg’y  1+x

’ 2 :
y
’

u

Liwl duny, tipk y = arcctgu, wwyw y'=— 3
1+u

Uowlgdwl hwlnlGGhph b puwGudlbiph wnnmuwl

Ujuyihumy, Jhlp uwmwgulp wowlgiwi htnbju
Juwinlitpl m pwlwdlbtpp’

1. ¢’=0

2. x'=1

3. (utv) =u' v

4. (u-v) =u'v+uy'

5. (c-u)=c-v’

6. (3) :uv—zvu
v A
7. y= F(u), ¥ = F'(u)- u’

8. y;=——l;~
X

51

10.

12 J

" (sinx) =cosx

(sin u) =cosu-u’

{(cos X) =—sinx

14.
(cosu) =—sinu-u’
(tex) =
s cos? x
1
(tgu) = 7w
cos“ u
ctgx = — 12
™ sin“ x
1 i
ctgn=— 5 "u
sin“ u
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1

(arcsinu) =

(arcsin x)' ——
17. V=

1-u

iy

(arccos u)' =- 1 -u’

V1 —u?

(arctgx)' = .
19. 1+x2

(arccos x), ——
18, { V1-x?

(arctgu)' = 1 -u’

1+u?
’ 1
(arcctgx) =-—
20, 1+ x?
(arcetgu) = LI
1+u?
OphGwlGbp
L.y=Insinx, y'=— -(sinx)’= ‘1 *COSX = ctgx :
SIn x sSin X
5 y=3/x2 —x2/3
, 2 =L 2 2
y=—-x 1= =
3 3xl/3 3%/;
3 y=arctg3x2,
i 1 2 6x
y = X
1+9x* ( ) 1+9x*

4, y=5x3,
y'=5"In5(x*) =5 In5-3x? =3x? 5" In5:
5. y=x\/_>z=x3/2, ‘
v 3 3J_
==x"?==4/x:
Y= T
6. y:(x2—2)3,

yg3@2;2f-Q2-2f=3&2—2f-2x=6x&2-2f;

7. y=sin—,
Y 2
, X x] x1 1 x
y'=cos—| —| =cos——=—cos—:
22 22 2 2

8.y =cos? 3x,

y' = 2cos3x(cos 3x)' = 2cos3x(-sin 3x)(3x)’ =
=—6co0s3xsin3x = -3sin6x :

dwpdmpymGlbn
dwpyty mpyuwd dnilyghwbliph wowbgyuibtipp
Ly= x+1 2. y=tg2x
x—1
3 y:cosx2 4. y=Incosx
5.y=In"x 6. y=en2
7. y=€e “sinx 8. y=25x—+3
X -3x+2

V1-x2




DntGlghuyr phplinblguy ity

dmGlyghwgh wowblgjwih vwhtwtimiphg hwypnGh £, np
tipk y=f(x) PmllyghwG nhplipliiglyp 1. ln.hl hruanuidnad,
wwuw Gpu wowlgjuyp wyn hwnjwoph oplhgl. x o Gnmd

. AY
npn2ynud £ henlyw hwjwuwpnippudp’ lim | (x):
Av 0 Ax
Wyuntinhg uwhdwGGbph  wbtiepput o GipuodtiGuowg
Ay
ptnpbdh  hunfwdwl —A——=I (x) ta, npmlp a—>0,
X

bpp AX = 0: PuqiwuyunybiGp Ax -ng' Ay '(x)Ax 1 aAx

Lwh np pGphwmp nhypnd i"(x) 7 O wgun wjuinbinhg
wmbufmd bGp, np $mbGyghwih Ay wdép Ghplpopugdnd 1 Gplne
gmuiwpbkihGiph gnudwph wnbupny, npnighg wmuehtin qowhG b
AX -h (Gyuudwdp, hul Gpypopnp wybih pupdp puupgh widtipe
inpp dkonpymb t:

f'(x)Ax gnuiwpbihG  Ynpgmd 1L pmGhghugh w6
qjfuunnp dwu:

UwhdwGnod.-bniGyghwjh wsh qifuwnnp Swuap Ynyynd
wyny  dmblyghwyh phtiphGghwy L Gywlwipnny 1 hlimbjug
atny  dy Yud df(x):

Gwlwpwyp, pun vwhiwldw, yzl'(x) Prutyghugh

nh$tiptiGghwn hwjwuwp t dy = £ ’(X)Ax :

bipmmpjudp wywgmgynid L, np wilywju
thnhinfuwljuGh  wép  hwjwuwp b Gpuw  phblptlghwih,
wjuplpG Ax =dx :

Qwyyh wnlhmy wju hwjwuwpnpymbp puiGyghugh
nhptiptGghwip npnpdwG hwdwp  vnwbnd  bip  htnbyw)
hwjwuwpnpymbp. dy = f'(x)dx;

Ujuyhuny’ $neGyghwih nhpbptGghwp bunjuuwp E Gpw
wdwlgjuih b wpgmuikGump nhptintiighwih wpnmwnppuhG: W
Juw@nGG £y htGg dniGyghwgh nhbbptlghwh hwydwi ulinGG E,
nphg htinbmd £, np mGyghwjh nhpbiptibghwih npnydwi fulinhpp
huwjwuwpwgnp t Gpu wowlgjuih npnpdwl fulinphG: ‘lw b
wuwwndwnp, np wowlgywlbphG Yyipwpbpnn jwwn phnphdlbp b

55

pwlwdlbp wwhywlnd Gl hpkGg nidp Gwbl nhdbphlghwlitph
hwdwn:
OnhGuy’
d(u+v)=du+dv
d(u-v)=udv + vdu
LowyyG:

FPuwpdp quipgh wowlgyuyGhn L nhpbptilighuy Genp

Glpwnpklp, y =f(x) dnuiyghwiG nhdbphGghih k [a : b]
hwwnywonid: Lpw f’(x) wowlgjup, pnhwipwwtu, GogyGubo
X -h pnliyghuw k:

“Qhptiptilighing wju Gnp Snllyghwl Yunwlwlp wpjuo
$mlhghuwyh Gplpnpn jupgh wowligyuip:

Unwohl Ywpgh wowlgjuih wowbgjuip Ynggnud t
uijwd pnllyghwjh bpypnpn Yuwheh wowligyuwy L Grwlwijpymd £
hbwnlyuy dlny’ y” yud £7(x)

y'=(y") =£"(x):

Ujuwbu, ophliwy, tpk y = x>, wuu y' = 3x2, y =6x:

$pmbyghwjh bpypnpy Yupgh wowlgjwih wowlgjuip
Unsynud t Gpw bppnpy Gupgh wowGgiuy b GaubGwyymd b y”
ud f "'(x) updiyniny:

Clnhwlpwybu  n-pp upgh wowlgjwin GywGwipfnud
t y(") Y f(n)(x) alny L hwjwuwp t y" =(y(n‘l))’:
Ophliwl.-Spjwd t y =sinx $miyghwb: Qwpyty Gpw sh

pwih Jupgh wowlgjuyGhp.
y =sinXx
y' =cosx
y" = —sinx
y” =—-cosx
vy =sinx
y(v) =COS X
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y —sin X

dmbyghwjh pwpan Lupgh yhpliplitigfrayGlipp
uwhiwlynnd GG Glwl bGnubuym] L Gyubiwlphnd htiobjug
4dLbtpny.

d’y = d(dy)= [f’(x)dx]’dx ="(x)dx
d'y =d(d?y)=f"(x)ax’
d'y =d(d’y) =" (x)ax*

uosuus3uLuel,h Uh LUGDH
Yh,UNRMO3NPLLLGN

1. IAFLLShUBN Uaulv L Lduaultu
Uh2u4yu3Lesrf

@topti.- Gt [a,b] huwnwonts nhpbpliGgtyh ((x) pmbyghwa
wdnid b, wyw  Gpu wowlgjugp  wyy hunnjudnd ng
pwgwuwlpul deonpymb E, wjuhGpl f’(x)z 0: Uphk f(x)
PGyghwl whpGnhwn t [a,b] hwngwonud k L nhplphlghih (a:b)
dhowyuwypmd, pln npmd ’(x)> 0, wuyw wyy pnlyghwl wdmy
ty[a,b] hwujwoniy:

YA
¢
¢
»
O X O X
w) 1)
Q.0.24

Liwfl pbnpbd gnympynié mGh Gwb fa,b] hwwnjwond
iJwuqnn $niGyghwh hwdwp:
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Swlp wyu pnpbdGtph Gpypwywhwluwi deYGwpwini-
pymlip.

Juulpyywo phinptidp wpnwhwjnnui b htwnlgwy tpy-
pwswpwlwl hwunp: Gph f(x) Pmllghwl wémd E, wiuqu Gpu
Jnipupwfsymp Yhinmd wmwpduo pnynthanp wyn hwndwonud
oX wnwligph htwn Juqinid £ ¢ ump wGyymbi Yuwd wnwldhb
Ytunbpnd hnphgnGuwd t: Lwulh np unip wigul vuwbghiup ng
pugwuwluw@ b, wyjuhGpl tge =0, f'(x)=tg(p 20 (g9.24,wm),
wyw plinpbdh hiwuwnp wwpq kb Gph f(x) PnillyghwG Gyuwgnid
t, wyw nputhnph pipdwG wGlyniGp pmp b Ywd wnwGshd
Yhinbpmy npunhnnp hnppgnGwluwG t), nph wnwlgbiup ny
ppwlwl dtonmpymé t

f'(x) =tgo <0 (q0.24, p):

Uyuyhuny, wyu phoptiip hwpuwdnpouipymG b wuyhu
nuwmbin $niGlyghwh wdiwb L Guqiwl dhowljwptiph twuhb
wdwlgjwih Gpubh dhongny:

2.9nruushU3h UULUhUNIFULE GUd URLhUNIRUC

Gpt f(x) Pnibyghwl wihnpbp SnGownnG wénn Y
UnGnunl GJwqgnn b, wyw wpgmibGnh npny  wpdbpGhph
ntiypmd wyG hp plGpwgpp Ynfumd b, wemdpg wlglbny
(Juqiwb Ywd, pinhwywnwyp, Gyugnuihg wagltmny watwd:
Llwl whwh pmbyghwsh gpubhlyp Yupny t, ophlwyh hwiwp,
nitiGwy htmbjwy inbupp’

Y

y=f(x)

b o - ———
VT —.




Uwhdwlnid I - f(x) Inilyghwh wpdlipp x - X Yhnnd
insynd £ Swpuhdnud (max), Bpb wyli GLo | iptl
widhpwlwblnptl hwplwG pagnp wpdbplitiphg: Uy Yy wuwd’
f(x) Pnilyghwl mbGh dwpupdimd x = x| Ytannnd, bipk
f(xl + Ax)< f(xl ), npnbn AX -p gulugwd pudwljuwluisuith
thnpp (npuijuG {ul puguuwwl) dtonpyndd t:
Uwhthwlinud I1- f(x) $niliyghwi6 mbh ShGpinmg (min) X=X,
ynmd, bpt f(x, + Ax)>f(x,) npnby AX -p guijwgwd pw-

JwlwGwymh thopp /gpupué Jud puguwuwluG/ dkdntpymG t:

OphGiwly, pipud qowgpnid X = X; b X = X5 Yhwnbpp
dwpuhinuwih yhnbp &G, hull x =%, b X =X, Yhntpp' thGhinuih
Ybwntip:

bouGyghwih dwpupdmdih L dhGpimdh ytnbpp YhwuhG
Ynsynud GG tpunhbidnuth Yhnbp:

Ujdd wmbtulhip, pb wowlgjuilbph oqlnmpjwip hGsuytu
Yuwphbh t qulty Pmbyghwyh tpumptiinuih Yewbnpp:

Ohopsd I(tpunptimdh  gnympjul  wlhpudbyn
wwswip).- Gpt f(x) nhptinkGgth PmGhghwl X =X, Yhnnd
nGh dwpupinid Juid dhGhimd, wwyw Gpu wowlgrun uyng
ytinmd Ywd gueGmd t qpo £ '(x) =0, ywy qnynipnel smGh:

Swp wju plinptidh pypwsunhwijuwl wwwgnygp.

v4 M, v4
M,

|
|
|
!
!
i
|
M. |
i
X

[ S il i

B3 4

Q.5.26

QGowqphg tplmd E, np x=X; L X=X3 Utantpp
hwdwywunwujuwl PmGyghwlbph Jwpupinuih Yhwmbp GG, huy
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X =X, dhGhdnuwh Y b2 M| L M, tpuumptdnuih Yawmbpnod
YnphG nmumjwd npwihnnlbpn ququhte 56 ox wnwigphd,
htanbwpwp gpuGg wiymiGuyhG gqnpowhhglhpp hwywuwp GG
anngh, wjupGpl f'(x)=0: M, Yhwnmp max-h Yun t, puyg
wjlntn pmGyghwih wowligywy gnymipmiG yméh:

Snyg wwlp, np wwwgnigywd hwjmwlhyp wihpudtyn
L, puyg ny punjwpwp, wjuhGpl wjG pwbhg, np  wowlgup
npjwd Yhnnud qgunbmd £ qpn uwd gnympymiG smiGh, nhinlu sh
htnlnud, np wyn Ytnp tpunptdmdh Y b Qyuybu, ophluwl,
y= x3 PmGyghwt mbh y' = 3x? wowligyuy, npp pueimy b qpn

Xx=0 Yhnmi: Puyg x=0 Ytwp bpplp tpumptitinuih Yhwp st
(q0.27):

4 :

y y=x

\ 4

Q.9.27.

Upgnuitiinh w6 wpdbplbpp, npobn  mGyghwgh
wowfligjup nuebnd bt qpo {ud gnympymb smbh, Yngynud kG
YphupuipuG wpdbpGhp ud Yphuapyuut Yhobp:

Npyhgh wwpqblp, pb Yphinhljulul Yhntphg npntp L6
tpuwnpbdinuih - Yhnbp, wwywgmgblp Epumpbdmdh gnymipjul
puwjwpwpnipjul hwpnwGhyGhpp:

Unwohl  puduwnwpmpiul hujuwipp.- Gpt miGy-
ghwjh f'(x) wdwlgywip X-p X, -h Ypuyny wlglhihu thnfun £
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hp Gywlp + -hg - -h, wyw X, Yap  max p GlanG b, huly bph

f'(x)-n X-p X, -h ypwyny wlgGbhu o 1 hp Gpadip - -hg + -

h, wuw wyy yewnp pnGlghwgh min -p Yland 1

bpnp, tpt x <x,, f’(x)>0, huy x - X, I"'(x)<0, nu
(pwlwymd L, np dwjuhg Ynpp dnlnumb waemd L, hull weohg
UnGnwnl Guqmy: Uw B GQulwlnud L, op x X, max -h Yk k:

Liwl nuunnpmipymb  Jupbh £ Quowply Gl min Yewh
Ghuwwndwdp (q0.28):

SN

b
B

Q.0.28
Gpipnpn puwdwmupmpyul hwjuwGfipp - Yhgmp, X =X,
Ytwnnid f'(x)= 0: Pwgh wyn, X =x; Ytwh hly-np yppwlurypnud
f”(X)-]} gnjmpjnil niGh L wlplghww b Uy nhuypnd welw b
htwnljw) ptinptuip:
Glinphd.Honn f '(x)=0, wyy ghwpmd X =X, yhund
PniyghwG mGh Swpuhimd, tph f"(xl )<O L ShGhdmd, bph

f”(xl)>0
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ELUSPGUNRULELP SEUNRME3UL UbPUNNRE3NRLE
LULARMLELD LOFSUTL SFUUTTLUY

lutinhp [ <Lpwlnphg v, ulqplwlwl wpugmpuip
prsnny wpyh R =0A  prhsph hbGnwynpnipymlp npnpymd t
v2 sin2¢@

htwlyw) pwlwdéln R = , npmmtn ¢ hpwGnph

pbipdwl wilymGG L hnphgnGh Glwwdwdp: fipnpk; ¢ wljwG

wjG wpdtpp, nph ghiypmd R hhnwynpmipymGp YihGp
wiklwdton (q0.29):
A

¥

v

O R A X

Q-0.29.

Lmomd.- R dkompymbn @ -h pmblyghw t: Npnytilp wyn

$mbyghwjh max-p, tpp 0<¢ 5_723 : dR _ M,

do g
2
2v; cos2¢ =0, npunbnhg

g

T T

cos2¢=0, 20=—, 0o=—:

¢ ? 5 ¢ 4

tpypnpn  pwdwpwpmpyjul  phnplidh  oqlimipjudp

T
hhwnwqnuntip ¢ = Z Unhwnhljwlw wpdtpn:
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d’R _ 4vlsin2e (d"l{J I
. :

de - g do” £

4

Tt
<hwmbaupuwp, (p=:1--nul' R pnililigpati mGh Swpupinud
.
R, .. =—: R pmlyghujh wpdhiplbpp  dppwlpugph dwjpw-
g
=0):

s
2

Ytintpnud hwjwuwp 66. R/ o =0 L R/
¢

Ujuwpuny, npnpjwo  dwpuhdmdp npnGtgh dhowgni)G
wpdhpl t:

fulighp 2.- UwpdhGp pwpdymd b v =—t" +48t +1
widpy wpwgqmipjudp: Ganlb]  wpddwl wyli wikbuwdbo L
wiblwhnpp wpugqmpyniGp, npG h hwpn b quipu  wnwehl S
Jwjpyjubh pGpugpnui:

Lniomd.- GanGhlp v’ = -3t + 48 wowlgyup L t==4
ynpunhyuwjwui Yhnbpp: NipkdG, [0,5] bwwywoh Ghpumd Yw
thuyl dby Yppunpljuljub t=4 Ytn: StulhGp wju Yimp max -h
Ytn t, pbi min -h:

V,/t<4 >0’ V,/t>4 <0

Unwohl Ywpgh wowbgjwip dinfunud b Gwlip +hg - -h:
Ltnbwpwp t=4 yhnnd wpugnppuG $nilyghw milGh max
wpdtp® v, =129 Qwpgtlp  Pmbyghwyh  wpdbpbpp
hGunbtpwih dwypwybnmbpnd. v/0/=1; v/5/=116

Ltwnbwpwp, wpuwgnipjul wewybjugny i wpdbpp t=4
dndbGunmy nGhgwo v=129 wpdtipl b, hul (JuqugnuyG
wpdtipp’ t =0 dnibkGunmd nilligud v =1 wpdhpp:

Utip nhwnwpytighGp plnwdkGp Gpyne fulghp, pugg
EpunptidnuiGhph wtiumpymG6 mGh puqiwphy YhpwempniGaep
dhahywyh, wbhuGhywjh, gmpuniutumpywub, tyninihyugh L
wy| fulinhpGhpnid:
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tunNrnd hvStaruL
Vwfuliwljwl pmbGyghw: Ulinpny hGinbgpuy

Uwpbiwnhuljwi wiwihgh mtuwljwl L Yhpuwpwiwi
pwn hwpgbpmy hwpy bt hnwd mobkp phpbpblgiwb fubgppii
hwlwnuwpé julGnhp, wjuhpl $mGYyghwjh wnpud F'(x)=f(x)
wowlgyuyny Ywy, np dhulnylG6 £, wmpwo dF(x)=f'(x)dx
nhbtphGghwny, npnptp  ulyqplwfwl Yuwd, wjuybu Ynpjwo,
F(x) iwubGwlwl $mGyghwi:

Uwhdwlmy.- U)6 y=F(x) ImGyghwl, nph wowlg-
Jun hwjuwuwp b wnpjuo y:f(x) dmllyghwyhl, wjuhGpl
F'(x)=f(x), ynsynud k GwuGuwlwG mGlghu:

Uwugmgyuwd b, np wikG dh wiplghun f(x) Pnifihghw

wiywjdwlnptt nilGh GwuGwlwd $nilyghw: Uyunto, ophGuwly -
4

54—— $mblyghwl x’-h GujuGwlwG $pmGyghwl b, npmjhtnb

’

4 4

hwdwp b wy)G:

8nyg wmuwlip, np jnipupwlyynip mpjwd pnillyghw niGh
wlphy pwqimppuip  Gwjpluyui Ppmihyghwlbp, npnlp
wmwppbpymd 66 ppuphg hwunwnmG gnuswpbihny: bpnp, tiph
F(x)-p f(x)-h GujuGwywi $pmlGyghw t, wwyw wikG dh
y=F(x)+C $nillyghw, npnbin C-0 Judiwywlwb hwunwnmb
gnuiwphth L, GnyjGybu  Gwplwliwi  pmbGyghw L.
[F(x)+C] =F'(x)+ C'=F(x)=f(x):

Glapwnptlp, F(x) L CD(X) wnpud f(x) PnGyghwjh
tpym GwpulGwlwl pmGyghwltip tG: 8myg mwlp, np npulig
wnwppbpnipyniip hwuonmwnmG deompymG L Cun wwjdwGh
F'(x)=f(x) L d(x)=1f(x):

Ywautitp [F(x) - d&)] = F(x)- @'(x)=f(x) - f(x)=0;
tnlawpup, F(x)- ®(x)=C, wjuhGpG' F(x)z o(x)+C

MGgmil wupugnigywd t:

4
(X—) =l4x3 =x", sinx-p GuuGwywé $mbyghw t cosx-h
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Uwhdwlnid.- Splwd f(x) dnyghuwgh popnp GwhGwlwb
IoiyghwGtph pwqinpymbp Ynsynud £ wyn pnuGlyghwp wiinpn)
hinbgpuy b GywGwlgnud E htnbywyg dtng §0(x )dx :

Wuughuny, pun vwhiwGiw [ f(x)dx = F(x)+ C, nputin
F(x)=f(x) :

f (x)-n Yngynud £t GGpwhGubgpupught  $Hnilyghw,
f (x)dx - bpwhGnbgpuwjhl  wpunwhwpnmpymbG, x-p

hGuntgpiwl thnihnfiowwl: LVwhewlwé pmllyghwl npnybpm
gnponnmpymbp Ynsynmut £ pGumbqpdw G gnpdnnmipyniG:

4
Ophtwl.- [x*dx = XT+ C: [cosxdx =sinx +C

Id—x = lnlx| +C Lwyl:
X

Ulinpny plimbopuyh AhdGulul hunnlpmpiniGtpn

I. UGnpnp plwnbgpnunh wowGgjuip  hunjwuwp t
tpwhGuntignuipujhG dmbGlyghwyhl, wyuhlipG

(ff(x)dx )’ = f(x): hpnp (I f(x)dx), =[F(x) + c]' =F'(x)=f{x):

II. UGnpny hlwnbgpuih nhdtpblghwp hwduuwp E
tipwhGuntgpuywihl wpnwhwjjnmpjwlp’

d[f(x)dx = f(x)dx
honp' df £(x)dx = £(x)dx) dx = £(x)dx

1I1.- Qwumnwwmm b pwqiwupumnhyn Jupth b gogpo hwlby
hnbgpuwih Gpwbhg [Cf (x)dx =C[f (x)dx
IV.- dDmbGyghwltph hwlpuwbwdwipub gnuiwph wiinpn)
himbigpuyp hwjwuwn t wnwidhG gmiwnbihGhph
hlwbkgpuGtiph gnudwph .
J[£e) % ol)ldx = I (x)dx = olx ) :
V.- Ulnpn) pinbgpuwih  4bh  wlhnmhnfubihnipjui

hunnympymGp. (x)dx =[f (thdt = if (uMdu=....
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Ulnpny plinbgpuyh bphpnuwswhulju
dayGupwmipymln

Q-huntiGp, np If(x)dx=F(x)+C: y=F(x)+C $may-
ghw( C-h wmwppbp wpdtplGhph hwiwwywwwufuwi hwppni-
pjuuli ypu YmGhGw wmwppbp qpudbhylhp, wjuhGpG wynp
dnijghwyhli  hwppmpjul Jpu  Jhwiwwwnmwueuwlh  dhly
wuwpwibnpwGh Yepbph pGuwbhp: LwhiGwiuG pnGlyghwgh
gnwdhihli wljwlhlp hGunbgpunuyht Ynp: Wuyhuny, bph
F'(x)=f(x), www y = F(x)-h qpuphlp hinbgpupuht ynp t:

Uflinpny hGwbgnpwin tipypwswhnpkG ponp
hGuntgpuwuyh Yoptiph pGunwbhpé t (qo.30):

v A v=F(x)+C,
y=F(x)+C,

v=F{x)}+C,

e —
//-/A// ;

O/ o X

/

4.0.30
puGulu G plinbgpnuwGhph wynuwl

Dhptipkilighwy hwpgnd dkGp uwnwghy Gip hhdGwlwb
nwppwywl  pmbyghwlbph  wowlgyuGhpp, Gk  klp

qnuiwph,wpnunpyuih, pwnpnh, pupg ollyghwh wowbgiwb
JunGGbpp: Wy YuiinGGbpp dkq hGwpunpmpymb GG wnyghy
npnpbne pnjnp nwppujub Snlyghwbtph wowlgywyGhpp:
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Vuwhbwlwi nlyghwbliph npnydwi hwdwp wygyhuh
wwpq L niGhybpuwy YuGnGGtp gngnip it ym Gl

bnGyghwbtph  pbGnbgpowip  bwGgnd | wmwppbp
dtpnnltph G2dw6, npnlg oqlnipjwdp hGwpwgnp £ hGmd
hwuty GywwnwlyhG:

humbtgpnuip  hbipnmwglbint  huwdwp Juqignd b6
hhiGwlwb hGwnkqpuiibph wynuwybp, npntp unwgynd LG
nhptiptiGgdwG hhdGwlwb pwlwdtbphg:

Phphlp wjn wnniuwyp.

I. Ix"dx= "

n+1+C (n=-1)

UwuGun|np nbiwyypnud, bipp n=0
J. dx=x+C

dx
1. == C
I " njx| +
II. jsinxdx =—cosx +C

IV, J cosxdx =sinx +C

V. I d); =tgx +C

COoS X

dx
VI. I o’ x =—ctgx +C

dx
VIL Isz = arctgx + C
VIIL I =arcsinx + C

1-x?
IX. Ia"dx=a +C

Ina

X. _[ e'dx=e* +C
XI. I tgxdx = —In|cosx| +C
XIL I ctgxdx = In|sin x|+ C
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X—a
(x+a)
tg~
2

t §_+£)
8272

hwnbgniwG  wpymbplhpp Juwpbh b unmgly
nhytipkGgiwl dhongny:

XIIIL +C

j"_"=m
Vx? +a?

xiv. | 1,
X" —a~ 2a

+C

+C

XV. jdx =In
Sin X

=In

dx
XVI jcosx

+C

Painbgpdw hphdGwlpul Gnuwlwllbpn

Gnynipjnl mGh hGnbkqmiwb tptp hpiGwywl GnuGul,
npniig  oqlmpjwdp Yuwphh t wybh  pwpn  wpow-
hwpnmpymGGtipp  dlunhnjuyp b Gowltgll  hhdGww
pwlwdlLbphb:

L Qmdwpbipttph Jepymodwl bpuwbwl.- Spjuo £ (\()
dmbyghwG, np wGhGwp L widhowwbu hGwnbqpk, hwéwju
hGwpuwnp b (hGmd yopwoty dh pwGh mGyghwltph gnudwph,
npnlighg jnipwpwilynipp htpwnpjwdp hGuntgpynud L:

£hptlp ophGuyGtp.
3
1 dex = J.(lx2 +2+l)dx = lszdx +2Idx +
2x 2 X 2
3 3
d—le-x—+2x + ln|x|+c=-x—+2x+ |n|x|+c;
x 2 3 6
dx cos’ x +sin’? x dx dx
2. = dx = + =
J-cosz x-sin? x jcosz X -sin’ x '[sinz X j.cosz X

=-ctgx +tgx + ¢,
1l Ompnfuwfuwh hnfuwphbhwl tnubwly.-  Cwwn
nhiypbipnuy, I f (x)dx hGumbgpuyh  dhe X hnhinfuwyuwih
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thnfuwpbG dnglGbmy Gop t tinthnfuwipui mpdwo hinbgpaagp
hGwpwynp E guelmd phpkp dh inp hGwtiqpwih, npp jwd
wwpmwyynid £ hhdGwywb hinbgpuibGtph wigmuwynd, jud
htpmnmpjudp phipynud £ Gpuelg: hGunbgpdwb wju dbpnnp Yngymu
b gmmpinfuwljutGh  GmpuwphGiwiG dGpnn: X iminfunjuiGh
thnfjuwptif Singlhlp bh t hmhnuwlwl, npp X -h hin juwywd
L x=(p(t) wnynippudp: (p(t)-[i wilpnhwa podiyghw Enpl
niGh (p'(t) winGnhwwn wowlguy: Uyg nhypmd dx ::(p'(lv)dt L
ukifip YmGhGwGp.
JeGedax = [flolt)ho(tht

Uu pwlwdlp Yngynd t thnthnluwmfuih hnfuwphidwi

pufwdl: Hpw  GiupunuwghmpynbGl  wwwgmgbnt  hwdwp
pwjuui t Gpw Gpym Ynndp nhptiptlbgty:

d
Ophliwllbp.- 1. J‘———)-(—— , Gpumlwlyblp  x = at;
\ a? —x?

dx = adt

Oquwgnpotiny ybpp Gygwo pLuﬁuqu}‘ humwﬁwﬁp

¢ odx adt .

= = =arcsint+ C
'[\/az—azt J‘21\/1 J‘«/‘I

YhpwnueGuym] hhG thnthnfuwwGhG ymGaGwip.

dx . X X
I————— = arcsin—+ C, pwh np Gpubwlynudhg t=—:
a’—x’ a a

2. F\ll+x2xdx:

1
StnunptiGp 1+x? =t, dt=2xdx, npntinhg xdx = Edt

1/3

I\/1+x xdx = j\/— dt——j.t'”dt =

4/3

=§t‘”3 +C=—§(l+x2)4/3 +C:

NI Uwutipm] panbopdwl GuwGul.- Gph u=u(x) L
=v(x)—u nhpbiptilghih  prmlyghwbbp GG, www pwlg
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wpuniwnpuih - bwdwp mbGp d(u -v) =udv+vdu, npG
hGunbgptmy, junwlwbp uv = j udv + J'vdu;

Gpb wjyu tpym plwbgpulbhphg dtyp YupnquGwGp
by, dyniup YounGhlp htiGg wyn hwjwuwpnpniGhg

J-udv=uv - Ivdu

Wyu pwlwdlp Ynyym kb dwubtipng hGintigpdwl puiwdl:

Spywd hnbgpuh Guumiudp wju pwiwdlp Yhpuwnbim
hwdwp whinp L Ywpnnuuwy  bipwhGnbqpuijwih6
wpunwhwpunnmpyn@p wpnht] Gpyne wpownphsGeph, npnGghg
tbyp Guulwyl  u-nd, dymup dv-mf: Spnhiwl huniwp,
pnhwlmp Yulnb gqnmpymG yniGh, mynuih wbwp b hwpnlh
wnGt;, np dv =v’(x)dx wpnwhwpnmpmGp  wbwnp
Jwpnpuwy hintignpty wyGybu, npytiugh vnwgyh v-G:

PhpkGp tipyn ophGwly.

1. Ixsinxdx

Glpunpfip u=x, dv=sinxdx, wjuntnhg du=dx:
V=—-C0SX
Uhpwntiny dwubipny hGuntiqpiw G pwlwélp’

JuuuwGuiip Ix sin xdx = —-x cosx + Jcos xdx =-xcosx +sinx +C

2 I(x—l)ezxdx

Lywbwhhlp u=x-1: dv=e*dx, npntinhg

— A 2x _1 2x __1 2
dU~dX.V—Ie dx—aj'e d(2x)-~e"

I(X—1)32xdx:%(x_1)ez"_%"‘z‘dx__ (x 1)32x 1 e 1

4
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nencsuLl buvsSta-Lul

Qhunwpyklp dh fuGnhp, nph onuip hwlignud © npnjug
hGunbgpuih qunuthwph(:
<uizqnﬁp Ynnughd ubnubh dwybptiup:

y -
/] " }\\
/: i 11\\ y=1(x)
74 0 B I N
t{ Pyt
A/ THHE AN /
B
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NN : : [ AR
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O] a X, Xpew X & b S x., b X
Q.5.31.

Uwhdwlmy.- Unpuwghd ubnul Juwd ubnubGuybpuy
Ynspymd £t wyG hwpp wwwlbpp, npp vwhdwGwihwyyuo t
y=f(x) Ynph wnbgny, OX wnwlGgpny L x=a, Xx=b
mnhnGtpny (qo.31):

Muwnp whwp t hwpytp AabB wyjuunybtph dwybpbup’ S,
Quwpymilbph  wwpqigdwl  Guuwwyny pyniGhlp a<b,
f (x)> 0 L whplnhwwn [a,b] Yhowluijpnud: [a,b] hwwnjwop n-1
Judw jwljuwb ltinkph dhongny wnpnhblp dwubph’
a=X,<Xq<Xy<..<X{ <Xjq <...<Xp <X, =b: Wu Yhunbkipp
[a,b] hwujwop upnhbl n mwppuljwl Swubph.

[xo,x1], [x1%2), -+ o5 [XinXidse o s [XoorXal,

Spnhdw@ Yhnbphg mwbbing oy wnwlgphl qniquhtn
ninhnibp” upwd Ynpwghd ubnuip Ypudwbbip n wwppulwi
Unpwugho ubtnuiGbph: LVywGwyklp wyn ubnubGibiph dw-
Ytptulbpp hwiwwwwmwufuwlwpwp AS4, AS, ..., AS;,...,AS
Mwpq L, np S, =AS; +AS, +...+AS; +...+AS| Jwd wykh

Juwpé uny S, = ZASi npntin 2 (uhqiw) gnuiwph GrwGa6 t:
i=1
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Uwlhuyb  wyu  wwppwyuli Ynpuwqhd  utinubGhph
dwibpbulpp  hwpdbp  Gmylpwl ndjwp t, nppwl 6o
ubinuGwybuh Jwibptivh hwyynudp: Nuweh Jupdblp hbuntgwy
Yhpw. Jnipupwlyynip  mwppulpul [xi_|;x,-] hwwnyjwonud
ytpgGhp dh Yuiwpubwd & (x;_ <&; <x;) Ytan L hwpftlp
PmGyghwih wpdbiplhpp wyn Ynbpnwd, wjuhlpl’ Yunnighlp
f(@i) opnhGwwitpp:

UiGnthtnb jmpwpwGypmp vnwppuljul Ynpughd ubinwi
dnunun}npunybu  tinfuwphlhip lxi—l;XiJ (i=l,2,...,n) hjpip
niibgnn ninquiiyymGGtipny, npnGg pwpdpnipniGitpp hwyjwuwp
G f(&;) (i=1.23,..n) (q0.31):

Lywlwyklp x, —x,, =Ax,{i=1,2,..n): Wn ptuypnd
ninuiilyymbGtph dwltiptiufitipp hwyjwuwp L pata
£(2,)ax,(i=1,2,...,n), puy AS; ~f(£;)Ax;: Spiwd Ynpuwghd
ubinubGh dwhbpbup dnnmwynpuybtu hwjuwuwp YyihGh qo.31
utnwgywd wumhdwliiwdl yquumybtiph dwiytiptup(

S & Zf(éi )AX.' :
i=1

Mupq b, np tpt Ax,-hg Wkowqnylp ujuh Gjuqb), wuw
wju gmuiwpp  wybh  Shpwn Jwpunwhwjwh  ubquGuybpyh

dwybptup: Nuunh pGwlwG k, np gpGp
Sp = lim > f(g,)Ax,
i=l

max|Ax;|—0
n-»o0

Ujuwthund, UYnpwqhd ubnubGh dwybptup  hwpyndp
pipjhg wjyu wmhwh gnuiwph wwhdwGh hw)dwl b ulghpp
thwuwnnphbG (noywo k:

Liwl dninbgnuim] Jupbih £ oty puqidwghuh fuGnpp-
Gkp:

[pnyjuy hGinbgpugh nvwhiwlnidp

U._l‘d'liv npunpnipyml  snupdGhalp  YnGhyptin  fuligph
pnjulnuiympjul Jpw, L hwpgp phuwpyblp pGnhwlngp
mbupny:
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“Yhgnip, f(x) Prlyghwl npnpygwd L vwhdwlwihwy E
[a,b] dhowluypnui: Uhpwlujpnud ybpglhtp n-1  hwn
Juiwjwluwb pybp

a=Xg <Xq<Xp<..<X;4<X;<..<X, <X, =b, npnlp
vhowluwpn inpnhmd 6 n dwubiph:

Bnipwpwlyynip [xi—l ;xi] dhowluypmd ybpgGhlp vh &,
Juidwjwwl Yhwm x;_; <& <x; L wylwbn hwygkbp f(x)
Pniyghwyh wpdtipp f(E_,i) (i = 1,2,....,n).

dniyghwyh  wyn  wpdbplbpp pwuqiwwuunyblp
hwiwywnuwupw Ax; ShowlYwgptph bpjupmpjudp’ £ (&i)Axi
L unwgwd pninp wpuuwnpwGhpp gnuiwpblip

f(E)Ax, +(8,)Ax, +....+ (8, )Ax, = zn:f(ﬁ_i)Axi :

Uju gqnudwpp Yngynud E f(x) Pmliyghwjh hGnbigpuipwhG
gniiwn [a,bJihowwypnud: Lwh np [a,b] dhpwlwjph wipnhnnip
L Jnipwpwfgynip thnpp dhowlwjpnud €, Ytwmbph pGupnipniGp
Juwuwpynd £ judwjuluwl bnulGuyng, nwwnh npjwo f(x)

dInyghuzh L [a : b] dhowlwjph hwdwp dhulngl n-h nhypnud
Juptith £ puqiwphy hnbgpuimhG gnudwpbbp Juqdb):

n-p wijtipgnptii dhowglhlp wjlGuwbu, np pnnp thnpp
dhowlwjptiph AX; GphwpnpymGitpp wiybpenptG tinppuGud.
hGwpwyrnp E Gpynt nbwyp’

w) wmwppbp GpuwlwyGhpny YJuqigwd hGntgpwiwjhG
gmiwnlbpp dquntlG wwppbp uwhdwGGEph Yuwd  Ytippwynp
uwhdw( yniGhkGwG

p) pnmnp hGwpwynp  bpwlwlylhpm]  Jugddwo
hGunbgpupwihl  gnudwplbpp  dqubtiG  GhllnyG Yhpowynp
uwhiwGh:

Gpypnpny, ptiypmd  wund &G, np f(x) dInGyghwl
hGwntgntith b fa,b] dhowljwjpnui, huly hGunbgpupuihG gnuiwph
uwhdwlp Yngynud t f(x) $ImGyghwzh npnjwy hGntigpuyy [a:b]

b
dhowljwjpnid L Gywlwlpynud wjuwbu’ j f (x)dx :
a
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Unwehl niwypmd wumy &G, np (x) $nbyghwyh npnpjuy
hGwunbtgpuwip [a:b] dhowlwypmy gnynipynil yneGh:
Ujuyhuny, pun uwhdwGiwG’

b n
[fl)dx = lim Y f(E Ax,
a A, >0 =1
f(x) $mbyghwb Ynyymd t tlpwhlinbqpupuih, x-p
nGnbgpiwG hmpnfuwywé, Yy a-6 L b-G hwiwwywumwu-
hawGwpwp npnzjwi hGunbgpwih unnphG L YbphG vwhdwGibp:
3nipwpwlys g f(x) PmlGyghuyh hwdwp wmpjwd a L

buwhdwGitph ntypmd npnyjwy hGnbtgpwip npnpwlh phy
Apnjwp hGunbgpuih wpdtpp ywhijwo b GhpwhGnbgpuiwhG
PniGyghuwphg L hGnmtigpiwl vwhdwGibphg:

UGnpumuinfutp  Jbpp nhnwplpwoe fulnphG:
Juwibtdwwtiny Ynpwghd uwbnubh S, Jwytipbuh hwdwp
unwgywo wpdbpp npn2juy hGwmbppuwh  vwhiwGiwG htwn

b
Gunnmd blp, np° S= J-f (x)dx:

Uw £ npn2ju hinbgpuih bplpuswthwljub pdwump:

Npn2yuwy hGntignwph vwhiwldwl hbn juwws hwupg &
wnwowlnul, pt higwhuh wwjdwiitph wejwnpjul nhypmy
gnynipjnii niGh hGmtqpuiuyhG qmiwph vwhdwlp, wjuhGpl
npnjw] hGunbgpuim: “dbpw wwwnwshiwbp wuwhu b onpnpjwg
pGwmbgqpwih qnympjul ptinptidp, npp Ghplujwgymid b wrwig
wujugmgiwi:

EGNCGU. duly dhowyuypnd jmpwpwlyjmp wlpln-
hwiin  pniliyghw wyn dhpwljwypmd pGwmbgpkih L, wyjuplpl
gqnjnipjnil mbGh Gpw npnyjuy hGmbgpun:

Wuyhuny, npytiugh PmGyghwbG (hGh hGnbgphih
pwywlub &, np wjl (hGh wlplnhuwn thul dhowlwypnud: Luwyg
nan2juy hGwbqpuip Yupon b gnympyniG mbbGuy Gwul npn)
luqunn $muliyghwlltiph hwiwp: OphGwl, wwwgmgynui k, np
thwy vhewlw; pnid vwhiwlwihwly L Yepowynp fjuqiwb Yhnbp
mGkgnn jmpupwlsynip $mbGlghwjh hwdwp npnyjwi pGuntqpup
qnympjnil mGh:
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Npnpyuy paumbgpuph hunnlmp e Gttpn

Lhpywjuglblp npnzyjuwy  hlGwnbgmuith  dh pwfip
hwwmynmpyniltp, nponlp uvnmwgymd b6 hhdGwliwlimd  Gpw

b n
uwhdwGnuihg, pun nph jf (x)dx = lim Z f (ﬁi)Ax i
a n—->w P

t:“f(x)dx =— €]‘f(x)dx ,

a
wjuhlpG npn2juy hGunbqpuih vwhdwlibpp wbnuthnjubihu
tnfuymd £ dhuyl hGnbgpuyh Gpwip:

2. }f(x)dx =0,

a
wjuhlpd hwjwuwp vonphlG L ybpph6 vwhiwmGihip mGhgnn
nnnywj hGnbgpupn hwjwuwp £ qpnjh:

b b

3. IAf(x)dx =A If(x)dx ,

a a
wjuhlpl’ hwomwmnml puqiwuwwnlpsp Jupkih © gonipe phpbg
nnn2jwg hﬁmhqum GpwGh mwlﬂ]g

J‘[f(x )£ o(x)dx = jf(x)ix + I x dx

wjuhGplG  pmbyghwllph qmdwph npnpjw]  hGmbkgpup
hwyjwuwp £ wpwGdhG gnudwpbihltiph npnpjwy hGunbgqpuyibkph

gmidwiph(:
b

5. jdx=b—a:

a

6. l]‘f(x)dx = ]-f(x)dx + l]f(x)ix,

a a [
pln npnd, uw hwjwunh bt a, b, ¢ pybph guillwugwod
nuuwynpnipjpul phiypnud:
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7. bph [ab] Ghowluypni f(x)20 L a<b, wuw
) ,
J‘f(x)dx20:
T bpt £(x) L o(x) fbmﬁughwﬁhnn [a-b] showiljuipnud
hGntgphyh 66 U £(x)< @(x), wuyw If (x)dx < I(p(X)dx
9. bpk [a,b] ﬁhgmllepnui m<f(x)<M L a<b www’

m(b—a)< Jf(x)dst(b—a):

a
10. Gpti f(x) —p whplnhwin £ [a;b] Showlwpnud, wwuu wyn
dhowlwpnud gnympimb niGh wnlgugh th ¢ Yhwn, np
b

Jf(x)dx:f(c)(b—a')., a<c<b

a
Uju hwnympjnilip wujugmgymi L npybu wnwGahi
ptinptd L Ynsymd E dhohl wpdbph plinptad:

Npnyyuy htinbgpuyp npuybu Jephl vwhdwbh pniGlygh

(pn2juy hGntqpuih vwhiwlnuihg wpnt6 ghunbp, np
Gnw  pYuyhG wpdbpp Yuwiujwo t GpwhGnbigpwywjhb
PmGyghwjhg, hlnbgpiwl uvwhiwlbphg U Ywpjwd sk
punbqpiwli Jyimhnjuwuihg, mumh Ywpkh b hGnbgpdwi
hnthnfuwulip Guwlwyl) gwijugwd wmwnen] L hGnbgpwih

b b b
wpdtipp sh oty [f(x)dx = [F(thdt = [f(zhdz=. . .:

Uwljuyl, tpl thnfutiip hGunbqpuih vwhiwlGhpp, weyw
Gpw wpdtpp, plnhwlpuwbe, Yhofugh: . dbphG  buwhdwGh
thnfuwptl gapglblp dh x thnmhnppwlw6, hull hGnbgpdwG
tinthpfuwwip  GuGwykGp t-nd: UWn nphwpnui, tph X



X

thnthnjugp, www Jf(t)dt—h wpdtipp  ypwGhg  Yuhagwo
Ypmhnfudh, wyuhlpG hintgpup YhwlnpuwGw pp quphd
uwhdwGh pmbGlyghw: LVowlwlkbp wyn Inblyghwb (D(x)-nq:

o(x) = ]f(t)dt:

a
Uju Pniliyghwl odnjwd L htnbgwy tplnt Yuwplnp
hwwnlynipjunip’

1) tpti f(x) $nilyghw hGuntiqptih k& {a,b] dthowlwpniy,
Wy (D(x)-n wlipGrphunn b wyn dhpwlwjpma:

2) bph (x)-[] wpGnhwn & [a,b] dhowljwjpnid, wuyw
G)(x)-ﬁ wyn Gnyl dhowfuypnid mGh wowligjuy, npp hwjwuwp

t f(x) -p
O'(x)=f(x):
Uwugnyg.- X- hﬁ mwlp Ax wéd, wyy nphuypnud
x+Ax X+Ax
O(x + Ax)= J-f(t)dt—J‘ (t)dt + J‘f(t)dt
®(x) T
X+AX
AD(x) = D(x + Ax) - D(x) = If(t)dt+ ft)dt - If(t)dt
AD = J'f(t)dt:

X
Wju hwjwuwpnpynilhg widhouwtiuv htnbmad &, np tpt
,AX > Owwyu A® GnylGubu Ydqup gpnjh: Yw GQuwlulmy t,
np CD(X) dmbyghwl whplnhwin E: Unwohl hwwnympymbp
wywignigyud k:
JhpohG hwjwuwpmpjuG w9 Jwuh GHundiwdp
YhpwetGp dhohl wpdtph ptinptidp.
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X+Ax
AD = Jf(t)dt = flc)x + Ax - x)=f(c)Ax > npuntin
X<C<X+ AX:

Luwuquitlp (I)(X) Plhghwh wéh L wpgnuitiimh wdh
hwpwpbpnipymbp b wiglhlip vwhdwbGh,tpp Yybpohlu dquumu t
qpnyh.

AD  f(c)Ax
Ab_fle)Ax o),

AXx AX
AD
(D( )— lim — = lim f(c) pwjg bpp AX >0, wyw ¢ > X,
AXx—0 AX  Ax—>

htiinlwpuip Al):m0 f(c) =lim f(c) L Pnillghuwyh
—> C>X
wlpGghwnnpju htnbwGpm] lim f(c) = f(x) :
C—X

Uyuyhuny, (D’(x) =f (x) , U bpypnpy  hwwympymtp
GnyGuybiv wyugmgyud k:

fpnpyuy hGinbgpurh hwpdmdp: Uinonnd-LugplGhgh
puwliudbp

!

X
Utip wuwyugnigtghtip, np _[f(t)dt = f(x), wyuhlpt:

a

(D(x)z jf(t)dt-ﬁ f(x) PImbyghwjh GwhiGwywi miyghwd t:

a
Ujdd wywugmgtilp dh wjuujhuh ptinpbad:
bpt F(x)-p f(x) wepinhun pmGyghwsh hGy-np dh
fwpuGwlwl PmbGyghw t, wuyw wnlw b hbmbyw) pwGudbp’
b

j F(xtix = F(b)— F(a)

a

Uju pwlwdlp Ynyymd & UynunnG-LwjpGhgh pwiwdl:
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X

thathnfugh,  wyw If (t)dt b wpdbpp  ppubhg  Yuudwo
Ythnthnfugh, wjuhGpG hlwmbgpwip Yhwlinfuwlw hp JbphG
uwhdwbh pmbGlyghw: GywGwytip win pnGyghwl (D(x)-m[:

d(x) = ]f(t)dt :

Uju ImbGyghwl odunjwdo L htnlgwy tGpym Yuwphnp
hwwnlnipjunip’

1) bpt £{x) PpnGlghwb hnbqphgh t [a,b] Showlupnus,
wujw (D(x)-n wlipGnhunn b wyn dhowlwjpnud:

2) tph f(x)-[n wlpGnhww & [a,b] dhowlwipmd, wujw
(D(x)-ﬁ wyn GnyG dhewlwpmt mbh wowlgyuy, npp hwjuwuwnp

t f(x) -p
@'(x)=f(x):
Uupugnyg.- x-p6 wmwlp Ax  wd, wyn nhupmd
X+Ax X X+Ax
O(x + Ax)= I ft)dt = .[f(t)dH jf(t)dt:
a a X

@(x) pnibyghuwh wép YhGh

X+Ax

j (i)t - ]f(t)dt:

X

AD(x)= D(x + Ax) - D(x) = | f(t)dt +

X+Ax
AD = I ft)dt :
X
Wu hwywuwpmpyniGhg wiihowwytu htnblnd k, np Lipt
LA = Owupu AD GnyGybu Yadqunh gpnyh: Dw GrwGwlymd b,
nn (D(x) Pniyghwl wlipnhun E: UnwohG hwwnynipyniln
wwjwgnigyud k:
dbpohlG  hunjwuwpnipjul w9 Jwuh  Guundwdp
YhpwrtiGp dhohl wpdtph pinptidp.
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X+Ax

AD = J-f(t)dt = flcXx + Ax - x)=f(c)Ax npuntin

X<c<X+AX:

Yuquiklp CD(X) PmGyghuygh weh L wpgnuitbnh wéh
hwpwpbpmipymGp b wigGhGp uwhdwbh,tpp ytpehlGu dqund k
qpnjh.

AD  f(c)ax (e):
Ax  Ax '

@'(x)= lim A0 lim f(c), puyg tipp Ax - 0, wyw ¢ —> X,
Ax->0 Ax  Ax—0
htanbwpwin lim f(c)=limf () L
Ax—0 c—X
wiipinhwwnnipjub htinlauGpny li_l;n flc)=~ (x):
C—X

Ujuypum), ®'(x)=f (x), u bpypnpy  hwwaynpymGp
in1jGuybu wywugmgywo t:

PmGyghwih

Npnzyuy pGinbigmurh hwpdmdp: Uynunnb-Luygplhgh
pwlwdlp

X

Utp wujugmgtghlip, np If(t)dt =f(x), wjuplpl’
a

D(x)= If(t)dt 6 f(x) $myghwh GwhuGwyws PuGyghw L:

Uydd wwyugmghiGp dh wjuwhuh ptinpbd:
Gpt F(X)-[_l f (x) wlplnhun $mGlyghwyh hs-np dh

GwhGwlui $mbyghw k, wuyw weluw b hinbyw) puGuwébp’
b

j F(x }ix = F(b)~ F(a)

a

Wu pwlwdlp Ynspjnd b Uynunnb-LuwjpGhgh putwdl:
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Uwwgnyg.- Glpwnphlp, l"(x)«p l'(x)-h h-np

fwpulwlyuwl $mblyghw bt Ghunblp, np J.f(l)dt (nyyGwbu
hwlghuwimd L f(x)-h (whiGwlywl $mGyghwG b Lwgg

dhulnyG  $pmbGyghunyh  Gpym  GuwiuGwlywl  Pmblhghwbhpp
nuppbpynd GG dhwjl hwunwnmb qmiwpbipny: {bmbawpup,
Jupnn tlp qpby.

[rlke=F(x)+

C hwunwunGh npn2dwl hwdwp wju hwjwuwpnipjuG
k9 mtnumptilip X =a, wjn phiypmy

If(t)dt =F(a)+C Ywd O=F(a)+C, npntnhg C=-F(a):

R [ =) ¥

Stnugpbiny wjyu hwjuuwpnipjuwG by  x=b’
Juunw Gulp UynuunnG-LwjpGhgh puwlwdup
b

J’ F(x)dx = F(b)~ F(a)
: b
Gpt  Gywlwlkip F(b)— F(a_) = F(x)|a , Wujw npnjwy
hlimtgpuith hwpydwb pwlwdlp Jupbh b qpbp wyjuwtu

ek = K(x} = F(b) - Fla)

x4

OphGwlGb .-l.~x3dx=—
phlwyGbp J 4

2 .
L
4

[

=1+1=2:

T
2. Isin xdx = —cosx
0

0 .
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l I
3. le*dx =e*| =e-1:
ferax=et)
JwpdnipniGGtp
- % Y .

1. L/f_x_z 2. Isinxdx 3. j X -
o I+x . : 1-x
i q 2 2

X x 5

4 I > 5 jxe dx 6. j(2x—3) dx

X“+a : :

Npnpjuy plinbgpnuph fhmunmpiniGGbpn

< pngju hGwnbgpuiyp uwhdwitghlp npwbu
pGunbqpuyuyhG gnuiwph uvwhiwG: Opwbu  wynwhueh, “w)G
puqiwyhuh  YhpwempiniGGip mGh  Gpypwsauhmpyul gk,
thfuwmGhywimyd, dhqhywimy, phhwnud, Yhluwpwlmpub gy,
tynGnihjuynwd, nbjuGhywlwb ghwnpymGaapnid b w))G:
Ujdd nhnwpltiGp h pwéh ghpwenipymGbp. O

1. <wpp quww§bpf dwlbpbup hwpdnidp

< Nipn2jw hGnbgpuith EpYpwgunhuyuwé hdwuwnhg hwypnGh
t, np Ynpughd ubnubh dwybptup Yupbih b hwpgs htnbguwg

b b
hGnbgpuyny’ S = J‘f (x)dx Y wybih Gups'S = Iydx \

fipngjun  hGunbkgpunh  dhengny  wjp  wwwnjbpGhph
dwybptultp hwyytm dwiwlwly npuybu ywpqugnyyl wuwwmybp
nhuymad t Ynpughd ubinubp:

Lhgnip ywhwloynd kL hwpyl) qo.32-md Ghplujugyue

- b b
- wwuwybph dwybpbup. S, = v[f(x)dx, huy S, =- j‘f(x)dx:
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Q-0.32

Ujuwhuny, tpym pbwypmd  ty, tpp (x)-[] hwumwunnG
GowlGh $mbyghw b, Ynpwqhd ubnubh Swybpbup Yupbh b

hwpyky S=

b
J.f(x)dx’ pwlwdélny: bul bph f(x) Yynpp hwond

ox wnuwligpp (90.33), www ubinubGh hhipp whwp bt pwdwlby
dwubiph, npnGghg jmpwpwGsympnud f(x)-n wwhwwlmd E
hwunwunnmG  Gpwl, U Juplt) wiluybu, plyuybu  Guiunpg
nypma: -

Cc

S = jf(x)dx+ bjf(x)dxg ;
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Uwybptuh hwpfdwG pwGwabp Jupth b oquuwugnpotip
Gut  wyl ghwpmd, btpp wumjwd  hwpp  wwnybpp wwh-
dwlunhwyywe t pyn mwppbp Yaptipny Yud dhtwy gaped:

Nhgnip, wwhwleynd b hwpdty  wy wwwnlbph
Jwybpbup, npp uwhiwlwuwigws £y =1 (x), y ;fz(x)
ynpbpmy Lk x =a m X = bninhnlitpny /q8.34/:

S
0 a b X _»

a-0.34.

SpUwd wunnlbph Swybpbup Ywpnn bip GipYujwglsy
npwbu Gphynt Ynpughd ubnuGGbph Swybpbulbiph wwppkpnt-
pjnil.

b

S= jfz (x)dx - l]f, (x)dx :

a a
Oppliwl.- 1. Qwuplbp wyG wunnltiph dwybptup, npp
uwhwGwhwlgud t y =X by =x? Ynptpny /0.35/:

A

>

4.0.35.
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LOMOM - QuGhlp wpjwo tpynt Ynpbph hwndwl
Ytwbtpp: Uyn Guwwwyny motlp npubg hwjwuwpndbGbpp

hwiunntr. w/;=x2, x=x*, xlt-x*)=0, npnbnhg x,; =0,

X, =1 )
X
-a 0
Q.5.36
1 1 1 3

2 X 2 1 1
<tk S= [Vxdx— [x¥Mx=Zx%| 2| =2 ===
mwp“‘"oj oj  fu 3 5 3 3

2. Quwyby tihwuh bwibpbup (qo.36):

2 2
.LOROORU .- Ehyuh huwuwpnidG b 52— + %— =]
a
npntinhg y = iP-\/az ~x?2
a

b a a
S=Iydx=2IP- az_xzdx=_2£ ol
a Dt a -

2b( x a’ Cx e
=1 =Ja’-x? +=—arcsin—| =mab

a\2 2 a)-a
UwuGudnp piwypmud, pp @ = b juwmwGwbp a pwnunjp-
nmy 2pewlh dwybpbup’ S, o = ma’:

2. Uwpdlh owdwygh hwpfnidp

Thgmp, wpjwo L dh T dwpdhG: GGpwngptilp, dhq
hwymGh LG wynp dJwpiGh ox wrwlgphl nppuhwjwug
hunnnypGhph dwytiptultpp: MNwpg £, np X -h hnpnfudwG htn,
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pinhwinp ghypmd, Jthmhnfugh hwnnyph dwybpbup: UjGutu
np hwunmjph dwybpbup x-h $mbyghwb t: LywGwyklp wyn
PmiGlyghwi S(x)-m[: Glpunphlp Gul, np X-p thnpinfudmd t a-
bg uwhGsk bla<x<b) L hwpyklp wyG Swywp, npp
whiwGuwhwluwd & x =al x =bhwppmpjmGltph thol: Wiy
Guwwmwyny [a:b] dhowlhwipp wpnhtGp n  dwubph
a=Xp<X;<X; <..<Xj;; <X;<..<X,=b U pwdwuliwui
Ytuntipny mwlklp 0x wnwlgphl nipnuhwjwug hwppmpyniGGhp:

Ujn hwppmipyniliGpp Yumpohbé npjwd dwpdhlp n wmwppuljwb
2tipntiph (q0.37):

Q06.37

Smpwpwlyjnip nwppuppé  hwnuonud YepgGhlp th

Juwdwjwuljwl c; dhowGljwy Ytan.
x,<¢ <x, (i=123,...,n)

¢; Yimny nnultip ox wnwlgphG niqnuhwjug hwnnyp:
Lpw dwlbpbup, npG plngdywd E qdwgqpmd, YhGh S(ci):
Snipwpwlisjnip wnwppwljw G 2tpwn unnwynpuwybiu
thnfjuwphGhGp dh nmphy quiny, nph pwpdpmpmGi E
AX; =X; —X; (i=1,2,3,...,n), huy hhipn S(ci)-ﬁ t: Uy
Gnulwlyny widpnne dwpdhGp YhnjuwphGgh dh wunpfwGwdél
wunnybpny, npp punyugwd £ n mwppuywG  qpuGGhphg:
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EedbGunwup  quutGh pwuipp  GpwGwlytilp Av;-ny, puy
wuumhGuwGwal dwpiGh dwiupy V-
Av, = S(ci)- Ax, (i = 1,2,3,....,n), huly
V, = Ay, = 8(c;)-Ax; :
i=1 i1

T dwpiGh V dwjuip hujwuwp yihGh V,-h uwhdwGhe,

tpp maxle-,l——) 0 ywd n — oo, wjuhlpl6’
V= limV, lim Y S(C)Ax

— £
max|ox,| -0 max|ax,| -0 i=1

n
Puyg D S(C)ax; 0 S(x) pmuGughuush plnbgpuuibd
-1
gnuiwnG £: <hwntaupap, Gpu uwhdwp, bpp max\Axil—» 0, yuw
npnzjwy hmbqpuig U upnn GGp gpby
b

V= j's(x)dx

a

Uw gmqwhtn hwwunnypGph Swytptubtph  dhengny

SwpiGh Swywip hwyydw6 puludld t:

Apwhu ophGwy, hwyftGp w)l wwwltph owgun, app
2

2

2
uwhiwGunhuwyywd b 3%— + %—2- + Z—Z— =1 bhwunhnny:
a c

LOMSORY._ Ejhwunpnp hwwbjng x =h hwppnipjuip

y2 22 2
Yunwlwlp ~—+-—~5 = 1-— Jud
b ¢’ a’
2 2
y Z .
% -1, wuphGpd ¢h thwu, oph

NN
) )
a a’
h? h’
yhuwmuGgpGhpl &G byl ——5 Lweyl-— (q0.38):
a a
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4-0.38.

Lwlh np bjhwuh dwibpbup bwdwuowp t ot opyh L

Yhuwwrwgplbph wpownpyuihl, munh Jupnn Gip qphy, np
2

S(h)= nbc(l - h—) :
a2

Lbtwnlwpup, Yepp snwgyud Swjwih
, pwlwdbh 09 X -
thnfuwphGtijnyg h -ny, ynGhGuGp ’

a a 2 3
V= [S(h)dh = [nbe 1-1 Vb = be ho B
I a’ 3a’

a

a

= —mabc :;

—a -a

Uuwulwynp  nhypmd, btpp a=b=c=R, dulp
lﬂjmwﬁwﬁp R pwnwyhnny qlinh dwywyp, npp hwyjwuwp YihGh
‘5 TCRa :
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SSUUVv uuruvh suduLe

Yhgnp, Ynpugho ubinuGh hpdpp ox Jwd oy wnwligph
hGs-np hwnygwdl £ L T dwpdhp vnwgymy £ wyy Ynpughd
- utinuGh wunnuthg hp hhdph pmpop (¢9.39):

oA

d

o

Y

9.0.39

Unwohl ntwpnud wwundwl wnpwlgphli ninquhwjug
S(x)=ny? hnpnfuwluG  Swybpbulbpny
2nowlilitp, npmbn y = f(x) a<x<b: tpypnpn nphwpmy’
S(y) =nx? dwybpbuny pewGGhp, npntn X = (p(y) L

c<y<d: U npbypnd wwwndwli T dwpdGh owyuwp,

hwwnmpltpp

b
hudwduwyG  owjwih  hupiwG V= jS(x)dx pinhwGnip
a

b b
pwwdbh, YhGh V, , == I yidx =x ﬂf (x)]2 dx, bpp ynwnuip

wntnh t nulintlnud ox wnwligph anmpep, L
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d d
Vi = nszdy = nj‘[(p(y)]2 dy, tpp wwunuwip wmbnh b oGbGnd

oy wnuwfigph znipop:

OnhGwy.- Qwyt w)l Swpibh owdwip, npp unwgymd k
y2 =X wuwpuwpnih [0:1] hwnywond pGywo wnknh wunnnuihg
ox wnuwiigph ynipop (q0.40):

y A
2.
y=X —
AN
\
\
4
0 1 } -
!
/
/
e
Q9.40
| 1 5
2 X4 7T
Lfll‘ﬁfll‘U'_me =7y dx =7 dezn—; 0=5

0 0

3. @mpnfuwlpuunl mdh unnwpuo wyfuunnuwph
hwpnodp

Qhgnip, M Gnipwlwb Yhnp F ndh wqnbtignipjuip
nignughd wpdymi £ B Ytanhg dhGsk C Yhnp (qo.41):

B P

«— 9 - <O 00— - 2 > —P
0 M, M, M, Mi., Mi-l Mn-l M, X
Q.0.41.
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MNupqmipjul hwdiwnp GGpwnnklp, np nidh mypnp)niGn
hwdpGymyd L pupdiwG nupnipjuG htin: Muhwoymd £ hwyby
ndh Juwuwpws whummwlpp: dhqhluwjhg huywmbh k, np
hwumnwwunmi ndh juumuwpud wpfuwnwbpp hwjwuwp £ wyn
nudh swthh L wigwd dwlwwywphh Gpijuwpmpju6 wpnugppuhG
A=F-BC:

Ujdd Ghpwnpklp, pt F ndp tnmhnfuwljwé t: M Ytnh
hbnmt{npmp_]m(in uyqplwlwl 0 Yhnhg Grwlwytlp S-ny: Mwpq
t, np Fnudh sunhp YhGh S GwGwupuphh $nibyghw’ F = F(S)
Wu ngbwpmyd Gwjunpn pwlwdlng wluwmwbpp hwogbky shlp
Jupnn, pwGh np shGp Yupng pdwGwy, pb wigwd Gwlwupuphp
inthnfuwlju nudh n°p wpdtpm] whnp puqiwwuwniyby:

Uyu fubnhpp imotim hwdwp Juptlp hbnbyw) Yhpy.

BC dwlwwwphp juiwjuyui tnuGuym] wnpnhtifp n
puny dwfip (nuppuiuG) dwubph: Spnhiw6 Yenbpp pnn (hGEG
M. M M, .. MMM M. :

LywGwykGp M, M, =AS;: Smpwpwlymp wmwppu-
ywG hunywonud JhpgGhbp dh shewyyuy P(S]),(i=1,2,3,...,n)
Y L hwyytGp mdh wpdtpGhpp wyy Yenbpms  F(S)):
GGpunptlp , jmpuwpwlymp mwppulwl hwnguomd pdp
unnuynpuytiv Wwhywind L hwumwnnt wpdtp' hwjwuwp
F(S;): Upyniipmd Gunwgyh,np F mdp BC wbqutwumd
thnthnfuymad £ prhypudle:

Gpt i-pp wmwppuiwl hwuomjwomd mdh Yunwpud
wtuunnupn pwGwybGp AA; ,www Yupnn tGp gnty’

AA; =F(S))-AS;:

bulj bpt prhspwdt thnhnpudnn mdh  Yuwwmwpwo

wfuwinwbpp BC mtnuiwumd Gpubwuytlp A, wyw

A, = Z":AAi =Zn;F(S,f)-AS,. :

Gpt AS; hmnjwoGtph bplupmpyniGitpp wluwhdwin-
ptl hnppuglGhGp, wuyw F(S ) -p Yaquh Fmdp Quunwpuo A
wfuwinwlphG: UyuhGpl’

n-1>

A= lim A, = lim ZF

maxlASi[—-)O maxIAS >0 i=

Uwiuw)G ZF(S;)ASi G F(S) 9mbyghwsh n-py

hGunbgnupughG gmdwpG b {<bmbwpwp, Gpu vwhiwlp fuow

c

npnyjw] hGwmtgpuw) L Jwpnn GGp gpty A= IF(S)dS npuntin
' b

b=0OB, ¢=0C:

JwpdmpjniGGhn

1. Qwpyt) wyG yunltph dwybpbup, npp vwhiwGunhwjpjwo t
y=x* +1 wqurpupniny L x-y=3 mnnny:

2. Qupyt y=x b x= y* wwpwpnihpn] vwhdwGuwhwlgus
wunnitiph dwytpbup:

3. dwpyp y= 2, y=2 L x=0 gotpm} uwhdwluwhwyjwuwd
wwwnbtph dwltptup:

4, <Qwyyt) wyl wuwnybph dwybpbup, npp vwhiwbwhwywo
y= 2x-x7 inpny L ox wnwlgpny:

5. Opnptiiy=Inx, x=e¢ Ly =0 qdhpn] vwhiwGuthwljjwo
wuwwnytiph dwljtptup :

6. wt wyl dwpdGh owywip , npp wewewlnd b y=2x-x* L
y=0 qotpny uvwhiwGwihwipgwd wwunltpp ox wnwlgph
npop wunbjhu:

7. 2upty y=x* L y=2x qotipm] uwhiwGunhwipwd wuwnbpp
ox wnuw(gph 2nipop winunbtint wpynilpnd  wpwowgwd
dwmiGh tnuqulm

8. Qupyhy +%——1 tihuyjuh ox wnw@gph nipop wjnnbnt

ulpq_]mﬁpnui wnwowgwd twpilh  owyjuwin  (wpoundwG
tihujunhn): ,

9. Gufity y=x’ L y=4 qotpny uwhiwlwihwlfwd wwnlybpp
x=2 nunh npep wjnunbme wpypymbGpmyi  wnwowgqwd
vwpiGh owyuwgp:
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10. Opmptp y=x°, x=0 L y=8 qobtpny uwhiwGupwipjwd
wwwybpp oy wnwligph nipep ywmwnbim  wpynilipmyd
wnwowgud twpiGh owywip:

fodU3hyL curLsr
CUYRULNR UIUULAMILEN

Ghpwnptlp, wnpgwd L wljtpy pywjhl hwonphulw-
impymG uy, uy, Us,....., Uy ,...:
Uju  hwenppujwlmpyul  wnuiGhppg Yuqiklp * dh
wjuyjhuh wlytpe gmiwp’
ut+ up +uzt...tugt: (1)
(1) qnuiwpp Ynpymud t pyuyhG pupp :

(1)  wppp Ywpd Yupbih b qphp Gwb hnbgwy nbupny Zun
n=1

lwd GpphdG iu“(uo +u, +u, +..+u, +..2unph hwdwp):

(1) wppmd  uy, vy, us,....., Uy ,....pybipp Yngynud &G Jwpph
wlnuuiGtip: C6n npmy v, -p 2wpph wpwehf winwié k, v,-p” n-pn
wnudp:

{wpy t Gpb, np ng dh ghwpnd ywpph YtpohG winud
gnymipjniG sniGh:

(1) 2wpph hwiwp Yuqdiklp S;, Sy, Ss,... S,,... gmuwpbp,
npnlip npnyymy L6 hbwnbjwy dlny’

S| =

Sz =u,tu,

S; = ujtuytug

S, = utut. tu,

U gnudwpGlipp Yngymi &6 (1) wpph  dwulwyh
qmuiwpGlp, dwuwynpuwbu S,- p Yngymd £ n-pnp Ywulwih
gnuiwn:

Uwhdwlmd - 6pb dwulwlyh qnudwplhph hwenppulju-
(mpjwl uvwhiwlp n—oo gnmpmb mGh L hwjwuewp t
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ytpownnp pyh, wjuhlGpl’ li_r;go S,=5,(2), wyuw (1) 2wppp Yngymad &

gniquitin L S pmip ynyymd t Gpw gnuiwp: bul tpt wyn
uwhdiwlp hwjwuwn t wilbpgmpjul Juwd gnympymb smGh,
www wppp Yngynid L wmwpwidtin b gnuiwph  dwuhG funubyG
wihiwun

DYhunwpyblfp Epypwswthwiwl wpngptivhwih winpudib-
nhg Yuqijwd ywppp

ataqtaq’+ ... +aq“'+aq™. .
Ldwlpwhupygh r}wu%ﬁpuxghg hwpnGh t, np upw n-py

dwulwljh gnuiwpp” S, =1;i—(q # I):
-q
Lwpybklp m;u dwulwyh gnuiwph uvwhdwbp, tpp  n—eo.
limS, = limf(]l——q=li , tipti |q| <1, npmjhtank wpu nbuypmd
n-»o a-»x o q s q

lim q" =0:

<bunlawpwp, uppp wju nhypmd, hwiwdw)G vwhdwGdwl
qniquhuimd b buy bph |g|>1, wyw ¢" = o, bpp >0 b
2wppp YhGh mwpwdbn: Cwppp mwpwibm b Gwb w)yl nghiypmd,
bpp |q| = |, npnyhbinly

Sy=atat+..ta=nalk fimS, =/{imna=o0:

n—-w n—roe
Ujuwhuny® tpypusunhuyul wypngpbuhwih winudGtiphyg
Juwquijwo pwppp qmquidhnmd b dhwyb b dhwyl w)G nhuypmad,
tpp Gpw bwpnwpwpp' |gf<1: bul bpp |q21, wyw Jwppp
nwpwithmnui k:
Ophﬁwl{.-;—zl—n-=1+—;—+21—z+%+....+ 2ln
2wppp qniquitn £, npngblnte Gpypusunhujuwb wypngpliuju)

e

A
2uppl’ q =5 hwjwnwpupny:
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cureh QNFM-UUhSNRMo3UL ULLNrUTLESNRMe3UTL
td SULUUGSIMe3UL AU UCUMRMO-3UL
U3suvhce

Cupph  gnuiwph  hwpdnip  hwdwfu  Juwygmd b
puwpnmpynGisph htw: - Nwnh, wjG  hwpgp, pt  wppp
qniguihumd b, pb mwpuwdhunmy, mGh Yuptnp GQwGwynipymG:
Wu  bwpghf  wwnmwuppwlim  bwdwp  dwpidwmpjuymd
wiyuignigynud b6 hwpnwbhGp, npniig oglimpjwip, soqunyhiny,
wpympmi  gmquihnmpyjuli  wlihowywl vwhiwlGnuihg
wuwpqupwynud b pupph gmquidhmnipjul hwpgp:
tnpbd- (Cwpph  qmquipmmpjul  wihpwdbynmmpyud

hwjumwbhyp): Gpt Z u, wppp guquihnnu b, wyw Gpw u,
n=l
pinhw@nip winunip dqunid | 0-h, n - p co équubithu, wjuhGpl
limu, =0:

Uyugnyg.- YhonwplbbGp S, 4, =u;+us+..+u, 4 b
S, =u, +u, +..+u, dwulwyh gniwpltipp: LwlGh np pun
wwdwh ywppp guiqudpunmy £, wuyw’ limS,, =S L limS_ =S:

n-»x

limu, =lim(S_-S,_)=S-S=0:

gl'u-]g un =Sn_—sn—l kd e st
Uj6 p; wwhwioymd tp wwwgmghp: Uuugniggwo
ptnptiihg wGihowujiu htwtmd t wpph wnmwpuwibnmpjwb
pwjupupnpjwl hwjnwbpyp tpt wpph u, pghwinip winudp
:h équmd qpnjh, n-p co dqunbijhu, wyw Jwppp nwpwihumd k :
bpnp, tipt ywppp qniqudhuh, wuyu u,—0, n-p o dqunbijhu,
pwjg pun wwpiwblh u, -p sh dqunmd 0-h, ipp  n—>co:
OppGuy — {tnwqmnt) htinbjwy Jwpph quigwdhnmpymp
d 2.3 s
101 201 301 100n +1
. . ]
Loiomd- limu | = lim oI
n-> - [00n+1 100
<tnbwpwn, puppp nwpuibm b

+...

93

Gph 2wpph gmquiipmmpynilpg hbwunud £, np limu, =0

www hwjwnwly winnuip dhyn st, np chpw bt WyuhGpl pwipph
plinhwlmp winuip n—> 00 Ywpny £ dqunby qpngh, pwjg 2wppp
qmiguuibin s1hGbp: Opwbu ophfwly ghnwnpytip wjuwbtu Ynygwo
hwpinGhy Jwppp

8nyyg wnwlip, np wjuv wppp wwpudbun £ sGuywd, np

limu, =liml=

n—w n—)oon

bpnp® hwpinGhy wppp qptGp dh phy dwGpwdwulnpbl
1 1 1 1 | B 1 1 1

4+ —4—+—+— 1.1 -ttt —F— . ——+
2 3 4 5 6 8 9 16 17 32
R i % T 1%

Quljuqotiph dhg yhipgywd wlnuwuGhphg jnipupwsjmpp
tinfuwphGbp wyy tudph YopohG winwinyg: UWnuhum), dtp
Uthnppwgltbp Jwpph dwulwih gnudwpp L mGEGwGp

r vt 1 1 1 1 1t 1 I 1
4=+ —F—F—F =+ -+t —F .+ —F+—+ . +—+ ...
2 4 4 8 8 8 8 16 16 32 32
N ~ ~ - ~ ~— — ~ ~
2 4 8 13
I 1 1
qud [+ —+—+—+...:
2 2 2

Wu Gnp wpph n-pn dwubwyh gnuswpp, npé wybgh thnpp
t, pwl wmpjwd hwminGhy pwpph dwuGwlyh gnudwpp, YmGhGw

1
htwlgyw)  wmbupp’ S,,=1+5nh n-p  wlybpompjul dqunbm

niypnd , S;-p Gnylubu Ydqunph oo: Lbwmbwpuwp, hwpinGhy
2wupph n-pp dwuGwyh gnudwpp GnyGuybo Ydgnh oo UyuhGpt
hupdnGhy wppp wwpwdtn b UGmd © Gk, np hwpinGhy
2wippp Yuiplnp Grwliwympymé mfbh 2wpptiph
wmwpuwibnmpimbié munuifiwuppbim dwiwlwy:
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aruulduv tvauuuend curLseh
ANFGUUDSNMI3UL AULULULORMO3UL
uU3suvhouire

|.Qmquidpinmpjiul hwdtdunnmp il huwyuulifyp
Glpwnptlp, niGkGp tpynt pgpuljuwt winwdbtpny wppbp
utuyt..tugt. (1)
Vitvat. vt 2)
Upwiig hwiwp wnw t htinlguw) wylnnuip:
Ohnpbd-Gpt (1) wpph wlnuiGkpp b6 qhipwquigmd (2)
upph hwdwwywwmwuhuw G wlnuwdbtphG, wipuhlpb
u, < vy (3)
L (2) puppp gmquitnn b, wyw gniqudtn E Gub (1) wppp: huy
tpti (1) wppp wwpwitin £, www (2) wppp GnyGuybu
wnwpuitin k:
Uupuugniyg.-LywGwybkGp (1) pwpph dwuGwyh gmudwpp S, huly
(2) pwpph YwuGwyh gnidwpp o,

S,,-—~Z“:ul;0'“=ivi

(3) wwjydwlhg htmbmd &, np S, <o, : 4
LuwiGh np (2) pwppp gniquitn £, wmwyw limo, = L uyl

wuwjdwbhg, np (1) L (2) ;wpplpp npuiwl winudlGtpny GG,
htinlinud £, np ¢, <o L (4) wihwjwuwpmpjul hwiwdw)i S<o:
Wjuyhuny, dkGp gnyg wybkghlp, np S, dwuluyh
gnuiwptipp vwhiwGunhwipwo GG JYbpbhg: Lwblh np n-h
weiwl htn dhwuhl S, Jwulwyh gnuiwpp dnnnnG wémd t,
www wjl mGh vwhiw@ imS, =S, pln npmd wupq &, np S<c L

ptinptidh wrwehl Ywul wwywgmgywd L:

<htw whgGtlp ptinptdh bpypnpny Swuh wywgnigdwbp:

Cuwnn phnptith wwjpdwbh, (1) pwppp nmwpwidbn E: Gw
Grwlwlynd £, np limS, =co i gnynipjnil ymbGh: LwGh np o,
dwulwlh gnuiwpliph hwenppujwlimpynilp dnGnunni wéng t,
wwuw, pon (4) wlhwywuwpnipjul, n-h wibpenpht wEiwG
htin thwupb o,-p wnwykj Lu Lléth oo: TFw Gywlwynud k, np (2)
uppp (nyGybu mwpwdbon t:
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Opptiwyln — dwibdwmnpjwl hwpnwip)h oqlmpjunip
htimwgnint hbnbywi pwpptiph gniquidhunnmpnitip
=1 1 1 1

. n=]+2—,+3—‘+zr+...
n=) N - ’

e 1
2zf1ff
| S I

Upweohl pwppp hwibiwnbbp Zx:sz l+—+— 1 1.

22 r)\ 3y

gmaquitin Epypusunhwlwb wpngptuhwh wpph htin: Llwunp
niGkGunyd, np Lﬂs !
n

pun  hwitdwnmpjul phnptidh wju

2"’
2wppqn YihGh qoiquidbn:
Gplnnpn 2wppp hwdtiiwintilip hwminGhy 2wpph htin.
1 < _1_ :
T

Llhwwh mihiwm wpu wihwjwuwpnpmbp, pun
hwitdwinnipywl hwynmwbhyh,mpuo ‘awippp. Gnyliwbu Yihip
mnwpwibin:

JupdmpymGltp
Lwitdwumpjul  hwjnwGhyh oqlinipjuip hhwmwugnnb,
htinlyw ppuwl winwdltpny Jwppbph quiqushnnipjnilp:
1. —1—+i+...+ ! +
m2 /n3 n(n+1)

2. l+l+l+...

A 4 .
3. sin—+sin—+...+sin—
2 4

Z.n -4n+5
1

6. tg g St ttg o+t
.g4 g8 g4n

5.
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11 + 1

—+—+... +...
7 2+5 n’ +2n

1 1

=+ +...
8. 2+5 S

Unrwlg wujugnygh pliptlp punjuwpwpupjui dh pwlh
hwynwGhGbp Lu:

2.0ULUURGLh QU3SULNhELE

[orlinpla- Nhgnip, npujwl winuithpny
U.I +u2 +...+un +... anph (n+1)_m L n—-pr} wﬁqwﬁﬁhph
hwpwpbpnipymp n-p, < dquabijhu, dqumyd t 4 yJhipouiynp

uwhdwGhG, wyuhGpl 'J"lguu = ¢, uwyn piypnui’

1. bph ¢< 1, www ywppp gmquitn k,

2. bph ¢>1, wujw Juppp nnwpudbn t,

3. bph ¢=1, wuww wpph gniquihnmpyul hwpgp
uimy k wlnpny:

Uw GpwGwymd t, np bpp  ¢=1, wyui Jwppp ljwpnn b thGbg
hGswhu qniquiitin, wjlwybu b wnwpwibn: Liwl phypnud
hwpgh YbpeGwlwl (nomuip  wwhwiomd  k pwgnighy
htnmwgnunmp)mGGtp: .

OppGuytbp 1. 3
i 1

YT T 1230
I I !

U, = (n+l)' = ]23n(n+l): n!(n+15

! !
lim 22 = lim — = = lim —0<1:
o=y menl{n+l) oo n+l

htanlwpwp, npjwd 2wppp gniqudbn t:
s n 1 23 . n
';n+l—2 3 4 7 n+l
n n+l

=—) u.,=

n+l

2 1
[+ 54—
N ) (n+1)2 . n2+2n+1 n+n2
lim —/— = lim = lim —; = =1
now oy n-—o n(n+2) oo n° 4+2n l+2

n

Mptdl Vwpudptph hwymwbhph oqGmppudp wyu Jwpph
gniquihnmpywl dwuhli hbnlmpymG wGbp sh Juwpbh, puyg,
oquybtny qruiquidhunnuunjui wliihgwlwl vwhdwlnuihg, Yupbh

1
t gniyg mwy, np pwppp qniquiitin £ bpnp LR

n(n + 1) "h o n+l
LS, dwulwyh gnuiwpp  YJwpkh £ Ghplujwuglly
t 1 1

1 1 1 1

S =l -t —t ———+ ... - =1- wtupny:
. 272737371 nl n+1 ey
limS, :lim(l— ll]zlz liptdG Jwppp gmqudbun k:
n—-x n-»>x n+

=< 2" 2 28 2 2"

4, =—+4+—+— 4.+ + ...

nt D 1 2 3 n

: un+l 3

lim—=*= =1lim2- =2>1:

n-s0 | noe 4 1

n

twnlwpwp, pwnpp mwpwdtim b
3. yncnkLus3svvher

@tnpbd- Yhgmp, u, +u, +...+u, +..gpuiul winudilb-

pny wpph hwidwp ﬂ utionipymGp, bpp n—oo mibh Jtpewynp
¢ uwhdw@, wjuplpl limgfu, = ¢, wn ghupnud

1. Gph 7 <1, puppp qniquibn
2. Gpt 7>1, uppp mwpwidbun k,
3. bph /=1, wyw upph qnquihtimpjuli wpgp Wind k

wlinpn): UG mobpm hwdwp wlhpwdbym bl jpwgnghy
htimwqnunipyniGGtp:

. = 1 1 1 1
O[lh[luil;ﬁbp 1 "};ln—n=1+—2-2—+3—3+4—4+ +H;—+
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¢ =limgfu, = lian ln = ]iml =0 <1:
n-ox n-»o n n—x n

Lbwmbwpwp Unynt hwjunwbhyh hwdwdw)G, wppp qniquidtn t:
(2n+1) 3 (5)2 (7)3 (2n+1)"
2. Z e e e R +
1 2 3 n

" -1
¢ = limyfu, = lim (2‘”1) —im 2Pl g0

n—« n-—«< n n—-x n

MiptdG pwppp wnwpudtan b CGghwlpowbu gnyg b
npymd, np bpt Fwpudptiph Yuwd Unpm hwpnwGhGbphg dbyp
qmquihnnmpjul hwpgp pnnfind t wlnpn?, wupw dymup
GnyyGutiu pnnGnul £ whnpny, L w6 Yhpwebip wipiwum b

4. UNTNF hLSEALULUSPL LU3SULhTE
Otnptd- GGpwnphGp, u, +u, +...+u, +..gpuljwb wi-
nuwdlbpny 2wpph winwdGtpp dnnnnG Gfugmd GG, wyuhGpl
u, 2u, 2u;..., U nphgmp y=f(x) wjfiwhuh vnGnunnG Gjwqny
wplghuwwn $niGyghw t, np f(1)=u;, f(2)=u,, ..., f(n)=u,
Un ghiwypmd’

1) bph j'f(x)dx wlhululwl hGunbgpup qmquuibn t,

i
wyjw npywd puppp GmyGwbu gnqudtun k.
2) Gpt wju hGunbqpuyp vtwpwibn £, wyw 2wppp wwpudtmn b

= |
OphGwl; — Snyyg mwlip, np Z—pzwpp@ gmquuiban b, tpp p>1 L
n=| n

wwpwdbn t, Gpp p <1: Qwpuiptph hiu;mwﬁhzu wju 2wnpph
gniquihunmp)ul hwpgp pnnlimd t whnpny (f = 1): Uhpwntip

1

Unynt hGunbigpuywihl hwjnwbhyp' wbnunpbing £ (x) = Uju
X
PnilGyghwl pwjupupmu £ phnptadh pognp wwjdwGhtph:
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b

(]

— ={im I—- {L‘E‘{l’

I-p

:%(b'"—l), tppp #1
L 1-

€nx| = {nb,tppp =1:

Gph p>1, vji—f = I_—l—p_ , wlhuywyuwl hGuntgpuin qmqynibln [N
hbmhwpw[ll, 2wppp GnyylGuwbu YhGh gniquidtn: Gpb p <1, wyw
T[% hGunbigpup hwjwuwp bt wlybpempjul, hhnbwpunp,
zlwppn wnwpuwiibun b

= 1
Ujuwhuny, Z;szppu gnuigquitiin £, Eph p>1 L

n=|
mwpuibtn b, Gph p<1:
Uyu uplnp wppymlpp hwéwh Yoquuugnpdyh YnGyptum
pywyhG Juppbiph qmquipitnmpniGG niumifwuhphm
dudw Guly: Bjuybiv ophGuly’

il 11+l+1++1+ wppp gt
—=l+—=+—=+— — w niquibn L,
i 2?32 g n’ e
npm[hhmh p—2>l :

1 1
+...owppp wwpwibw L,
TR

npnyhtinl p = é— <l:

Ubh LULHh ONPNULULLEMh DAFLUShULEG
orpuvuuLEr 6d UUuULNrULER

Uhti; wjdd dbklp nuumdGwuhpmd thGp dhbly thnihnfuw-
YuwGhg Ywhwd dmlyghwlGlp: Pw)g wpwluhljuynyd jun
hwdwju hwlnhynd GG wjlwyhuh gbwptp, tpp phunwplyng
dbonipjwl (PnilGlighwph) hnthnfunpynilp Ywhdwo t thGnud ny
pt udkYy, wy dh pwblh dtompymGGtph (wpgnuitGunGhph)
thnthnfumpmGGtphg:
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OpptGuwy 1. OFMublyul dwlybpbup hwjwuwp b Gpw
suhnmuilGbiph wpnwnpyuhG

S
y S=xy

X

Q.0.42
Wyuwnbin nnnuiGlywl Swybpbup bpym  yhimhnfjuwlwGibph
PInulyghw E:
Opptwl 2. ObnuGymG gmquhbtnubGhunnh  owyduip
hwywuwp k Gpw yjunhmiGbpk wpuomugpyuht:

i
!
!
i
I
lz
i V=xyz
1
I
[P VNN
7/
ld
/7 X
s/
7
Q.5. 43.
Wumty gmquhtowGpunh  owduwp Gphp  thmpnhuw-
JwbGkph pniGyghw k:

Opptinly 3. Onnyy - Lulgh optifipp wpmwhwypnmyd t wi-
owunynn ohpdinipjul pwlwyh YuwudwompniGp hnuwéph ntdhg,
humnprupuph ghiwgpnipyniGhg U dwdwGuihg Q=0,241°Rt:

Ujumnbin Q-G GnyjGwtu bptip thothnfuwlwGGhph pmbhyghw
t: UjGnihtint mwlp dh pwGh hmhnfumyuGGoph $nblyghwgh b
JtpohGhu npnzdwl whpniyph uwhiwinuin:

Uwhdwdmd 1 Gpt x, y, z, .., t tmhnjuwlpuGGhph
wndbpltph jnipupwlyngy puqimpjuip hwiwwywnwouwinod
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L u thnthnfpuwwGh npnpwih wpdtip, wumd G, npu -G x,y, z, ..., t
thmhnfuwlwGGipp  pnliyghw £ b wyny Juwulgnipnilp
pnhwGnip éum] qpnud GG hnlywy Yhpw

v=f(x,y, z, ..., t):

Uwhdwlmd 2. x, y, z, ..., t inthnfuwuGGEph wpdtplbph
wjl puqimpmip, nph hwdwp gnynipymG mGEG u-h npnywyh
wpdtiplGbp, Ungymd L pmbGlyghuyh  npnpiwl whpoygp L
(wlwlpynd £ D viwnny:

Uwulwynpuwuwbiu, dwipwivwli nwundGuwuppblGp bpyn
thnhnfuwjuGbpny Pmbiyghwbbpp:

z thnthnfuwwn §ngdnud & x L y thmhnfuwuwGibpp $niGy-
ghw, tpt (x,y) wpdtpltph jnipupwsymp qnyghG hwdwuwjw-
nwufuwlmd £ z-h npnpwih wpdbp: (x,y) wpdtipGtph gniygbpp
wyn  puqimpymbp Ynygymd bz pmbGlyghwih npnpiwG Ywd
qnnipjuili mhpmjp:

z=f(x,y) btpym thnthnfuwlwGh PmGyghwih spnydwb
wmhpnypp hwppmpjul Yhwmbph pwqimpymb b Uwulunjnp
ntiygpnul wjG Yunpnn E (hGh wdpnne hwppmpynilp: dnilGyghwih
npnpiwG whpnypp vwhdiwlwthwlnng ghon Ynsyma t iqpugho:

Shpnyph tiqpugohl swwwmywlng Yhntpp Yngymd GG Gup-
phG Ybwnbp: U6 whpnypp, app pupugwd t dhw)G Gopphl
Ytwbtphg, Ynsmd b pwg whpnyp: Gpt wppnyphG GG wwun-
Yuwlind fwl bgpuqoh Ynbpp, wjh Ynyynud & thwly wmhpnyp:

Ujuwbiu ophGuy
1. z= x™y” $mllyghwé npnpjwd t (x,y)-h gulliugud qnygh
hwdwn: Apbd Gpu whpnypp wdpnge xoy hwppmipymGa t .

2.2= 1
y—X

y=x nujith Yankphg.
3. z= +1/4 —x’ —y? pmbyghwl npnpdwd b Shw)f x L y thn-
thnfuwuGhph wjb wpdtipGtph hwdwp, npnlp puwjwpupmy GG
x? + y? <4 wlhwjwuwpmpym@p: UjuhlipG z Pnillghuw)p

npnpdwl whpnyypp R=2 wnwgpnny pewl t, nph YhGunpnlp
quiiynd t Ynnpphwuwwlwbé uyqpliugbmmd Gipwnjpup Gul
x? +y? = 4 ypowlwqoh Ynbpp (q0.44):

dnlyghwG npnpjud £ widkGniptip, pugh y-x=0 Yuni
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(arcsin x)' -

17 1-x? 4. y=5,
(arcsinu)'= L y' =5 ln5(x3) =5 In5-3x> =3x2-5" In5 :
2
1-u 5. y=X‘\/;=x3/2,
’ 2 3
' 1 . y =§X”“ ==Jx
(arccos x) = = 2 2
18. , l_lx 6. y=(2-2f,
(arccosu) :‘\/1——‘1‘2.1‘ y'=3(x2 —2)2 -(x2 —2) =3(x2 -2)2 -2x=6x(x2 ——2)2:
7. y=sin§,
y- L 2
t = — 4 .
(aretgu) = ——.u’ 2\2 22 2 727
arctgu) = .
g 1+ u? 8. y=cos?3x,
) ' , y' =2cos3x(cos3x) =2cos3x(—sin3x)(3x)' =
(arcctgx) =- 5 =—6cos3xsin3x = —3sin6x:
20, 4 1+x
(arcctgu)’ ___ o JwindmpimGGln
| 1+u2 : {wizgb) mpwd pnilyghwitph wowbigjuylbpp
OppGulyGtp 2.y =1g2x
( , 4. y=Incosx
l. y=Insinx, y' = (sinx} =——-cosx =ctgx : .
y=lnsinx.y sin x ) sin x &% ‘ 6. y=e"n3
2.y =3x? =x*3, 7 y=¢ ¥ sinx 8. y=—5i+—3——
, 2.2 2 2 x? —3x +2
Y =5x =3X”3 —3%' i y=3arctgx 10 y= arcsin x

\/1—-x2




Q.5.44.

Grunk eneaudutluvue/Mrh bNrFLUSHU3H
LAuLUUOULUL UthLUeULNME3NRLE

Qhnupyklp  z=f(x,y) fl)nlﬁllghmﬁ Uw  pmliyghwyh
pwgwhuwjn thupﬁ t, huy wﬁpwgwhwjm mbupn htnljuyl k
F(x; y,z) 0:

Q.9 45
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Glpunpblp, mpjwo $mbyghw npnpywd £ D whpnjpmad:
D whpnyphg jmpwpwlyymp P(xy) nhG jhwiwujumuufuwuGp
th z, npp pwywpwpnud b z=f(x,y) hwjwuwpdwbp: UpgymGpmug
mwpuompjul Wbg Yunmwblwlp M(x, y, f (x, y)) Yambtiph Gpypw-
sumhwliw@ whn, npG, hGywbtu hwjnGh b wGwhnhy bpypo-
sunhmp)niGhg, hpkGhg GEpyuwjuglmd E dh dwytplnyp (qd. 45):
Wuyhuny, wikl dh Gpym thnpnpuwiuGbGhph  $mGyghwhG
nwpwdmp b dke hwiwwywunwuuwlimd E dh ﬂwqbphm]p, npp
Unsymd £ Gpw gpudhy:

teunk ONONHVTHELLELh DOFLUSKU3D
UUUULL OF ULV KUSNME3NRLE

Lwju owlnpwluwbp dh Yuplop hwuljuwgnipywG htun:

Mo(Xo, Yo) Y r- powluyp Ynyymad kb popnp wyG (x,y)
Ytwntiph puqinmp)n(p, nnn(p punjwpupnid LG
\/(x—x i +(y—y0)2 <1 wlhwywuwpmpjwln, wjuhlGpG w)G
Jbwntph pwqimpyniGp, np quGyma &G M(xo, yo) ytGunpnGm] r
2wnuwyhnny 2pgwlh Ghipunud (qb 46):

4
y

\

Q9. 46
Glpwnptilp, mpjwd b z=f(x,y) dniGyghwb, npp npnaquwd k
hwppmpjwi D whpmypmi: FhnwpytlGp D mppmjpll th
npnywlih Mo(xy, yo) Ybtn:
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Uwhdwiind, - M(x,y) Ytunp Mg(x,, yo) YtnhG dquubtijm duniwGuly
A phyp Ynsymu L f(x,y) dnilGlyghwyh uwhidw(, pt ynipwpwlysnip
€0 pyh hwiwp Yuphh t G4 wjGwhuh >0 phy, np wmbnh
mGkGw | f(x,y)-Al <¢ wlhwywuwpmpyniGp, hklg np wbnp
mObEimy IW’<rwﬁthwuwpmp_)mﬁn: Gpt A phyp f(x,y) —h

vwhiwG6 £ M(x,y)-p My(xo, Yo)-ht égubijhu, wujw wjn gpmu b6
wjuugtiu’ Mhr'al f(x,y)= f(xo,yo): 26n apmd M(x,y) Ubup
—>Mp

dqumy L My(xg, yo)-nG Yuiwjwlul inubwim], dhyn dGwiny
dmGyghuyh npnpdwG whpmyph Ghpunud: Ujuyhuny, npujbugh
f(x,y)  dImbyghwG (hGh wlpGghuwn  Me(Xe,yo) Yhiwn,
w(hpwdt)w £, np mbnh niGtGwb hbnlyw) wujdwGGepp
L. f(x,y)-n npnzqwd 1hGh My(x, yo) Ytnh 2n9wiljujpmi,
2. f(x,y)-p yhnp £ mOblw uwhiwl M(x,y)-p My(xo, yo)-hG
4dqubihu,
3. wyn uvwhdwGp wbnp t hwywuwp hGh f(x,y)-h wpdtiphG
Mo(xo, ¥o) Ytinnud:

Gpt f(x,y) pmiyghwl wlplghwwn L D whpmyph pnmp

Ytintipnud, wuyw Gw Yngynud £ whplnhwwn wyn mppnjpng:

GAUNkr oNeNvNMe-3NFLLELANY. DOMLUShULLE D
ulduuvluyh toutus3ulve Mo Nk UUULUUP
2hdeLGLShULLENE

Shunwphtlp z=f(x,y) Pmlyghwl, npp npnpjwd L
wplnhwwn £ D wmphpnypnud:
z pnGyghwyh dwulwyh wd Ynygmad t wjl wdp, npp G
unw@my £ wpgnuitifnbtphg npbt dtYhG wé nmwnt dwiwGwly.
‘ Az=f(x+Ax,y) - f(x,y)
Az=fx,y+Ay) - fixy)
Uwhdwlnul - z=f(x,y) pmGyghwyh dwulwlh wowbgjup, pum
nplhgh dh wpgmiblup, Yngymd b Gpw hwdwwyuwinwouwG
dwulfwyh wéh L wyy wpgmitlnh wéh hwpupbpnipjuG
uwhdwip, tpp Ytipohlu dquumi £ qpnjh:
UnwohlG HYuwpgh dwulwyhh wowbgyuiGbph hwdwp
pOnniGyuo E juwmwnpty htimbguy GauwlwynudGhpp’
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.0z aflxy)
Z =— = — f’ ,

A ox X (X Y)

' 0z of X,y , !

y = g = (6y ) = f)’ (x’ y)
U)Guitu np, pun uwhiwdwG, Jupnn biGp qpby
é = [imﬂ = fim f(x+Ax,y) —f(x,y)
Ox 4450 AX Axa0 AX
2=€lm y :émf(x’y+AY)—f(x>y):
3}’ Ay->0 Ay Ay—0 Ay

Uwhiwlnudhg htintmd b, np 6h pwGh thmhnfuwljuGGbph
prlhghwyh dwulwyh wowbgywlbpp pun nput Gh thnihn-
huwlwGh hwyytithu whnp L §ymu rmhnfuwlpuGGhpp nhumuplby
npybu - hwununnmGGbp: Wy wunnGwnny | PmbGyghu;h
wowlgiwl YwlnGGbpp ¥Gmd GG Gnylp hGs-np dhY hnhn-
luwlwGh $pmbyghuyp nhwpnud, shuyl wikG wlqwd whwnp t
hwyyh  wnlbp pht  YnGiptwn pun  n°p  ninpuwluGh
nhptintiGgynud $mbyghwa:

. 0 . 0
OphliwlGbp -1. z =x*siny, 5xz—=2xsm s gzzx2 cosy
2. z=x" +3x2y3 -6y, 2=3x2 +6xy3, g=9x2y2 -6
0X oy

b

3.z= XY,SE: yx'! @: x7inx :
X

UdtiG dh dwulwyh wowbgywy (bpt w)6 nhdbiptlghih t)
Qupbigh E hp htipphG wowdgh) pun jnupuwpwGynip wpgnuskGuh:
UnwohG Ywpgh dwuGwyh wowlgyulitph dwuliwyh

wowligulbpp Ymygmd &6 tpypnpn Yupgh wowbgyuyGhp L
Gywlwulymd b6 htinbgwy Yhpy.

'z _0(de
x> ‘&{5{)
0’z AR
axay‘g[&)
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UwhdwGnud. - M(x,y) tunp Me(xg, yo) YtwmhG dqunbpm dundwGuy
A phup Ynsgm t £f(x,y) dnGlyghwjh vwhdwd, pb jnipupwGysynip
e>0 pyh hwidwp Ywpbth b Gh wyluhuh >0 phy, np wnbtinh
niGtlw |f(x,y)-A| <¢ wlihwjwuwpmpymbp, htfig np wmbnp L
nGbGnd ‘W <rwihwyjuwuwpmpymp: Gpt A phdp f(x,y) h

vwhdw(a t M(x,y)-n Ma(x, yo)-hl dqubihu, www wjn gpmd GG
wjuyybu’ for:dx f(x,y)=f(x,,y,): 0Gnp npmd M(x,y) Lwp

dquumd £ My(Xo, yo)-hG Yudwjuul tqutwlny, dhpin dGumy
PmGyghwih npnzdwl wnhpnyph Ghpunud: Upuyhuny, npuytugh
f(x,y) Pmlyghwl (hGh wlplnhwwn  My(xeye) Yhnmd,
wlhpudbym b, np wmbkinh mGhGw6 hbnbjw] yuwjdwGGhpp’
L. f(x,y)-p npn2qwd thGh My(X, yo) Ytunp yppwljupmd,
2. f(x,y)n whwmp L nlbGw vwhdwl MGGY)-p My(xo, yo)-hG
4dquntijhu,
3. wyn vwhiwbp whwnp L hwjwuwp (hGh f(x,y)-h wpdtphG
Moy(x0, Yo) Ytitnnu;

Gpt f(x,y) PmlyghwlG wlGplnbwwn t D whpnyph pnpnp

Yhmbpnud, wujw Gw Ynsymad t wGplnhwn wjn mhpm jpnud:

GLunk oNnenuNiMe3NMLLLLNY DNFLUShULLEG L
Uuuuuyh Ustus3UL vt My NF UUULVUUR
2pdELLLShULLERE

Qhnwpyblp z=f(x,y) dmlyghwl, npp npnpqud L
wipfinhwwn £ D whpnypmad:
z dnlyghwjih dwolwlh wé Ynggmd £ wyl wép, npp Gw
unwnud L wpgmuiklmbphg npuk dGhl wd nwne dwdw lwl.
, Az=f(x+Ax,y) — f(X,y)
Ayz=f(x,y+Ay) — f(x,y)
UwhdwGnud.- z=f(x,y) pmGyghwih dwulwlh wowlgpup, pun
npbhgt dh wpgnudbGunh, Unggmd bt Gpw hwdwwywmwuhuwG
dwulwlhph wéh U wyg wpgmibklinh wdh hwpwpbpnp i
uwhdwp, bpp ybpehGu équumi £ qpnjh;
UnwohG Ywpgh Jdwulwlhh wowlgjuiGiph hwdwp
pigneGywd £ juwmwnhb hnlbgwy GuwynuiGhpp
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UjGwbu np, pun vwhdwGdwd, Yupnn Gap qpby

—= ﬂim£ = fim f(x+Ax,y)~ f(x, Y)

ﬁ‘av Ax AX—0 AX
Q _ tim Az — ¢im f(x,y+ Ay)—f(x,y) :
ay Ay—0 Ay Ay—0Q Ay

Uwhdwnuifhg htintmd t, np dh pwbh thmpnfuwlw GGkph
dmGyghwih dwulwyh wowbgjuGhpp pun nput sh thinthn-
luwwGh hwyybihu whnp b §jnw timhinfuwuGitpp nhunuwnlby
nputiv - hwonwnmG6ep: - Wyn wuwndweny b $mllghwgh
wowligiwl YwlnGibpp d6mud GG GnyGp hGy-np okl thngn-
fuwjwbh pmlbyghwjh nhiypmd, shwyl witl whqu wbwp E
hwydh  wnGlby pb  ynGyptin pun np thmpnfuwwGh t
nhptptigynud pmbGyghwa:

) . %
Ophlwllbp -1. z=x"siny, o _ 2xsiny, @= x? cos y
ox oy

2. z=x" +3x%y® -6y, %2 _ 3y +6xy°, E=9x2y2 -6
ox Oy

0z _ 0z
3.z=x", = =yx¥, 2= = x¥nx :
™ y x”{nx
UdbG dh dwuGwlh wowGgyuy (Gph w6 nhphphbghih t)
Ywphih £ hp htipphG wowGgh) pun jmpupwlynip wpgnuikGunh:
UnwohlG Ywpgh dwubwlyh wdwbgyuGiph WwuGulh

wowlgjwiftpn Ynyymd GG Gpypnpng Jupgh wowlgyuGbp b
0wGwlynud LG htnbgwy Yhpw.

622_ 0(0z

o
8’z _Ofoz
axay"?é[&J
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0’z _ 3 (o
dyox  ox\ oy

=
oy’ oy\dy

Llwl aun hwpyymd GG Gpym  dininfunwiGhpng
pnliyghwh tppnpy b wybih pwpdp Juwpgh dwulwhh wowbg-
0’z o'z @z 9z
Oxdy " dyox” oxdy® oyox’
fuwnp dwulwlh wowbgjwGhp:

Juiltpp: LbGp, np

UnwGg wuyywgmgtim ptiptip dh pwih thnhnfuwjubGtpny

P Gyghwyh fuwnp wewbgyuyltph dwuhl pbnpbdp.
Ohnpbid.- Swlljugwo Jupgh fuwnl wowlgjw) Gtph wpdtpltpp

quhwd b6 wowlgiwl htppwlwmpymbhg, wjuhlpl

8’z 9’z 8’z 9’z 9z

oxdy v oxay’ Oyoxdy  oy'ox
Ophlwly.-Spjud b z= Zn(x2 + yz) PnGyghwb: Smyg

wwy, np Gpw Gpypnpn upgh fuwep wowGguyGtpp hwywuwnp

L.
oz 2x oz 2y

ax_x2+y2’ oy x’+y?

9%z _ —A4xy 9z =4y

Oxdy _(x2 +y2)2 ’ ayax _(x2+y2)2 :
UlgGtlp vwulwlh nhdtiptlghw)Gtpha:

Uh pwGh thmhnfuwywbitph dniGyghwih dwulwyh nhph-

pliighw)Gtiph qunuthwpp vwhiwGynw £ wyluybu, hGubu dky
thnihinfuwljuGh pmblyghwjh nhptiptibghwn:
Gpt it hnhnjuwluwbh $mbyghwih nhptipkGgherp vwh-

twlynud k npyjtiv Gpu wih qifuwdnn dwu, wyw sh pwbh gingn-

huuuGltph $miyghwyh dwulwlh ghbbipkGghwp, punm nplt dh
thmhnfuwljubh, ywhdwGymd £ npytu puin wyn hinhnfuwywih
dwulwyh wéh gjfuwynp dwu:

hpnp, puth np Sx_z = fim 2

A wwuw pun vwhdwGGbph
X
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o JUngymd GG

: Az
wnbunipjul hhiGwpwp ptnptsh, upbkh t qpby sz = %.,.a ,
: X

npntn  o-0 wljbpy thnpp dwdmpnili k' Ujuntnhg
A,z =2Ax +aAX:
ox

Uju wpnwhwjnmpjuli dh dwund gpwo £ bpym
wihwdwnpdtp wiytpg thnpp wEonpymbGlitph gnuiwp, npnyhbnl

d
aAx-p wytih pupdp uwpgh wiygtpg qinpp &, pwb &Z Ax :

Uwhbwlmd.- %Ax gnuiwptithG Ynsynud £ z pmlyghwyh durn-

Guwyh wéh qfuwynp Ywu fui Jwulwyh nhpbptlGghw) pun x
wpgmuikilmh L (2w Gwynui L htnlyuwy duny

oz oz oz oz
dxzngx=&dx:bﬂmﬁ duny dyz=g y=—-dy:

dy

Ujuwhuny, Ppmbyghwjh dwulwlh nhptiptiGghwin, puwn
nplt dh hnthnfuwwGh, hwdwuwp b Gpouo dwulwyh wowlgjuh
L wyn inthnfuwlwGh nhbptighwih wpmwunpyuhG:

Ophlwly.- z= En(x2 +y? ): Gl wju pmiyghwih duu-

iwlih nhdtiptGghunGlpp.
dxz=gdx= 22x >dx, dyz=a—zdy= sz >dy:
ox x’+y Oy X +y

$NFLUSRUSE Lrhd, UAL 6U LLhY 4hd6LELShULE

Z= f(x,y) PmlGyghwyh 1phy wd Yngymd £ wyl wép, npp
Gw vumuGnui £ pnpnp wpgnuikGu Giph inthinfudwG htnlwGpny.
Az=f(x+Ax,y+Ay)-f(x, y):
Uptiip np plnhwimp guypnd pnilyghwh phy wép
hwywuwnp sk Gpu Swefwyh wdbph gmiwphl. Az#A,z+A,z:
Gpt 7=f(x,y) PmGyghwG mbh wGplnhwn SwuGuwyh
wowlgyuylitp, wyw Yupbh t gmyg wnwy, np Gpu (phy wdh

1%
gifuwynp dwup, niih % Ax+ z Ay wmbupp:
ox oy
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Uwhdwlmd.- Lpm] wéh qifuundnp dwup Ynpmd £ phy
nhptiptiGghwy b Gaubwyynd dz: UjGubku np, pun swhiwiiwb
dz =2Ax+2Ay = @dx+@dy:
ox oy O0x Oy

5 oz
Luwbh np &de b édy swuwlh phpbptGghwGtp b,

Jwpnn GGp qpby’ dz=d,z+d,z: )G PmbyghwG, npG mGh 1ppy
nhptipklghwy, Yngynud t nhdbptiGghih: Smwd Ytwnnnd pny-
ghwjh  wlpnhwn  duwuluwyh  wdwlgpuiGiph  gnympymGp
nhbtptlgtihnmpjwl pwjwpunp wyuwjdwd k:

Uh 2ULh AN ULTL LGN HOMUshULEND
ELUSPEUNRULELE

Uwhiiwlmy 1.- Uumd &G, np My(x,,y,) Yanp z=f(x, y)
bmliyghuyh dwpupinuih Y t, bph wyn Ywh zpgwilwiphg
ytipgpwo guwiuguwo M(x,y) Ytimh hwdwp wnjw t f(x,, y)>f(x,
y) wlhwjwuwpnipyjniGp:

z

Y2

*\1

Xz/ M,

X Q.5. 47
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Dwhdwlnd 2.- Cund b6 Gub, np My(x,, y2) Ytp z=f(x, y)
$mGyghwjh dhGpdnuwsh YtwnG t, Gpt wyn Yuwh 2ppwlw)phg
ybpgpwd jmpuwpwlsymp M(x, y) jinh hwiwp  f(x,, y2)<f(x, y):
Dmyghuyh dSwpuminuiGpp b JhGmimiGhpp Yhwuhl
nypynud GG tpumptimdGtp (qo. 47): dmbyghwjh wpdtipltpn
tpunptiinuip Yhinbpnud Ynsynud BG Epumnptaiw wpdtipGtp:
“Yhgmp, mGulp z=f(x, y) nhbtptlgbih dnGyghwb: UnwGubp
w)l wlhpwdtym wwjdwlGbpp, npnlg ntypmyi wjG  M(xe,Yyo)
ytunmd hwubGnid ¥ tpunipbinidh:
Ptinpbdw.- (Epunptidimih gnyuipyul wihpwdtyn  wwjiwi-
Gtpp): Gpt z=f(x, y) PmGyghwl M(xe, yo) Ytimmd mGh
Epunpiinid, wyw Gpw Jwulwyh wowlgjulbpG wjn Yamnd
hwywuwnp G6 qpnjh Yud gnympjnil ynilGhG

[a—z‘] A=K, =O’ _a—z A=N, =O:
OX ) yoy, 0y ) v,

Uupugnyg.- Ghpunnphlp, z=f(x, y) pnGyghumb My(xe, yo) Yimnmu
mGh tpumpbdimy: y thmhnfuwubhG wmwGp dh npnpwlh y=y,
wpdtp: (pwbugh f(x, yo) -0, npwbu dGY thathnfuwlwGh
PnGyghw, mblGw tpumptidnud, x=x, Ytinni, wihpwdbyn t, np
Gpw wowlgjup hwyjwuwp thGh qpojh und gnympymG ymGhGuw,

az
wjuhlplb | — | _ =0:
e (ax]:;;:
Liwl dlmy, tpt x thnthnjuwljuGhG wmwlp npnpwlyh x=x,
wpdlip, YuunwbGwbp f(xe, y) Uty thnthnjuwwbh dniGyghw, npp

y=y, Jinnul mbh tpunpbidowi: Lywlwymd & (%) =0 Jud
qnymipjm G ymbGh:

Uumwigwlp wyG, hGy wwhwGoymy Ep wuwjugmgb:

G ytntpp, npnligmy z=£(x, y) dmbyghwjh wnwehb Yup-
qh dwulwlh wowlgjwilbpp nuemd GG qpn Jwd gnympynil
smuGhG, Ynsynud GG Yphnbhuwlw6 jud unwghnGup Yenbp: Y-
whund, wnpjuwd z=f(x, y) $mbyghwjh yppwhjwhwb Yhwmbpp
qunGtim Guunnwlyny whwmp bt hwjwuwplglty qpmh  Gpw

wnwohlG Jwpgh dwulwlyh wowbGgywyltipp gxz—:o, %:o b
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mob; unwgywd tpynmt wGhwymng tpynm - hwdwuwpouiGhph
huwrdwwngp:

Uik efNeNvuulLvLGrh dOMLUSHhU3Dh
ERUSPEUNRUR G013 k30 AUJUNUN O3 T
nua3vduuere

his;wtu dkly hmhnfjuwuGh dmbyghwih hwiwp, tpunpb-
imih gnympjul wihpwdbynmpjwl wywyjdwlp pwwpwp sk,

wjuplpG Gpti nput dh Yhunud wnlw GG wlhpudb)nmpjul
wuwjiwGbGtpp nw ghn jh Gwlwynuwd, np wjn Yhmbpp bpunpk-
dnuih Ybin bé:

Uh pw6Gh thmpnfuwmjubGhpm] pmblghwjh tpunphiinuih
qnympjul pujwpwpmpjwb wwpdwlGhpp Jwn wdtiih pupn bG,
pwl dkYy yimpnfuwuGh mbGlyghwh hwiwp: Uyn yqumbwnm]
wnwlg wwwgnygh phpbhGp wjn  wwjdwGGbpp  Gpym
thnhnfuwuGGhpm] dmGyghwih hwdwp:

“Ehgmip M(xo, yo), Ytnmd z=f(x,y) dniGlyghwh dwubuyh
wowlguyitpp huwuwnp GG 0-h, wjuhGpG

S

Mo(x0, yo) Ynmi  hwplbGp pmblhghuyh Gphypnpn Gupgh
dwulwlh wowbgyuyitpp b Gpwbwlyklp

2 ' 2 1 A2
{2
ox ] oxay 0 oy 0

Uin nhiypmd’

1. tph AC-B>0, wu 7= f(x y) dmGlghwb My(x, yo) Yhinnud
mbp Epunptiinyd, pGn npmd” Jwpupdmd, bpp A<O L
dhGhdnud, tipp A>0,

2. tph AC-B<0, www z= f(x, v) ymbyghwl M(xy, Yo) Yinnud
Epuinphimy sméh,

3. bph AC-B’=0, wupm $pmilghwjh tpunplsnush hwpgp S6nud &
pug L ywhwoyma t jpuugmgh; hbumugnmunmp jmG:

Oppfiwly.-  Qulty  z=x>-2xy+2y*-4x+6y+10  Pmblghwjh

tpunptidwy wpdbpGhpn:

Lntomi).- QunGhGp Yphinhyuwjub Yrantpp'
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?E=zx—2y—4, gz—=~2x+4y+—6,
ox oy

2x -2y -4
-2x+4y+6=0

Lmotyny wju hwiwlwpgp’ YunwlGublp x=1 L y= -1
Ztwntaupup, (1, -1) Ynp Yphuhuywd Y b {wdblp pypnpg
Jwpah dum[imup wowlgjuibph wpdtpGtpp w)n Yhnnag:

0'z o'z o'z

=2 ——=-2,
o axay ay
NkpiG A =2, B = -2, C=4, AC-B’=2. 4- (-2)=4>0:

twmlwpwnp, (1, -1) Yowp tpunpldnuih Yo B PwGh np
A=2>0, mptit wyn Ynp ShGhimish Y t L

Zpin=122:1- (-1)H2:(-1)-4-146-(-1)+10=5

LUUQUANF3L LUNTUNAMIDLELR UG ONL

Uh pw6h thnympuwlywGGph $mGyghwsh tpunptidnuih
qnpowlwl YhpwnmpniGGtphg dbye b Guwqugnyl punw-
ymupGtiph dtpnnp:

GhpunptiGp, hGs-np thnpdh Yud ghunuiGhph  dhongny
unwgynui £ x L y tinfinfuwlublbph Shole tnwo Yjuwwy-
gnpymGp wiynuwlh nbupm] L upwhweynud b pmblghnGuy
ywhidwl  wrymuwyuhd  wbuphg  wlglty  wlughnhy
(pwlwdbwghG) wbuph, pGn npmy, Gpt nw  hGwpunnp b
ywwwpl;  G6qppin, www  wuwnmd GG Yuwowpbg
inunuiynpuy tiu:

Unymuuwll
! X X X2 X3 Ve Xn
|
y y! Y2 Y3 e Yu

hgmp, Mi(x;, yi), Ma(xs, y2), -, Mu(Xn, ¥a) Yhnbipp
dnunwynpuuygbu quuudepue G666y moph Ypu Fw Gw-
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(wimd t np x L y thothnfuwlwGGtph dhol puwd Juuuwlygn-
pymGp Unu £ qowhGhG” Y=ax+b:

a L b wGhwpn wwpuwitinptipp pAwnptlp w)lybu, nputugh
Y=ax+b ninpnp nppwl hGwpuynp £ dnn wGgGh mpnublyymb:
ynnpnhGwwnwlw hwdwljupgnt ueniggwd My, My, Ms,..., M,
YtntiphG: x; Yannud (Y;-y;) mwppbpmpjuGp wijwibGp 2tnmd,;
nptn Y=ax;+b, hul yi-6 $mbyghw)p thnpdhg umwgyud]
wndtipG £, npp hwdwwywwnmwubuwGnud £ Gy 6 x; YanhG: :

Lywqugnyl  pwnwlinwpGlibph  dtpngh - bogpymiGp
htuljw)G t. Y=ax+b npnGhih mnhnp pGwnpb] wyGuytiu, npu;huqh"
(Yi-yi) 2tnnuiGbph pwpwljnwhGbph gnidwpp thGh thnppuigmyp: ;

Wuwhuny, a L b wlhwjn wywpunitimpbpp npnaynud b6
2 (Y —y,)* =) (ax; + b-y,)* = min wwyiwéhg:
i=]

i=l
LuwGh np x; L y; hwunwunmb dEdmpymGGtp GG (Ghnpdh?

wnyniGpGtin), wwyw Ybpp G2gwd gmudwpp a b b ywpuwibkupbph:

ImbGyghw t. '

Y (ax, +b-y,)’ = Bla,b):
i=l

a-G UL b-G npptm  hwbwp
tnthnfuwlubiiph  pmGyghwyh  Epunpbdmdh  qnympywG
wlhpwdban wwyiwGGbphg. QwnGhip @(a,b) Ppmbhghuwh
twulwih wowlgyuGipnG puwn a L b wwpwitwmptpph L
hwywuwnptgltGp qpnjh. A

oD

— 2i(axi+b—yi)xi =0
i=1

fa
6® n
30 2% (ax, +b-y,)=0
ab =1

{tnbwpwp, a & b wwpunitnptipp, npnGg hundwp wmbnh t'
nultlnud pugdugnyyG dnnwpynud (Yepp Ggw o piwunnyd), yuptih
L npnzty unwgywd hwdwlywnpghg: Uju hwlwywpgp Jupkh b
qnbi htinbyur) intiupny. ’
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ogmjtlip  Lpym :

aixf +bixi = ‘iny-,
j=1 i=1 i=1

ai X; +bn = iy,
it i=y

a L b okdmpjmGGaph npnpdwl hundwp dhGp umnwgu@p
pynt wlhwjynny bpym gowjhG hwjwuwpnuiGhph hwiwlwpg,
npp Yngymd £ hunjwuwnpmdGlph (npdw) hwiwfupg: Apnzting
a-G L b-G' wphih £ gnyg wnwy, np (D(a, b)-ﬁ wyn wpdtipGhph
hwdwp hwuGnui t dhGpinuih:

Stqunptiny a-h L b-h wpdtiplbpp Y=ax+b hwjuwuwpiwi
gt Ukp Yuunwlwbp wjl qdwjhG $mGyghwa, npp puywgnyl
auny t wpunwhwjunned  Gpéh YJud nhunuiGliph  dhengm|
uunugywd x by imthnfuwuGGlph thol inud Juwyp:

Gpb inpdh wpymGpGhnG wyGuhuh 66, np umwgyud M,
M;, Ms,.., M, Ytwnbpp Yuwnmghihu Ghuwmnad bip, npwigp
dnnunjnp  puuunpjudntpniGp pwnuynuwjhG wwpwpnih
ypw, wyw x L y thnpnpuyuiGbph 2lihsgh bnud dnwnwynp
yuuuwémpymGp Yuptih t thGunply Y=ax +bx+c mbiupny: a,bLc
gqnpowlhgGhpp quGhmu hwdwp, wyu ghuwpnud whwp £ npngtig
Z“(Yi — yi)2 :Z(alxi2 +bx, +c—y; )2 = (D(a,b,c):’pmﬁllghuxjh

i=I i=l
dpGimip:

®(a, b,c) tpbp thmhnfuwlwaGhph $nyghuh thahdnuh
npnpdw6 junhpp hwGgmy t Gplip whwjnny tptip qowjhG
hwywuwpmiGbph hudwywpgh nddwG.

ad x' + bzn:xf + CZ"‘,X.I = iXiZYi
2 aix‘: +bz":xf ~|»cixi =ixiyi
aznjxf + bixi +cn =Z“:Yi

npuntinhg hwyynd kG a,blic wwpuwiitnptiph wpdtiplbpp:
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Guwynul t np x L y thnthnfuwluG@tph dhol tinud juuwlgne-
pynilip Unwn £ qowjhGhG Y=ax+b: ‘
a L b wlhwjn Wupuwdbinpbpp pGunptip wylybu, npubugh
Y=ax+b mnhnp nppwG hGwpwynp £ dimn wlglh mynubyma
ynnpphGuunuwjwl hwiwuwpgnd jupmgywo M,, M;, M;,..., M,
YtnbphG: x; Yannw (Yi-y;) nupphpnipjuGp wljwbkGp 2tinnud;
npbn  Y=axgtb, huy yi-6 $mGyghwgh dinpdhg uvwnwgygud
wndtph t, npp hwiwwwunwubuwGnu £ GmyG x; YenhG:
LJwqugni)  pwnrwlmuhllitph  Jbtpngh  tmpjmGp
htnlyunG t. Y=ax+b npnGbih mnphnp plunpt) wylubu, npybtuqgly
(Y;-y;) tiqmuiGph pwnwymuhGhph gnadwpp (hGh hnppugnGp: 3
Wyuyhuny, a L b wGhwyn wyuwpwitnptpp npnzynud hﬁj_

Z(Y -y.)’ —Z(ax +b-y,)’ = min wwiwéhg:

i=]
£uwbh np x5 Uy hwonwnmb dEdmpymG6tp 66 (hnpdje
wpynilpGbp), wuw Ytpp Gpguo gnuiwpp a b b wwpwibwptp

Inllyghw t.
> (ax; +b-y;)’ =dfa,b):
i=l

a-G L b-i npmpym  hwlwp oquuklp  kplm!
inthnfuwwGiph  pmGyghwih  tpunptdnuih  qnymipjuG;
wlhpwdbyn  wwpiwGGephg. Gwnlkip (D(a,b) $mGlyghuh
Jwulwyh wowlgjullbpn pun a L b wwpwibwpbtph U
bujwuwpbglhGp qpnjh. .

I

<tinbwpwp, a b b wwpwdtwptpp, npnGg hwdwn wbnh G
niGhGnud junjuqnyG dninwpynud (tpp G2Ywo piwunm]), fupbh

t npnpty) unwgwd hwiwluwpghg: Gyu hwlwlwpgp YJupkh §
gnhk) htinbjw) nbkupny.
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aixf +blzllxi = ixiyi
i=l i=] i=l
ai:xi +bn = iyi
i=l i=|

a L b dwompymGGtinh npnpiwl hwdwp dkGp unwguip
tpynt wlbwjnm] tpynt gowghG hwyjwuwpndGbph hudwwng,
npp Yngynud b hwywuewpmdGiph Gopdwg hwdwlupg: Opongtny
a-G L b-G' Yupbjh &t gnyg wmwy, np (D(a,b)—[i wyn wpdtipGhph
hwdwp hwulmd £ dhGhinuih:

Stqunptiny a-h L b-h wpdbpGhpp Y=ax+b hwjwuwpiub
ko Whlp Yuunwlwép wjl qowyhlG Pmbyghwd, npp jwywgnyG
dlny t wpunwhwjnnd thnpéh jud  glunmdGeph  dhongm]
unwgyuwd x by himthnfuwwGGtnh dhel tnwo uwp:

bGpt thnpdh wpyymGplGinG w)Gwhuhl &G, np unwgywo M,
M, M., M, jtubpp Yunmgbijhu GHunmd GGp, npwlgp
tmnunp  guuwynpyuonip)mlp  pwnwynwghG  wjwpwpngh
Ypw, wwyw x by thmbnfuwluGGiph \Smh bnwd  dnnwynp
Juifujwompymbp upbih E thGupt) Y=ax 2+bx+c mbupny: a,blc
qnpowlyhgGhpp quGknt huniwp, wju ghiypnud whwp b npnby

Z(Y y) Z(ax +bx, +c— y) (I)(a,b,c)?pm(il;ghwjh

i=l
dhpinuin:

CD(a,b, c) tntp (ympnfuwuGGsph $miyghw)h dhGhinnip
npnpdw6 fuGnppp hwlgnud b bpbp wlbhwynn bpkp qowjhi
hwt{wuwpnuiﬁb[lh hwiwluwpgh provwd.

aZx +b2x +ch —ZXY
ﬁaZx +b2x +ch —ny

i=l

{aizﬂ: X7+ bzl X, +cn =§yi

nputinhg hwpymd 6 a, b L ¢ wwpunibnpkph wpdtplhpp:
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Opptiw] 1. ‘LVywqugnyl pwnwynwhGhph dtpnnny unwGuy

qowjhG Yww pndynpGhph YhGnwGh pwh L hwuwyh dhol:
®npbGwlwul nyjwGhpp pipduo G0 hinlbywp wynuwynud

Unjnuuuly 2.

Lwuwlyp, 0 1 ) 3 4 5 6 7 8

2wpwpllipny j
UkGnwGh 1,3(25(139(52(53]75[9,0|108]13,1]
pwyp, Yq '

pwyp’ y: “thnwpytng wyu pytipp npybu hwppnipjub Yankiph
YnnpphGuwwnGhp’ junmgblp wyn Ynmbtipp (0. 48):

Vljwunnd tGp, np Jummgwd Yhwntipp dmnwynpuybu

nuuwynpjwo 6 dkY mnnp ypw, npp dbq hGupwynpmpymG k

wnwihu GGpwnptni, np x L y ghmpnfuwluGGbipp juupjwo 66 |

qowjhb opklGpny’ Y=ax+b: a L b yywpwibwnptiph npnpdw G hwdwp
oquytip Gyuwqugnyl pwrwlynmuhltph dipnnh Gnpiw) hwdw-
Ywpghg.

144 Y

12
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Lniomai.- Iunﬁllnpﬁﬁph hwuwlp Gywlwlyklp x, hulps YhGpuGh

alz:: x; +b§.:x‘ =izl_l.l:xiyi
¥, +bn=§yi

Uju  hwjwuwpmilGiph g9  dwlinng  gnpdwyhgGtph
hw w6 wpymGplbpp Guuunwlpuhwpdwp E o Geplujwglty
wrnjnuuwlh nbupny:

muwly 3.
N Xi yi X} Xi ¥i Yp A
1 0 1,3 0 0
2 1 2,5 1 2,5
3 2 39 4 1,8
4 3 5,2 -9 15,6
5 4 53 16 21,2
6 5 7,5 15 37,5
7 6 9,0 36 54,0
8 7 10,8 49 75,6
9 8 13,1 64 104,8
z 36 58,6 204 319

Ltnbwpwp Gnpdwp hwjwuwpmdGlipp Yot htinlgwy
wntiupp. ‘
{204a +36b=319

36a+9b =586

Lnotiny hwjwuwpnuiGhph wju hwdwljwpgp, junwGuip
a=1,41, b=0,87: |

Ujuyhuny, fundynpGtph hwuwyh (x) L Gpwlg YtiGnwGh
pwph (y) dholk btnwd npnGhih Juwwp wpnwhwjpnmd

'y=1,41x+0,87 pwGwdlm|: {wppnipjub Jpw (qd. 48) Junmgllp

(wl wju mnhyp:

Op[zﬁwll 2- blpwnphilp, thnpdh wppmbpGipp npwo LG
htinbjw) wnjnuuwlth mbupm]. '
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Opptwly 1. "Viwqugnyl pwnwimupltph dtpnym] unw g

qduyhG Yww fundynpltph YtGnuGh pwyh L hwuwyh dhol:

®Onpd Guljwl wgjuGtpp phpjue b6 htnbyw wpimuwjond
Unjmuwy 2.

{wuwiyp,
ompupbpny | 0 | V|23 [ 4567 |8

pwyp, Yq

UtiGnuGh 1,3(125(39(52(53]75/9,0]108 13,1

Lniomy.- fonsynpGtph hwuwyp Guubwyklp x, hul»ytbnubh
pwypn' y: dhunwplybing wyu pytpp npybu buppmpjub Yhnbtph
YnnpnhGuinGhp’ Junmghlp wyn Ytnbkpp (qo. 48):

Vijwunmd LGp, np Junnigwd Yhmbpp dnnwynpuwbu
guuuwynpjwo Ll dkY mnnp ypw, npp dkq hGwpwynpmpymG t
inwihu GGpwnpbiny, np x L y thnhnfuwjuwGGbpp juupwo bl
qowjhG opklipny’ Y=ax+b: a L b wqwpwidtinpbiph npndw hwdwp
oquytlp Gjwqugniyi pwnwymupGlph dtpnph Gnpdwy hwdiw-
Ywpghg.

144 Y

12+ .
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azn:xf +bzn:xl = Z“:xiyi
Yx +bn=3y,

Uju hwjwuwpmiltph db9 dwmbnn qopdwlhgGtph
hwyiwl wpymlplbpp Guuwunwijuwhwpiwp b Gapluwjwglty
wrnuwih nbupny:

nuwly 3.
N X; Yi xiz Xi ¥i Ye A
1 0 1,3 0 0
2 1 2,5 1 2,5
3 2 3,9 4 7,8
4 3 5,2 -9 15,6
5 4 53 16 21,2
6 5 7,5 15 37,5
7 6 9,0 36 54,0
8 7 10,8 49 75,6
9 8 13,1 64 104,8
z 36 58,6 204 319

<tnlwpwp Gnpiw) hwjwuwpndGhpp YnGbGw6 htnlguy
wmbupp. '
{204a +36b=319

36a+9b=58,6

Lndbyny hwjwuwpmiGlph wju hwdwjjwpgp, juunwGwlp
a=1,41, b=0,87: '

Uyjuyhum), fjundynpGhph hwuwlh (x) L Gpubg YhGnuih
puph (y) tvhel btnwo npnGhih Jwuwp wponwhwjnynd k

" y=1,41x+0,87 pwlwdlmy): <wppnipjub ypw (qo. 48) Junmghlp

Gwl wjyu mnhnp:

Ophlwl 2.- GGpwunptlp, thnpéh wpymGpGtpp wpjue Gl
htunlyw) wnynuwlh mbupny. '
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Unynuuwy 6

1

2

5

6

<l X

15

10

-6

-10

Unjmuwl 4.
x 0 i L5 2.1 3
Y 2.9 6,3 79 10,0 132

Qunmgbing wju Ytwnbpp hwppmpyjuG Jpw, YhwingytGp, np
npuiip innwynpuwbu puuwynpjuwé GG th mnnh Ypwu: Gw
ipwGwynd t, np x L y GhnhnfjuwywGlbph dhole tnwo
Juuwonmpymlp Ywptip £ lwpty  qowhG - pmGlygpwgh
nbtupny’ Y= ax+b: Oqunugnpotiny Gjuquqgniyl pwpwymuhGhph
dbpnyp qulhGp a L b wGhwpn wwpwitwnpbpp: PAswbu
(Gwjunpy oplwlynwi, nw Guuwuwjwhwpiwp bt hpugnpoby
wnnuwlh oghnpjwdp:

CaymGLng, np wyu JuwwlgmpiniGp iinmmlnpwu{hu
qowypl E, Gjwquqnyl pwnwiymuplbpp dGpnnm] npnyti
Y = ax + b pmbGyghwsh a b b gnpowlyhgltipp:

Munn.” Y =-5,06x +19,87

2. Yppwnbiny Guquqnyl pwrwymuhltph dEpnnp’ npnty

y=ax’+bx+c Pmlyghwyh wlhwpn gnpowyhglbipp, tpk x L y

thnihnjuwuGitph wpdkpllipp wpdwo GG htwnlguwy wiyniuwyh
wmbupny’

Unjnuuwly 7
X 0,5 1,0 1,5 2,0 2,5
y 0,8 1,9 4.9 8,8 13,5

Muwnn,” y=2,54x" —x+ 0,575

3. Wywquqgmjl pwnwimuhlbtph dtpnnpm] qulby

Eﬂfn_ll&hi
N X; vi X! | xvi | v Ay
1 0 29 9,00 0,00 2,86 0,04 |
2 1,0 6,3 1,00 636 | 6,28 0,02
3 ] 15 79 | 225 | 11,85 | 7,99 | 0,09
4 2,1 10,0 4,41 21,00 | 10,04 0,04
5 3,0 13,2 9,00 39,60 | 13,12 0,08
z 7,6 | 403 16,66 | 78,75
Cuwn wju wymuwyh Yuqitlp Gnpiw) hwjwuwpnudGsph
husul 16,66a + 7,6b = 78,75
wiwlwpgp. '
rae 7,62+ 5b = 40,3

Lmotiny wju  hwiwhwpgp  JunwbubGp a=3,42,
{tnbwpwp, Y=3,42x+2,86=y,:

Ye - dmllyghwjh pwlwdlwjhlG wpdtpl b, Ay- thnpdh
wprymGpGbpp  pbgnuiGhpG GG wjyu

wpdtipltiphg:

b=2,86:

J4UurdNre-30huuLere
I, x b y thmpnjuwlwlGhph dhol btnwd Yujudwl
npdbwljmG  wuyltpp Gephuwjymgduwdo GG hbwnbguy
wiynuuualjnd
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pwlwdlny hw)ywd °

htunlyw; wynuwynud wmpjwd pPmbhghniwy Jujuiwb pubGwdlp
y= ax+b wntiupny. '
Unnuuwly 8

X 1,0 1,5 2,0 2,5 3,0 3,5 4,0
y 0,1 0,4 0,4 0,5 0,9 0,9 0,9

Munn,” y=0,24x+ 0,01
4. pmlyghwl npjwd L wrynwuwlgh wmbupny.
Unynwuwy 9

X 0 | 4 10 15 21 29 | 36 51 68
y {667 71,0 | 76,3 | 80,6 | 857 | 92,9 199,4| 113,6 [125,1

Yuwnmghiny wju Ytnbpp, upth £ hwingyty, hp (pw(p
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Ununwynpuybu quuwynpjud b6 ninhn qoh Ypw: LwquagniG
pwnwynwehGiph  dtpngm| quGtp wyy qdwypG  pmblyghwjh
wmtiupp:

Mun.’ y=0,87x+ 67,5

ELUSLEUNIMULELh UhUNNRMI3UL Uh RULD
LA OLER &3NMUSLSEUTLWUTL ULSUALOMIBNMNLRS

dbpoh6 dwiwlwlyGhipu pminG pwihny qupqumud E

dwpbiwnhljwiwl dkpnnGtph YhpwempyniGp EYnGadhluynmd L
Jwulwynpuytu gymuqpuunGuntivuwuaG tYnGndpljugh fuGnhpGhipp ¢
okt dwiwluwl: Hublp wpymGuybtnnpbl oquwugnpdymd
Ll tyepGndpyuh ponp phwqujwnibpnul, Guuunnd hmdph,

(iynupliph, Junbihph, dhongGliph mGntudwip:

Thunwupyttip gnuquuintuwlui tynGndihjuwih dh pwGh -
fuGnhpGtp,npnig  monuip Jupbh t Lmu[ tpunptidnuiGlph -

wmbunpjwl oqlinipjudip:
1. TLhgmp mGhGp n
Mi(x;,yi), hudwywwnwufuwlwpwn mii=1,2,..

wjylwbu, np wpunwnpulph pwlwympymGlbipp nbwh wyy
dwlwwuphp mbnwihnfubthu unwpta shGpiwy Swhubp:
NpnGth Swlwwwphh (mnnh) hwjwuwpnuip thimphip
(inpdw mbiupmy .
x cosa+ysina-p=10

npuntn o-G ox wnwbgph L mynhG nipnwhwjwug nipnh dhel bnwd

wGlyymGG t, p-6 ninhnh htinwynpnpynilp uljqpblwybnhg:

hGswbtu hwjnGh b, Mi(x;,y;) Yuip hbewynpnipyniGn mpwo ;

nunhg npn2ymad Ehtunlgwy pwGuélny d=t(xcosaty;sina-p):
Lwlh np mnnh nhppp hwppmpyw6 Yypw plnpnpynud £ o b

p wuwpwibkwnptpny, nunp hnfuwgpnuiGbph dpu umwpue

owfuutinp YhGhG hwitdwnwu G hbimbjw) wpnwhw juompjuGp

R(a,p) = Zlmi(xico‘sa + yisina. - p) —
-szi(xicosa + y;sina — p),
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l;wpﬁmmumulﬁpw]pﬁ dipdwbtp’ -
-»N) wmnunpnuiph
pwlwynipyniGGtpny: Mwhwlgynd t wlglug bty vh Swlwwwph

|

npntin Zl huwdwwwunwufuwlind & wyl  YhnbppG, npnGp

nuuwynpjwé GG mnnhg Jyhpl, hul Zg-g‘ w}l YbwnbphG, npnGp
nuuwynpjwd kG ninnhg Ghppl:
Mbwmp £ o b p wwpwdtnpbipp punpb; wGubu, npybugp

R(a,p) 1hGh dhGhdwy: Nwwnh qpbGp Gpyme thnthnfuwywGh
$niGyghwih tpunptinuih gnympyu G wlhmudbn wwpwaGhpp'

%SZImi(_

da.
JR
gp_ :_Zlmi +szi =0

UWyu hwiwjwpgh wnwghl hwijwuwpnidhg npnpbbp tgo
DM 2, mY,
>,mx, -y mx,

dwitwlwngh tpypnpny hwjwuwpndhg nGhGp

m=3m:

Lywlwybny M = imi , huyy (xq 2 Y, )
i=l

K=tga =

L (xcz,ycz )—m{ huiwywinwuliuwGwpwp Yenbph wowehl L

btplpnpn hwdwlwpgtph owlpnipjul YGwnpnGGbph
YnnpnhGwwnfitipp, Ywpng tGp gpby,
M M
Zlmixi :—xc ) Zlmiyi =_2‘yc,

me Zmyl——ycz.
Llwwh mbhiwny w _]Ll ﬁzwﬁwlmui Gtpp' Ywpnon GhGp qpbyp
Yo, 7Y,

X, —X,,

K=tga=

Upu hwjwuwpmpyulG w9 dwup bpynt hwdwlwpgbph
dwlpmpyul (hGunpnGGipm] wGglGnn mnnh  wiymbwipl
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X;sina+y, cosa)- > m(-xsina+y, cosa)=0



qnpowlhg k: Lbwnluwpwp, npnlhih mohnp whonp t mgqubwjwg .
thGh Ybwmbph wnwehG L tpypnpn hwdwljuwpgtph owlpmpju
YuGwpnGGbpp  Jhwglng mnnhG L wGgGh wyn  hunnguoly
heGwytunny: :

2.- thgnip mjwd L6 n YuwplwwwpwlpwjhG fl)hpdwﬁhp,;
npnGp  wbnuynpwd GG Mi(x,y) Ytnbpmd L npnGg
hwdwujwwnwufpwlwpwp wwhu GG m(i=1,2,...,n) wmnwpmubp;
npn GGpwlu t thnfuwnpiwG:

Muwhwlgymy t qunGhp vwwuwnpydwi w6 F(x,y) YtGun-,
pnGh wntinp, nph hwdwp

R(x,y)=zn:mi\/(x—xi)2 +(y—yi)2 =min:

Jw@lbpp mwihu 6 x L y $himpinfuwywGGbph (Ywuniwdwp:

R(x,y) $mélyghw)h Epunptdnuih wihpudtymnipjw u;wj-g
htinlyw hwjwuwpmyiGbpp.

’a_R= n mi(x—x,) _
<6x g\/(x_xi)zﬁL(Y‘yl)z :
R ¢ omly-y) o
oy é\/(x—xi)2+(y—}’.) ’

Lmotin wju hwdwlungp, Ywpnn tlp quh; x Ly g
thnthnfuwuGlbpp, wjuhlGpl wenbuwlywl tunynp YaGnpnGy
qulybnt ntnp:

+hdELEL3hUL UJUUULNRILER
<hULULUL LUUUUSNFE3NFLLEL Y UL UTLNRILE

< UWRUULNMI-Ug6  hwywuwpmisp, npp G
hwunwumd X wGywfu  ginhnfuwlwlh, y=y(x) npnGhp
Pmulghuyh U Gpw y',y",...,y™) wowGgyuwiGtph shel, ynsnud &

phdbpblghwy hwujwuwpmd: >
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“ Nhphpklghwy hunjwuwpnuip uhdynihly Yhpwnyg qpynid t
wjugbu. Fx, y, ¥, v, y™) = 0 ud y=f- (x, y, ¥/, y",..y""),
hG;p unmugymd b Gwpunpnhg, ¥y -h Gunndwdp, pmotm
wpyniiipmyd: 2

£ bph y=y(x) npnGhh $mlyghwG  dbY  wllwju
thninfuwuGh pmbyghw t, wuyw nhptiptighw) hwjwuwpniip
Yngymd bt umy/npuwipwed: bul tph npnGhih $mbGyghwG sh pwGh
wélpwfu dndinfuwljwGGbph pribyghu b, wuw nhphnbGghuy
bwjwuwpnuwipn  Yngyms Lt dwwbuwgh  wowlgpuyGtpm)
phpbpbilighwy huwfuwnwpnd:

¢ UWRUULNMU.-  hbfiliGghwy  hwjuwuwpdwl  Yupg
Unsymd b hwjwuowpiwG dte dnlng wowbgjwih wdkGwpwpdp
Jupap;

« Ophtiwl.-
nhptiptiGghw) hwjuuwpmd t: y"+ky'—sin x =0 hwjwuwpmdp
tpynnpn yupgh £: -

Z UWUULNIU - dhplipblighwy huguuwpdwl zzzomes ud
pnbgpuy unalnd b wyby = y(x) $mblghws, npp L nph
wowlgjwiltipp nbtnunpbiny mywd ghptiptGghwi hwyjwuwwpdw i
dte Gpwl nupdlnd GG GouyGnipyneG:

Ophliwg.- y"+y =0 ghpbpbGghw) hwjwuwpiwbl hwdwnp

y=C,sinx+C, cosx wbuph dmbyghwlbpp nomdltp GG

C,u C, hwumnwunmGGlph gwGlugwd phnpmpyub ghuypnud:

DhdtiptlGghw) hwjwuwpnuiGbph nmbumpjmGG m ppuig
modwl (hGunbgpiwG) dbpnnltpG mGkG d6o Gruwlwynipjm:
Tw pwgwwnpymd b Gpubng, np Gpypuwywhmpyul, hahlw)h,
dbfuwGhywjh, wunnqughnnmpjul, YtGuwpwlmpyjul L wyp
Yhpwnwlywl qhnmpymGGtph, wwn  tluGghpGip  phpymd . GG
nhbtipiGghwi; hwywuwpnuiGtph:  ‘FhunwpytGp dh pwbh
w)nuhuh tulnhpGbp:

1. UhNRUD AUPNULSHhY 2U3LU3NRIT

y'—=xy =0 hwywuwpmib ‘wnuehlG  Yupgh

OnpdGwlwl  Swlwwwphny bhwunmwndwd b, np
nwnhnwliunhy pwjpwjydwG wpwgmpymip wyyjuwy;  wwhhl
hwibiwnwywb L spwypuyyud  Gymph pwlulympjuln:
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Glpwnpbtiny, np Gmpp uygplwywbé pwlwympymip M, t,
npnpblp spwjpwjws Gymph M pwlwynpjul L t dwiwbwyh
dhol tnud Ywjumup:
(runhnwynhy puwypwpiwl wpuwgnpyalp hwdwuwp b
Grph M pwlwlnipjwli  wowlgyuih@ punm  dwdwlwlh,
dM
wjuhGpG ?: Puwjg pun wuwjiwbp %:—kM, npntin k-G
hwtwnwlwlngwé gnpowlhgl t: UhGnu Gywép Jbpgynd b
w)é wwwnéwoy, np th wéwG htwn dhwupG Guph M)
puwlmpmbp Gugmd t: Uw wewehl Ywpgh nhptipklghuy -
hwjwuwpmd b npnibgh M(t) pmiyghwjh GYundwdp: ,
Umnwgjwd nhpbpbighwy hwjwuwpmdp  Jupbih £ gpty

htnbyw] mbupm] %4— =—kdt
hGwutqptiny wyuw hwjwuwpiw tpym Ynnip' Juonw GwGp’
InM = -kt + In C Yud ln%=—kt , npntinhg % =e™ L

M =Ce™: Wyuntn C-G pGnbgniwb juiwywlwl hwunwinmG
L: Lwlih np t=0 dindblnnmd nwnhnidh quiqyuop M, kp, wwyw
C-G wtanp t pufwpuiph M, =Ce ™% =C wnlynipjwln:

Staunpting C-h wpdbtpp’ Yunwlwlp M-h Juiumdp t-hg
Jtpolwywl mbupny

M=M.e™:

k qnpowlhgp npnpymd b thnpdlwlwb Swlwwuphny:

Nwnhmdh hwdwp k=0,000436:

2. Udruvh uunesnrut wuu sueusnrue

LUmnnGh  Ynndhg hwumwnywd  opbliph  huwndwdw)G :
twpibh vwnbgdwl wpwgnipyniGp hwitdwnwlwé & dwpdGh

2pswu dhowjwph gpiwuewmpdwbGbph mwppbhpnipjwubn:
Glpwnptlip, Jwpdhlp vmwpwgyws t dhlsk T, wuwmpdwd,
dpowjwiph  ebptwumpwlp hwunwunmG b L hwjwuewp
To(T. < T): Qukp SwpdGh thohnfudng T ghpdwwmnpswGh b
uwnbgiwl tdwiwlwyh dhel bpwd Ywhunuip: Gapwnpkp,
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dudwlwyh t wwhp JwpiGh etpdwuwnhéwlp T &

_ dT
Qtipiwunhéwbh hinthnfudwl wpuwgmipynilip, wjuhGpG E-ﬁ,
Uymunnbh optliph hwdwdaw)h,

hwibdwunwlwd t T-T, mwpptipnipjulp: <Gunlwpwp,

dT
—=-k(T-T
o k(r-1)
UhGnuu GpwGp gpywd b wjl yuwwndwnny, np dwdwlGwlh
wddwl htwn JdhwuhG dwpdGh otpdwumhswip (Jugmd E,

wjuhlpG T = T(t) pnilyghwl Gwann $niGyghw t: Unwgyuo

dT
nhdpbptbghw) hwyjwuwpnuip GhpYuwjwgltGph T_T = —kdt
[
wmbtupny, npntinhg ln(T—Tc)z—kt+lnC L T=T, +Ce™:
Vhwinph mGblwny, np t=0 wwhpt T=T,, Yuunwlwip
T, =T,+C, npmtnhg C=T,-T,: <bwlwpwp, Jwpilh
uwnkgiwl optlpp, Jwywo dwiwlwlhg, Yymbtliw htnljug
YhipeGuwlwG wmbupp.
T=T,+(T, -T )™

3.bwqib] w)l Ynph hwjwuwpnilp, np6 wiglmd t (-2, 3)
Ytwviny L nph guliwgws Yunm] wwmjwud npninnp
wilgniGuwghG  gqnpowyhgp bwywuwp bt wyn GoyG  Yhnp
wpughuhG:

LARSARY.- Qwidwdw)l wowbgywih bpypwswhuyul
dy .
dx
U Ynnihg, hwidwdw)6 fulnph  wwjdwbh npwihnnh,
wllpnbuphG  qnpowlhgp hwdwuwp b npuwiiwG  Ybnh

pdwuwnp® znpuinnh wiynmbGujhG gnpowypgnp hwyjwuwp

d

wpughuhl (X)ZU.]UlL]hUHl[, niGklp d—y =X, npunbnhg dy = xdx:
X

hGunbgptny wje phptipkGghwy hwjwuwpiwd bpyne Ynndp’

124



9

YJuuwGwbp' y = x? +C:

Uw wuwpupniGiph dh pGuwbhp t: Uju pGuwbhphg
wbwp bt plupk wylf wpwpnp, np whglmd £ mpjwd (-2, 3)
yhwnny: Wu wwypdwbhg b YnpophGp €  JuwiwjwlwG

—2)
hwunwunmbp 3 = £—2)_ +C, npunbhg C=1: Stqunptny C-h

2
X
wpdbpp’ YhpeGwlwbunybu Yunwbwip y = T 1:

UNubL UULGh 2hdELELSRUL LUJdUUUCNROLER

F(x,y,y)=0 fwd y'=f(x,y) wbuph hwjwuwpnuip
ynsynui t wnwehG Yuwpgh nhptintiighw) hwdwuwpnd:

hsybu Gyuwwnbkghlp, Ytpp ndywd jubnhpGbpp phpytght

wnwohl Jupgh nhdphptlghw) bwjwuwpnuiftph L npuig

monuip, npubto YJuwlnG, ywpmGuymd t dby hGobqpdw |

Juiwjwywl hwuumwnnG:

ULUUGARY.- Ui vy = y(x) dmbyghw6, npp L nph
wowlgpup  whnunplym]  wmoghl  Jupgh  nhpbipklghuy
hwjwuwpiwi by Gpul nupdinud £ GnylmpyniG, Yngjnd b

nhpbtiptighw; hwjwuwpiwb monui: Smpwpwbsmp y'=f(x,y)

nhtipkGghw; hwjwuwpmyd  m6Gh  wlphy pwqinmpjudp

monuiGtp: Uyn monuiGhph pwgqinipymbp Ynsynid & wnwehlG -

Jwpgh ghptiptGghw) hujwuwpdwb pdphwbng pmonnf W qpymd
Ewjuybn' y=¢(x,C):

Unfiyptun juGnhpGlip motihu wihpudtym E hnud gl
nhptiptiighw; hwjwuwpiwl wyG monuwip, npp pwjwpwpnd t
upjwd wyuydwlh6: Wy ygupiwblp ynpnd £ gphdbipklghwy
hwyjwuwpiwG uyqpiuwipui juid Gwhtwiul ywjiwt: Unwuehl
Jwpgh nphdybptighw); hwywuwpiwi hwiwp  ulygpbwljub
wuw jiwp qpumd £ htwnbgug mbupnyg .ytxzx" =Y,

ShpbptiGghwy; hwujwuwpdwl  wyl  monudp, npp

uutwgynuwl t pGnhwlnp momdhg, tpp wwhwGeynwd &, np wyf -
pwjupuph mjwo uyqpGuyul wwijdw6ha, ynyyma £ dwubdwgh
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[mend:

Unwohfi jupgh ghdpbipiGghw; hwywuwpswi plinhwlinip
Imduwlp hwppnipjwl Ypw  hwiwywunuupuwGng L by~
yuwnpwitinnuGh Ynptph  pGuwuGhp, npolp  Yopmd &6
flmbgpuguypl fapkp.

' UNCAk PUABLL.- Smwd b y'=f(x,y) nhptptlGghuy
hwjwuwpnudp: Gulit] wje hwjwowpdwG w)l [nonuip, npp

punjwpupma k y,x=x0 =Y, ulqplwyuwb ywjdwhl: Yuw Unym

uGnhp6 & wnwehG Jwpgh nhpiptligpuy hujuwuwpiw G hwdwp:
(GnhwGpunytu, wpfwd bunjwuwpnuip shyw t, np mbh

wynuhuh dwuGwynp mond: Gph (x,y) $mGyghwG b Gpw ﬁ

dwulwlh wowlgjun wGpGghuwn b6 (x,,yo) Ytwh hés-np
2ngwljwpmy, unyw ghpbphlighwy hwdwuwpiwG [nonuip wyy

wihpnypmd  gnynipymG  mGh L dhwyG L Unpm  pulinhpp
Ul GwpwGhGp tpypwsuwhnphkG (qo.49 ):

Q.6.49.
{wppnipjwl  Yypw  wwlblp  wnpjwd nhtiptighuwy
hwjwuwpdwl hGnbgpuipushlG Ynptipp: Loty Unpm hulinhpp
tpypwswthnptG  Gulwynud hGubkgpwwypG  Ynptph
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nGuwlhphg quGhi wyb Yopp, npb wiglhmy & hwppnpjwb Yypw
fufuwubu wpdwo M, (x..y,) Ytony:

Ujdd  owlnpwlwblp wnwohli Ywpgh wwpqugnyb
ghptipbighw) hwjwuwpmilbph whwbph U nputg modwG
ubtipnplitiph htun:

Uub2US4U0 td UuRUSYNI PNONuTUTLLER Y
Jgduuvupenruuver

M(x)dx + N(y)dy =Q0whyh hwjwuwpndp Ynsymy |
whowumwo thnfinfuw e GG6pny hunjwuwpmyd: “pw pphwlng
hwtqpuip yhGh' {M(xkix + [N(y)dy=C:

M, (N, (y)dx + M, (N, (y)dy =0 wtuph huduiuw-

pnwip Ynsymd & wGounynn thmhnhuwlpuGGhpny: W6 Ywpon b

phpytp wlowwywd thmhnfuwjuaGhpny hwjwuwpdwG Gpw
tpym  dwubipp Nl(y)Mz(x) ‘wpnwhwjpnmpjui  Jpw

pwdwlibiny.
- M()N,(y) Mz(x)Nz(Y)dy=0
N, (Y)Mz(x) NI(Y)MZ(X)
Ml(x) Nz(Y) _
Yud Mz(x)dx + N,(y) dy=0, opf wpph6 wlowngud

tinthnfuwfuliGtpny hwywuwpmd b Fhmuplpywo bplip fulGnhp-
itph modwl dwdwlwy unwguo ghpbphlghw; hwjwuow-
pmuiGtpp wiowwmynn thnthnfuwlwiihpny hadwuwpmdGbp EhG:

daduuusn {uJduuvuernruuir

Unwohli Ywpgh phdtiptlghw; hwjwuwpmdp Yngdmd t
hwiwubn, tpt bty wif y'-h (juwwndwdp, we Jwumd
unwlnd  kGp dh  wpmwbhwpnmpmi  Yuwfudud Y

X

hwpwptpnipymbhg. y' =f (1) :
X

Uyju whwh ghdbpklghwy hwwuwpmdlbpp mobint
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y _
hwdwp == b )

n = wwbqunp wh dhengmy wyl phipngg kG w9y nny
thnhinfuwywGitpny

y =ux+u, u'x+u=f(u),§9—x=f(u)—u du
X

> fox
X

hwyjwuwpdw: Bpnp® ¥ ux

thmhnfuwubtbpp wigwwngwd L6:
Qubbn] wypu hujwuwnpiw plghwiing monup & g

y
nfuwphGbn =~ h )
thnfuwphGtm| K nwptmpwdp funwbwep Mgy
hwjwuwpdwé pighwGng mondp:

URURRL UULGh GBUSEYL LUdUUE A Ry, 6

UWUULAM - UnwehlG Ywpgh qow
JhG  hayut
Yngynid b wyl  hwyuuwpnusp, npp qamﬁ,ﬁ l;lquql;:p mul
pullghush L Gpw  wowlgruh Gwingudy: 1 gy

_ y'+P(x)y=Q(x) wntiupp, npubn P(x)-n L Q(x)-p Wodwo

wipinhwwn pmbyghwbbp (Gud hwumwmm_ﬁﬁhp) tG:

Goughl  hwjwuwpiwl monuip N tGp .x J tpym
dmbyghwGGtph wpnwnpwih wbupny y = ufx)- v(x) "nGghg
OtYp Yuipbih t bpg ity uswjuluw, hul §jmu, Ynpnpdp Ypywo
qhPbpbilghuw hunjwuwpsul hhsw dpar y' < yy 4oy T

Stnunpbing - wjwo  hwjwuwpdwl o fi

[} ’ [2 ? m h ‘
u'v+vu+Puv=Q Lt u'v+u(v +Pv)= Q: v q):lauggzjgp
plwptlp wylwbu, np v +Pv=0: Uy V-h G
wlowunny thmhnpuwluGibpny hwywuwpng t, app Motyn P

dv dv i

Gwlp —=- —=
YuunwiGwip " Pv  Jud ; -Pdx | Mintinhg

Inv = —Ide, v =g P :

{uyh uin(iblnq np v'+PV=0hhﬁﬁwll
’ wi hw )
pmpyniGhg u bmblyghwyh npndwl hwiyp st h‘ii?l:r;l
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g(x—)dx

hwywuwpnuip u'v=Q, :—zv(x)s Q(x) Yuu du= V()

u= I?((:)) dx+C= IQ(x)eIpdxdx +C

ot [+ oI

UdULULULARM3NMLLEPD SGUNRO3UL SULLENR
<hUuUulyL {UULWUSORe3NRLLEL GU UILUUTLAMNLED

<dwyjwlwlwbimpnilGhpp whumpymbp dwqby £ XVI quph |

YbubphlG® hjniGwlwln Juoypwo mwppbp mbuwyh puhinw-
huwntipnd hwnpwGwyh pwbutiph hw)gwpyh htn: XVII-XVIH
nupbpnd  hwjwlwluwimpniGGiph  wbunmpnlp qupquguuy
wiGywl swihny, pwlh np npw YhpwnmpymGhtph nmnpnp
uwhiwlwwo tp ng Uhd pwGwlh hwpgtph 2pewGwlyitpny:

XIX nwphg ujuwd dhGyu dbp optipp, hwyjwlwlwmp)mGGapp -

wmbunipjniip wlpGghwn L pninG Yhapuynd qupqubmyd £ hp
YhpwempjuG mopunb  plngpytim]  ghwnnpywb, nbjuGhlwh,
EynGnihljuh pugiwphy pwqujunltip:
<wjwlwlwlnpmbiipp wnbunpymbp dwptidwnhluwh
w)G pwdhGa L, npp qpuunynud £ dwuuwjwub hwdwube ywwnw-
hwljw( tplnypltiph ophGwgunhmpymGibph Yhpymodunip:

Utq ppwuwwwnnn  bGplunyplbph nuunuiGuuhpnipndGn
Juwupwo b thopdbph nhinwpydw6 htiwm: Onpéh hGwpwynp bpp
wwunwhwlwG tpumyp b, nph6  ppmijwe o wlwlh
wwwnwhwp jwd ywnwhnyp: Wuhlpl, npnywyh wwjydwlGbph
wnluwympjub nhwypnd, wyl hGy Yupnn © wbnh mikGwy uad ny,
yngynud £ wwwnwhuwp:

£2tpblp wwwmwhwpGbph dh puh ophGulGhp:

1. <pwlnphg {pwybjhu Gwlwlybinp fungbp Yud  sfunghyp

wwwnwhwp k:
2. Utunwnuw nppwip Gbnbjhu qbpph juwd pyph hwntu qup
wwwwhwp k:

3. lvwnnuypp Gtnbihu' 1-hg ShGsk 6 nput puh hwintu quxm"

wwuwwhwn kU wyil:
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TMuwnwhwplbpp pgmijwd b Guiwyy A,B,C.... umwnb-
pny: Mwnwhwptpp himd 66 huwwuwnp, wihGuphG, hwlw-
nhp, hwdwmbnkjh, wGhwiwwmbnth, dhwih hGwpwnp, hwyw-
uwnpwhGwpwynp, wijwh L juwfuyw; jud wuwydwiwlwi:

{wjwump hngynud £ wyl wunnmwhwpp, npp unjuwy Ympdwpy-
dwl dwiwlwly wlywpiwinptl wnbtnh £ mGEGnd: OphGuly
uwhuwy qGnuybapny gywd wplnhg uyhinwy glnuy hwGhm
wwwwhwpp  YhGh  hwjwuwnh:  dwjwunp wwwnwhwpp
pnniGjwo t Gwlwybp E wweny:

Uj6 wunwhwpp, npp udjw) thnpdwpldwbG dwdwGwy sh
Jupnn hwinbu quy, Ynyymd £ wGhGupp6 wuwwnwhwn:

OppGwy tpynt fuwnnuypGhph Ghndwl dwdwlwl wlhGup
t,np hwlntu jwo pbph mwppbipmpmGp hwjwuwp (hGh 6-h:
UGhGwphG wuwmwhwpp Guwlinud 66 U mwneny:

Mwunwhwplbipp Yogdnnd 66 wlhwdwwntnbih, ph ]y
duwdwlwyph pGpugpnui  Gpulp dhwdwdwlGwy 66 Yupng
hw(nbu quy:

Muwuinwhwplbpp yugimd &6 (phy funudp, bpb jmpwpwGyjmp
hinpdwppiul  dwdwlwy Yupon b Gptwld quy  gpwGghg
gwlljwgwopn L sh Yupnn tplau qui niphy nplt w)p wwnwhwp,
npp gpulg htn  hwidwwbnGih b W quwuwwhwpGhphG
wljulnu kb Gul dhwih hGwpanjnp ywwnwhwpGbp:

Gpynt  wwwmwhwplbp  Ynpfmd GG hwdwwnbnbih, btph
npulghg dtyh hwlnbu quin jh pwgwemd dynuh hwinbu
qunifi: Oppfiwml” Eph Ypwymd Ghp tpym hpwgwbhg, wuw
tipynwhg £ shwdwiwbwly Yupnn G6 fungly GpuwGwybnp:

ALA, A, wwwnwhwplbpp Yopmd &6 hwduwuwpw-

hGwpwynp, tpb ;4w hG;-np opytijuipy wuwwmdwnGhp, pp wju
Juid w6 wwwnwhwpp Jupnn b wdbih hwdwju hwiinbo quy, pwG
djnwip:

Gpynt wuwinwhwpltp Ynggnd 66 hwlwghp, tph gputp
wlihwiwwmbtintih &6 L Yuqind &6 |phy fumdp: WuhGpG A
wwwwhwph hwiwnhp wunwhwpp nu wjG E, npp Yuywlnu t
A -h wtinh yniGbGwine dhg:

A wwwnwhwph hwiwghp yuwnwhwpp Guiwynd b6 A -
ny:

“hgmp,  Awwwwhwph  wpyniGpnd fjungnd GG
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(ipwGwytimp, A wuwinwhuwph wpnyniGpnud* ny:
UGhwo Yynpdmd GG wjl wunnwhwpbGbpp, npnghg ﬁhl{lﬁj
hwinbu qup YJwhjwo st dmuhg:  buy  Yuhywy l{LUlS.q
wuwjiwlwlwl Ynydmd GG wjl ululmulhulpﬁbpn, npnlighg lihlm"
hwGntu nup Juhnjwo t yyjnwhg:
Ujdd wlglllp YuptnpugnyG qununhwph’ mwmwhwnh -
hwyuwlwjwuinipjul qunuthwph mumdGuwuppdwGn: ,g
Glpwnphlp, mGkGp ALA, A qqu-qqu;"

wlhwdwwbntih, dhwy hGwpuninp,  hwjwuwpwhGupugnp
wwwnwhwpGbph hudwfundp: Ghgmp, A ywwwhwpp hwnbu t
quihu npn2  A; wwwnwhwpGbph hbn  ShwupG: e A,
wwwwhwpGbpp, npnlGg hwintu qum dwiwGwl hwénbu t
quihu- Guwbl A wuwwwhwpp, Yngymd &G A wwnwhwph ¢
Gujuuwnnn wwjdwGabp: FhumwplbGp Sh wjuwhuh ophGwy: 1

Glpwnphp, vunhnph k9 Yw 20 qlwly, nphg 5-p° vy, -
7-p" Ywpdhp L 8-p ul: A wuwnwhwpp wwhnphg gl hwitgG -
L: Ujunbn plnhwlnp Gptph pip hwjwuwp £ 20-h; Uyhnwy
qlnuy hwtint wwnwhwphG Gwwumng bpkph phyp hwywuwp
t 5-h, ywpdhpGtphGp' 7, huly ulhbp' 8:

Spywd A yunwhwph hwGnbu quym hwjwGwlwGnpmip
plnniGdwo t GpuGulby P(A) P, hGwpuinp biptph plnhwnp
php’ n huy Guuuwnn bGpbph phyp m: Wn nhwpn
A wunnwhwphG Guuwuwnnng Gptph pyh L hujwuwpwhGu-
puynp  wwwiwhwpGbph  Gpbkph  plghwGnp  pyh hwpwpb-
pmpjmGp Yngynud £ A wunwhwph hwjwGwlwngjnG:

UGy tiu np, pun vwhdw 6wl P(A) =p= m
n

Uw wwwmwhwph hwjwiwywlnipjui nuuwul
uwhdwlnudG L: '

5 1 7

{hpp nhunwpyguo ophGwynd Py =—=—~ P, =—,
_8._2
720 5

Llwwblp, np gwliugwd A wwuwhwphG Guwunng
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wuwjiwGGkph m phyp pwyupupmd t
0 < m < nwihwjuwuwpnpjulp : <Gmbwpwp, ywwmwhwph
hwjuwlwyuwlinpymbGp 0<p<1t:

E hwjwunh wwwwhwph bhwiwp m=nb, hmbwpwp,
P(E) =1, huy UwlhGuphG@ wwunwhwpp hwiwp m=0L,
htimblwpwip P(U) =0:

Muunwhwph hwjwlwlwlnpjuli vwhdiwimdb wybih ywupq
nupé G hwdwp gphunwpyblp Lu dh ophGuwly:

“Ythgmp, Gwnnd GGp  fuwnonuypGhpp:  bGn®dG  t
hwjwGwlwlnipjnilp wjG pwGh, np pwgywd pytph gmiwpp
YthGh 8:

QwywuwpwhGwpwynp bipbph pGghwGmp phyp YihGh
n=6-6=36

wwuwnn bptpp YhkE (6, 2), (5, 3), (4, 4), (2, 6), (3, 5)

) m 5
wjuhlpG' m =5, htmlwpwp p=—=—:
n 36

UdUvuutuvikesnkruuCh GAMIULUTL O6ENLEUT

Glpwnnklp, niGtiGp Gpym wihwiwwmbnbh
wwuwhwpltp® A L B: Uyu bpym wuwunwhwplbph gmdwp
Yngynmd £ wyG C wjuwwnwhwpp, npp wyn ywuwhwpGbphg gnib
dbhh  bBplwlG  qum  dhp [ Gpym  wGhwdunntnbh
wwinwhwpGph gnuiwpp Gulwlmd &G C=A+B Juil (A Juwd B)
wmbupny: Gpym wwwmwhwpGbphg yud A-p jwd B-h wbnh
mGtGwm, wjuplpl npwlg gqmiwph hwjwlwljuinp)mip
(pwlwlytGp P (Gud A jwd B) L hwygtlp wjl: dwjwuwnh L
htinlgyuy ptinpldp, nnp Yngynid t ptinptid
hwyjwlwlwlmpymbitph gnuiwph SwuhG:

PENNGU.- Gpym  wihwiwwmbnbih  wwwmwhwpltiph
gmuiwph  hwjwlwlwuwlmpymbp hwjuwuwp  E wnwGdhG
wuwwnwhwpGiph hwywlwlywlnipynGatph gnudwphl, wjuhGpl P

_(quu A Ywd B)=P(A)+P(B)

UMUSAR3S.- Ugmp, P(A)= L, P(B)="2: pwip
n
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np A L B wwunwhwplbpd wibhwdwmbnbih G6, waw giwpbph
npighwnp  pyh  nphypnd  dhwdwdwGwy A L B
wwnwhwplbphl Guuwuwnnn nwyptph phdp hwjwuwp t 0-p,

huy ywd A Ywd B wwwwhwph hwinbu quqmb Guwuwnn

nbwpbtph phup hwjwuwp £ m; + m,: <bnlwpwup’
my+m, my m

P (Lud A yud B)= 2 —p(A)+P(B):

U6 hGs wyuwhwGeynud tp wuwgnighy:
Liwb dLny Jupbh b pnptidG wwwugmghy gullugwd
puny qnudwpbihGaph hwdwnp.

P(A Jud A; Yud.... jud A)=P(A)+ P(A)+ . HP(AY)
Y P(zn:Ai) = iP(Ai)
1=1 i=l

U;jdd nhuupytilp A b A hwlunhp wwinwhwpGhpp: ©ny
P(A)=p iy P(A)-

LwiGh np thnpéwpliwl dwiwGwy nbnh £ mGhimd jud
A Ywd A, mun A+A-p hwjwunh wuwwawhwp
<tnlwpwyp , P(A + Agz P (lluni Aljud A):1 :

Q-nuiwpiiw b phnpblﬂ] huniwdw Jﬁ‘_

P(A+A)=P(a)+P(A)=1

wyuhlpG p+q=1,npntinhg q=1-p

GSHUULL.- bBph  ALA;.., A, wwunwhuplhpp
Juqimd LG
hwjwuwpmpmbp

P(A,)+P(A,)+..+P(A,)=1

uMusNE38.- LwbGh np AL A, .., A, wwwnwhwplbpp
Juqinmd &6 phy junwip, nwinh gpulghg dbhh hwintu quyp
hwjwuwh wwwwhwp b {Enlawpup,

P(A, Jud A; Jud.... jud A,)=1
Qi Ywup dluwhnfubim] gnuiwpdwd  pnptth hwliuldwjﬁ
JunwGuGp Yepnhhzjuy hwduwuwpnpymGp’
P(A,)+P(A,)+..P(A,)=1:
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phy  lumdp, www  wolw b hbnlgug

MUBUTLULUTL LULULUGTLAREB3ARLLEL:
JQUAULUUTLNMO3NFLLERD AUQUUMUSUUTL
ELNLGUR

Ut6p wpnhG ghwtiGp, np A b B wpuwmwhwpitipp Ynnjmd
L wlywh, Gpt A ywwuwhwph hwinbu qumnt hwjuwiwlw-
(mpymlp Yuwhquo st wyG pwlhg, pt B yjuunwhwpp ntinh L
nGbghy Qud mbnh sh mGhghy:

Glipwnpbblp. vwihnph dbe Jw 10 hwwn ul L uyhwwy
qlnquiytp: GGpwnptGp A wwwuwhwpp vwihnphg uuhnwly
qlnuy hwibG b, vuthnph dty Yw plgudtip 6 hwn uyhunwy
qlnuly:

Wn ntwpnd P(A) =

uwihnpp b png B wywwwhwpp (hGh Gpypnpng wlqud uwiinphg
uynnwyy qGrpuYy hwbip: Mwpg b, np wyu ghiypnd GnyGytiv

3
3 : Qwlwd qlinuyp Gnphg qgtlp

P(B)=§: A L B wwuwwhwplbpp vy ghypms  wiwju

wwunwhwpGbp G6: Uh thnpp thnfublp wju fulnph wwydwGp:
‘Lnphg bGpwnpblp, np A wwwmwhwpp uvwiinphg uwhuwwly

qlnul hwGbil t P(A):% hww GwljwGnipjuip: Lwlywo

qlnup sytpwnwnpdbtip vwding, L pog B yuwwwhwpp Gophg
1hGh vuwthnphg Gpypnpg wiqwyd uwhmwy qGnuly hwkyn:

Uju ghuypnid P(B):g, tiptit A wwwwhwpp wmbnh sh

5
mhtgh), U P(B)z;, tpt A wwuwnwhwpp nmtnh . mbbghy:

PGyybu mbulmd Ghp, B wwwmwhwph hwjwlwywimpimbp
Jwhjwo t A wunnwhwph wmbnh mGbGwng Juwd  wbnh
smibtifwng:

LViwl whwyh wwmwhwplbpp Ynpgmd 66 Yujujwy Jud
wuwjiwlwlwl ywunwhwplbp: Mujdwliwiui ygunwhwpibph
hwjwlwlwlnpjuGl t; pypmidwd t wijwit gupdwiwlwb
hwjuwlwyulnpymi U GuGwuyty P, (B): Uwpnugynd  k
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wyuybuy. B ujunwhwph hwjuwlwywbmpymbp A-h wbnh
mGEGwnt yw)dwiny:
U)Gwtu np Gwjunpy ophlwyhg Yupnn gﬁp qnbil.
5 6
Py(B)=25 Py(B)=3 =

bpt A L B wwwwhwplbpp (h66 wiljwfu, www wupq t, op

PA(B)=P(B)

PHNAGU.- A L B wwwwhwp6bph shwdwiwGwy hwigbu qunt
(hwiwwmtiniw ) hwywiwlwinpymp hwjwuwp £
A ywwumwhwph hujuwlwywinpywli L B
ypwuwhwph wwydwwlw hwjwliwywinpywd,
wpnwnpwihG  hwyquwd A wwwnwhwph  wnbnh
mGtGwnt wpuydwGny.

P(ALB )=P(A)-P,(B):
UMUSNF38.-Ghpunptifip, hGwpwynp bpbph 1 plghwlnp
puhg A wwwwhwph hwnbu qumb Gywuwnnd LG k byphipp,
nphg £ wwjiwGihp Gywumnmd &6 Gwl B wwuwhwnh hwinbku
qumfi: Wn ntypmdi A L B upummuhwplGiph  Shwdwdwlwl
hwinbu quymG Yhwywunbl £ ujwjiwGGbn L Jwpnn blp qphy

14 k 14
P(ALB)=—, puyg P(A)=—; P,(B)=—":
n n k :
14 {L ¢ k ¢
—-p Ghpyujugflitfp hbnbyuy wmbupny). —=—7-=—-—,
n n n-k nk
wyuhGpd  P(ALB )= P(A)- P,(B) UL puqiwyunyiwi

ptinpbid G wupugmgyud t:
Wu pwlwdbp Yhpwetlp B L A wpnwhwjnmpywb
GYwwniwip. P(Bh A) = P(B)- PB(A) : o
Wu tpym pwGuwébbiph dwfu dwubpp hujuwuwn b6 npwtiu
dhlbny6 hwdulwlwlmpymG, htnlwpuwnp, hujuuup 66 Gub
wg dwubpp: Nwnh Yupnn Glp gpby htuntjw) hwjwuwpnipym Gp’
P(A)-P, (B)=P(B)-Py(A)
P(A)-P,(B)
Ujuntinhg’ PylA)=—77F—:
Jjuntinhg B( ) P(B)

UwuGuwynp nypmd wju ptnptip Juplih © l{fxpu‘mbl'ﬁ'ulh‘
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wlijwfu yuwuwhwplbph Gundwdp: Gpt A L B wyuwnmwhwp-
GhpG wilwiu bG, www PA(B)z P(B) L puqiwywunliwh
ptinptdp YyplnmiGh htnbyuy nbupp’ P(A LB )= P(A)~ p (B):
Uydd tlpwnntlp mGhGp A, A,,...,A, wwuwunwhwpGkph
nhy funtdp L ppulghg wnw@dhl vh B wwwmwhwnp: Mwhwieynid
L hwpyb wil pwGh hwjwGwlwbnipynbp, np B yjuunwhwpp
hw(inku Ygqw Ai(i = 1,2,...,n) wwwwhwplbphg nplt dG4h hbw
dhwdwdwbuy: UyuhGpl hwytlp | :
P(uwd A,,B ui A,,B Yud..jyud A, ,B):

<wywGwlwinipjmGitph gmuiwpivwG ptinptth
hudwéw)G Yupon bGp qpby | |

P(yud A,,B yus A,,B yuid..quws A, ,B)=P(A,,B)+
+P(A,.B)+...+P(A,,B)= iP(AiB):

fuqiwwwnliwl pinptish hwdwdw)6
P(A;,B)=P(A;)-P, (B)

Wu wpnwhwjynnipynibp nbtnunpbny Gwjunpny hwyjw-
vwpnipjwl Gho Junwiwlp

P(B)= 2 P(A, B)= D P(A,) P, (B)

Uju pwlwdlp Ynplmd b jppy hwdwlwlpulbmppul  pu-
Gwdls: ' '

hMNEGALLG P LUJULUTTLNME3NFLE : AU3SEUD
fdLURGIL

Yhumwpyklp A, A,,..., A, wihwiwntnbh guuonwhwp-
isph nhy junuipp, npnlg hwlnbu qunt hwjwlwlwlmpyma-
Gbp6 u6 P(A,), P(A,).... P(A,):

B wwwwhwpp Ywpnn £ wmbnh nGbGuwy AL A, A,
wywwwhwplbphg nputk  d6gh  ht, npnGp  Yngymd GG
hhuynptiqatip:

Lphy hwjwlwlwlnpiniGitph pwlwduh hwiwdwyi B
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wwwnwhwph hwntu qum hwjwwywGnpymbp YihGh
P(B)=} P(A,)-P,, (B)
k=1

CGynGLGp, np B wwwmwhwpp wntinh £ mGbgt: U)6, np B-ﬁ:
wbnh t mGbgty yhnpup P(A,) (k =1,2,...,n) hujwiwywen-’
piuGGtpp:  Mwhwloymd Lt npmpty  wyn hhunphiqGtph
hpwjwiwgiwl wwjpiwlwywli hwjwlwlywlimpmGiapt w)6
tGpwnpmpjudp, np B wwwwhwpp wntnh & mitgl), wjuhlp6*
npn2bty Py (Ak) (k = 1,2,...,n) hwjuGwywlnpmbatpp:

Luqinyuwwnyiwb wlnGh hwiwdw)6 unpnn Ghp qptig

P(AkB) = P(Ak ) Pa, (B) = P(B)' Py (Ak ) » nntinhg

( k)= P(Ak)'PAk (B):

P(B)
Uyu hwjwuwpnipjub dte phy hwywGwlwlimpymGGtph pwﬁw-‘
4dLhg mtnunpting P(B)-h wpdtipp’ unwGwip ,
PA, )P, (B
P (A)=— )Py, B) (k=12,...,n)

ZP Ai)'PAi (B)

Uju pwlwdlp Ynyymd bt hhuynplqGtph  bwjwlGwlwlmpjul
pwlwdl Yuwd Puytiuh pwlwdl:

MUSWUCh UL UYULNMI3UL
UsL UuuunruLGr

1. 6oeULUQUOAULUL LUJULUYULAMENRMG. -fl-[xgmp,q
nuGtiGp th Yytipowynp D whpmyp, nph dwybiptiup hwjwuwnp b S-h:
GGpunptilp D, whpnypp yuwwuwlmyi & D mhpnljphﬁs
nph Ywybptup hwjwuwp t S, -h (g9.50 ): Fwh D whpnypg
(nmd tlip hGs-np Gnipwiui Ytin: Qanflby
hwjwlwluwlmpimbp wjd pwbh, np Gndud Ytwp YpGyGh D.
whpnyyph dby:
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UULUULNOM .- Munwhwph
Lpypwsuhwljw G hwjwGwlwGn-
pjnl ynyymd t D, L D whpnyplGhph

% dwypbuGbph hwpwptipmpjmGp:
Gpbh D, whpmypp pGYGEm

D ujwwnwhwnj

huwjwGwlwimpmGp ﬁzwﬁwllhﬁp
P(D;), wyw pun uwhiwGdw,

s
Q.50 P(D,)=

Llwwnbklp, np wju vwhdwlnuip sh
hwjuumd bhwjwlwwlmpjwli guuwiwli vwhdwiiwbn:
Lunjwiwywbimpimbitph  gniwpiwé L puqiwuyuwnyiwi
ptinptdGpp Yuwpyh bt Gdwl Jupgny dlwybpyly Gwb
tpypuwyuhwiwl hwjwlwluwimpjub hwiwp:

1. anruurulL eLOLGUD
“+hgnip, mGkGp D; L D; wmhpnypGbp, npnlp pliwo GG D
whpmjph dkg L hpwp htun 366 hwngmd (qd. 51):

q.5.51

Muhwgymd t npnptip, wyG pwlih hwjwlwyulmpynGn, np
GbwnJwd YwpdpGp YpGyGh Yywd Dy Ywd D, whpnypp: D, U D,
wmhpmypGhiph shwwnykip hwiwywunwufuwlimy L
wwwnwhwpltph wihwiwmbnbihnipjwl wwjiwGha:

P(D, ywd D)=P(D\+P(D.)
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2. puQuuUMUSHUUYL foebnNesun
1.6GpunptiGp, D wppnyphG wwwlwlng D,

whpnpp:
P(L D, LD)=P(D3)=P(D,)- Pp, (D.)

Qq.0.52
2. <dwlwju hwjwliwyuimpjul wbunipjwl wnwppbp
YhpwnmpymGitph vt Guwumwjwhwpiwp b hmd oquyby

wwwnwhwph hwyjwlwlwimpjui wjuuyliu nsjwd
Jhdwyugnuljul vwhiwblnuihg:

GGpwnptilp, qnpd mGklp Wtd pyny thnpdwpynmuiGtph htin,
wjuhGpG nhgnip mGhlp n pyny thnpdwpynuilbp, npnbn n-p
puduiwuwswh dEd phy k' Qhgnp, npulghg m  wlqud

m
hw(inbu t Yk mdjw; ywumwhwpp: Uyn giypnmd ngpulig p = ;

hwpwpbpmpymGp Yngymi £ yjunwhwph hwdwjuwlwimpymé:
Cwwn pyny thnpdtiph wpymbpGhp nhwnbkihu bppti6 Gwwmynud £
wwuiwhwph hwiwjuwliuimpjuli YuwynGwgnui, nph 2nipep
Juwmwpnui &6 m-[1 wndtplibph  wwnwlinuiftp: Ywymd
n

hwdwfuwlwlmpymGn pGnpnynn  phyp  htlg  Ynynui L
wwuwwhwph yhdwjuwgnulul hwjwlwlyjwinggmG: '

L Dy
whpnyplhipG mGbG pnphwlmp dwu, wpuhGplG, hwuynd li(i;
(q9.52): Mwhwbigynud t hwyytip w)l pwih hwjwlwywGnipymbp,
np Ghnjwo Yhwnp YpGyth L' D, h' D, wppnyplbpp, wyuhGpG' Ds*

3.Qnmpynié  mGh Gwl wwwwhwph hwjwlwluwlinpjwul

wpuhndwwnhly vwhdw G :
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Ubh RULDh SEAGUNM3NFLLER
UhUSNHMo-3NMLLELh SEUNRO-3NRFLHS

Qnympym€ mkG iptip nhyh dhwgnipymG6tp
1 .({Lupquulnpmp GGk,
2. StnuihnjumpymGGbp.
3.9magnpympymGGhn:
n wmwpbphg m-wjub lpuqﬁtlulb llwpqu[npmp]mﬁﬁbph
phyp Gwlwynui &6 AT L hwymy hinbyw) pubwéalny.
AP =n(n-1)n-2).[n-(m-1): .

m  wwppbphg  Yuqiuo nmbquihnfumpymGGhph  phyp
GwGwlynud &G P, -ny L hwyynud wjuybu’

P,=1-2.3-.m=m!

n wmwptiphg m-wlwl Yuqiguwd gmgnpnmipyniGakph phyp
Gowlwymd &G Co'-mf, L hwyfnd hbtwnbyuy pwlwdlom]
om A _ n(n—l)(n—2)...[n—(m—l)]= n!

P 1-2:3---m m!(n —m)

m

LLGLJNA ULU U MUSULULUER

{wywlwlwinpjwl nhkumpjub ywwn YhpwnmpmGGph ke
npnwhh wtin mGkG YplGynn wiwis ywwwhwplbpp:

GlpwnntGp, ywwnwmind t n hwwn wilw YpyGyny thop-
dwpynuiGbp: Mwhweymd t qulh wyl pwGh hwjubw-
YwGmpymbGp, np wyn n thnopdwpynuiGhpp duuiwﬁulu A
wwwwhwpp hwintu Ygw m wliqu (m < n)

A ywwwhwph hwinbu qum hwqwﬁwuwﬁmpjmﬁn uky
tinpdwpliwb dwdwGwy G;wlwykGp P(A)=p, hul ngpu hwbigku
squnt hwuGwlywingpmiGp P(K): q=1-p: Wh pwip hwyjw-
Gulw@mpmbp, np n thnpdbphg m whquy hwinbu fow ngwod
wwuwhwpp GuGwuyklp P, -ny:

Thunupytlp dwulwynp nhwpbp: GGpunphlp, n =3, m=2
L hwptp P,5-p: Mwpq t, np A wwwwhwph GphGuyh hwinbu
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qup juuwd & A wwwnwhwph it wiquyd hwinbu qunt htiwn

L wynyhuh Gp Yihlh htnlyw) hGwpwynp giyptiphg dkYGa@ m
dhlnud.

Jui AAA, Juui AAA, Juwi AAA
Uju pwpn wuwwnwhwplbphg jmipuwpw6sniph hwdwGuyjw-
(impjnilp dhulnyb ppyG t, npp Juptih £ npnpty puqiwywm-
w6 pinpldh oqlinmpjudp.

PLALALA)=PLALALA)=PLALALA)=pZq
Gmiwpiwi pinpbdh hwiwdw)G
P(AAA (s AAA i AAA )= p?q + p2q + p2q = 3p?q
Uydd tGpwnptiGp n =4, m = 2: Uyu nhypni hGwpunnp LG
htinnlyuy llndphﬁwghwﬁhpn
AAAA; AAAA; AAAA; AAAA; AAAA; AAAA
Pwqiwywinlpiwb pinptaih hwiwdwy G
PLALALALA)=PLALALALA)=...=pq?
huly gnuiwmiwG phnptaihg
P(AAA A i AAAA i ....)=6pq?
Puyg 3=C3;6=C},

htwnlwpwp Py, =3p’q=Cjip’q; P, =6p’q®=Cip?q?
ydd hwyytlGp bunjuwGwlwlmpymbp wyG pwbh, npn
ynyGynn thnpdbph dwdwlwly A ywunwhwpp hwinbu g m
wlqui npnpwyh Yuwpgny, ophGwly hbwnbjuy vlubdwjnud
Ghpluywgywd upgm] AA...A A.A:

m n-m

2

m _n-m

Uju hujwGwlwGmpyniGp hunjwuwp ) hGh p7q " : n wmwpphg
Juqijwd pnnp ufjubdwbtph phyp, npnGg dt9 A wwinwhwpp
hwinbku L quhu m wGqu, pwjg wmwpptp puuunnpoipjudp,
GhGh CF: Uxn  wwwbwend, hwiwéw)i hwjwlw-
JulnpynGatph gnuiwpiw ptinptaih upnn Glp gnpbiy
n! m
=Cnmpmqn m pmqn
" m! (n—m)
Uju puGwdlyp Ynynud t LtnGnyhh puGwél: Wyu puGuélh
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w9 dwup UnunnGh tpjuwGgudh Jupmompjwl pGohwGnip
wlnwdG t:

(p+q) =p" +C'p"'q+Cy?p"7q” +Cy7p" g 4.+
CZ 2 n— 2+C|pq +q ,-_—.1’pu]ﬁl] nn p+q=1'<hthqulp’

Yupnn hﬁp qphi’
P, + Pn_,,n +Pn_2,n +..+P +P +P, =1,

wJuh(ip(i‘Z:Pmn =1
m=0

Uw  htwnlw6Gp £t wyl pwGh, np hwdwyumuuuwG
wwunwhwpllpp Juwquind G6 iphy funwdp:

P.=Crp™q"™ *#m)p’"q" " hujwlwlwinpymGGbph
hwiwhimdpp Yogynud t hwjwlwiwlmpjniGihph  puyfudwG
phlindwlpub ophbp:

LwjwlwlwlmpymbGitph pwhupdwl phGniwywb opklpp
hGwpwynpmpymG L wnwihu npnztim A wwwwhwph hwintu
qunt wikGwhwjwGwlywb Gpkph phyp:

Opptiwly.- ‘Yhgnp, hpwdgmpjul dwdwlwl Gwlwlybwp
fungtijm. hwjw GwlywGngpymGp hwjwuwp t 0,8:

Qwpyty ph, hGsh® & hujwuwp wyl pwGh hwwGwlwbngpmGp,

np 6 wiqwd Ypwlbtm wpynlpmd  5-p Yungh Gubwltimp:

UQjuintip n =6, m =35: <dwdwdw)i phGniwlwi pw)fuiwd
optlph

P, =Cip’q; q=1-p=1-08=02
6-5-4

0.8)’ -(0.2)=0.
12345( ) -(0.2)=0.064

56
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- MUSULUUUL UGDNMo 3L G LU AUCUNRUT

<ujuwlwlwlnpjul wbunpjul dh9 wnwlgpw)hlG Ll
Wuwunwhwlwl dtdnpjnilGitpp L npulg pwyfuiwb opklpGhpp:

Mwuwhwiwld  dkonpymGGbp  Ynyymd GG wyG
WtompymGGtpp, npnp, GGy thnpdh wpymGpltiphg Yuwpnn LG
pgmGh; wyu jud wyG yuunwhwlwa pyujhG wpdbtplbp: Gph
wuwumwhwliwG dkompyniGp pligniGnud t hwonppuijul YnGlyptin
pUwjhG wpdtipGp, npnGg phyp Yupon tjhGbg hGywbu yepguiynp,
wjlwbu £ wlytpg L hwynGh t Gwlk ympwpwlyymp wpdbph
huwGntu qum  hwjuwlwlwlnpymGn, www  wymyhup
wuunwhwlwl dkonpymGp Ynpymd bt ghufpbm gunwhwljpul
dtompm: '

W6 pmGyghnGu) Ywpuquonpymbp, npp Juy b hwunw-
uinud ghulptin Ywnmwhwlwl dkompjwb wpdtpGhph L nmubg
huwdwyjwumwuppwé  hwywiwwimpniGiuph Shel, Ynsgymd t
wwwwhwwb dompywl {wywlwlulinpmbiiph puppniub
oplilip: ' - ‘ -

Qhuypbivn ywumwhwljul SEompjwl pwjupdwl opklpp
Gywunwywhwpdwp & uw) wijnunueyh mbupny ;

o Unjnowy 10

X ‘ xl x2 x"

p, 2 P,

u,a Ywpkih t wmw] (wk  wlwhwnhYynpbi
p;, =f(x;),(i=12.3,...,n,..) Lqnubhynptl” hwjwlwluwlimpjmd-
Gbph puwpfwiwl pwqiwllyjuG nbtupny, tpp YynnpphGuwwnGhph
nnquGymG hwiwyupgmy Juemgymd LG (xi,pl-) ynnprh-
Guunltp mGhgnn Ybnbpp L gpulp dhwgymd GG phljjuwgny
(@d. 53): W6, np X wuwnwhwlwl dtompymbGp YpGnmGh
X(sX5,00, X 5o hwgnpnuijulnipjulG  wpdbipGiphg  dhlp,

hwjwunh yuwuwhwn b, nwwnmph ywhnp b juunwpgh Zpi =1
i=1
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Yud ) p; =1 wuwyiwip:

i=1

A
P
| P,
P
o X, X, X, . .. X, x>

4-0.53

GnmpymbG mGeG Guwb wdlplphun  wpwnwhwlwl
dompymGGtp: UGpGohwn Yngymd t wyl X wpunwhwwG
utomp)nilp, npG hGg-np Showljuwypmd (YEpowynp Jud wiykpg)
wipGnhwwmnptl Jupnn E pgmGl pninp wpdtipGtipp: Mwpg &, np
wju ntiypmyd hwjwlwlwlimpymbGiph pwyfudwl optlpp YihGh
x-h wlplghun  dmGyghw: Uyn pmbyghwld plymGuo t
GpwGwyk] F(x)-nY, L wijwll wywwowhwluwi dtompjul
hwjwlwlywlmpmbibph puwyfuiwl pmlGyghw Yws pupyfudwd
flmbgnupupli pmibhghw, npp pwdupupmyd &t O < F(x) <1
wihwyjwuwpmpjubp:

Qhuypbn uwunwhwlyuwl dtonpjub ophlGuwyltp Yuwpnn LG
1hGby

1. Townnuypp Genbhu 1-hg 0hG;L 6 nput pyh hwinbu qup,

2. LGmpjuli dwiwluwy fpipmd nwwlnpGhiph  vnwgwod
gtipuquig qGwhwuwywGihph phyp L wyG:

buy wplphwn ywuwhwlwl dtdmpjwl ophGwlyltn juwpnn
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b6 (htby

I Ujwqwnwyh Gandwb nbnhg dhGsl quypteph Ytnp quo

htnwynpmpjmp,

2. {pwdgnipjul  dunfwGul qlnuyh funggwd wntgh L

(2wlwltnh dhol tnwud htinwynpnpniGp b w6

UlpGnhwn wuwwwhwiwl dEImpymGaspp plnipugpiwG
hwiwp, pwgh F(x) puwpfudwl hGnbtgpupuyhG SmGlghw)hg,
oquuugnpdmud Gl Gwl pwyludwl ghptptGghwpuihG optGpp
Juupwd hwyGwywimpyniGibph pwpudwl funmppul htn:
Wi (p(x) dmbyghwi, npp wpmwhwpnn bt hwjuiw-
YwlnpymGGtph pw?2hudwG funnnmip G, ynsymd k
nhipbptlghwiuhG PniGyghw b hwguwuwp £ @x) = F'(x):

Gnympyml nilbG unmwhwiwl dkdnipymGGeph hwjuGw-
JulmpjniGGph pupfudwh htnbjuy mhuh optiGpGtip.
1. Shiniwjwl pwyfudwl optilip. W)G optlpl t, pun nph
hwjwlwhwbmpmiGaph  pwfumip vipynd  t BtnGnyghp

pwlwétny P, =CP"q"™:
2. Quwywuwpwywth pwyjudwb optip: UjG opkGpG t, nph
hwjwlwlhwlmpnGGiph  punmppuld pmbighwl npnyynad t
htinlyw) dtny*
0, ipp-0c<x<a
(p(x)= —I—,hppa <x<b
b-a

10, pp b <x < 400
3. QwywwhwlnpmbGGeph Gnpdw) pwfuiwl optiGp Yuns

Lwwjwuh oplilip: Wyju nhuypnmi funmpjwuG (p(x) ImbGyghw@
npn2ynud E wjuwbtu’
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4. Mnuwunlh pwotudwG  opklp: Uju ntiypnud
hwyjwlwhulmpynGGhiph  pwfudwb optiGpp qpynid £ hbnlgyuny
Ytipuy. -

A

m!

P

m

MUSWULUL U0 NMo3NMLLELD B U3hL
fuirouaLeee
Munnwhwliwi JEdmpjul pwyjumdp pGnipwgpnn Juplnp
dbhompymGGtphg b Gpw dwpbdwnplwluw b vygwunadp:
“hgnip, niikGp ghuyptin Wuwunwhwuwl dhonipnil’ npgwd
hp pwpfudw G optiipny.

o Ungymiuwly 11
X X, X2z X3 ves Xn
P Py D2 D3 Do

UUULNMT- Mwunwhwul dtompjwl dwpbdwmpiwliwi
vwwumd Ynpjnd t Gpw pnnp hGwpun|np  wpdtpGiph L
hwiwwunwupuwl  hunjwluwuwlnipmbihph wmnwngpunGhph
qnuiwipp:

x uuwhwwl dkompjuwl Jwptidwmhhulwl uvwwunuip
plnnuGgwd b Gpwhwlt M[x] -m] yws m_ -ny, tppbd6 X -my;
U)Gwbu, np punn vwhdwGdw G

MIx]=x4ps +x2p2 +...+ X, P, =Zpixi :
i=1

CGn npnud wjunbn Yuplnp b dhyw hwydh weGt, np
Zpi =1: bpt wwunwhwlwl dhonipyniGli plgniGnd bt wlytipg

=1
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puny wpdtipGbp, wyw M(x]=) p;x; L > p, 2wppp whwp t
i=1

i=1
qnigudhwp 1-hG:

- Muunwhwijui dhompjuwl dwptidwmhuyul wywunil
mbGh wynp dtompjul dvhehl wpdtiph hdwum: Uwmwbwlp
dwptdwwmhljuljul uvywudwb b dhehl pjuwpwGulwbGh Yuwp:
Glpwnptlp, pt Juunwpwod t6 d6o pyny thnpdwpymiGtp (N):
Cln npnd hwjwGh t, np x uwmwhwlw6 dtonipjul X, wpdtpp
hwénbu £ b4t n, wlquy, Xx,-p° n, wlqud, X, -6 n, wlquad:
UWn piypmd dkGp Yupnn tGp qpbj, np X deompjul thohl
pywpwlwljwbp YhGp*

XqNy + XaNp +.o.+ X N n n n
1 272 k "=x1—1+x2—2+4..+xk—‘=
N N N N

k
=X{Py +XgP; + . X, Py = D X;p; =M[x]
=)

X wuwunwhwiwl deompjub dwptdunnhyuuwl uvywunnip
UYnsymud £ wyn  dwompywl hwijwlwluwlnpnibbph puwsfudwl
GbbGwpnG: Uju widwlmdp dngjwo bt «owlpnipjul YhGumpnt
wlijwliwG GSwlmpjunip: Gpt OX wmuligph X,,X,,....X,

wpughultpi mGtgnn Ytnbpmd ntnuwynpjue GG p,,p,,...p,

ququoltpp, wuyw hwpn6h t, np wyn qulqiuobtph
owlpmpyul YtGnpnGh wpughup npopjmd b htnbguyg

n
Zxkpk

pwlwdlmy, x, =¥l

k=1

Uljwwnh mGkGwiny, op Zpk =1, wyw x, =Z:xkpk :
k=1 k=1

Uju pwlwdbp wnbupnd hwdpGlyini t dwpbdwwmplhuywd

147

uyuwuiwl  pwlwdthG: Gy wjuwbu, hwunmwndws b, np
qulqywattiph owlpmpjuwl YthwnpnGp L Jwpbdwwhljuywb
uwquunidp hwydymd 66 hwiwldwb pwGwdbtpny: Wyuntinhg by
«hwjwlwlulnipymbGtph pwptuiwb YhGnpni» wigwGnuip:

UlUetUUShyUuluvy UNUUUUL <USUNkMF3NrL LGN

1. dwumwnmbh dwpbdwwnhliujul uvywundp hwjuwuwnp k
htg hpkG' M[C]=C: |

2. bpym wljwj wuwunwhwiwl dhompymlibph gmdwph
dwptdwmhiuwlwl uvwywunip hwjwuwp Lt wnwldp6
gmuiwnptijhGph dwpbdwwnhyuwywl vwywunudGbph gnudwphd.
M[X +Y]=M[x]+ M[Y]

3. Upununpuih dwpbdwwmhiwiwl uwwunwip hwdwuwp L
wpwnuwphs Ghiph dwpbiwwnmhlhuwuwb uyywunmiGbph
wpunwnpjuiha. M[X . Y]= M[X]- M[Y]

MUSWULUUL UGONHMe3UL HhUMNGAURUTL GO
UhQbhL LUAUUNRIUSEL TEANMT

Uwptdwnpjuiul uvwywunuip wywwwhwliwé dGonpjub
pnpnydwl dhwjl pwjwpwp wwpdw6 t, pwjg GpptiG hwpl b
thGnud pdwGw) ywwnmwhwwl dtdnpjub wnwGdhG wpdtipGtph
innuip  Gpw  dwptidwwmhjuiul  uywumidhg Jud  dhohG
wpdtiphg: Munpt wihpwdbymmpynl £ wpwewln dinghitjm
ywunwhwlwl Jdtompjwl wpdtpltph ppblhg dwptdwwmhp-
Juliwl uwywunwihg mbhgwd tniwl qunuihwpp, wjuhGpG
X=X jud X; —m,:

UULUUULNM.- X yuwwmwhwlwl dtonpjwl ghuwbpofuu
nyymd t wynp wwwowhwiwl dtdmpjwl b Gpu dwptidunnh-
Juliwli uvwywuiwl wmwpptipmpjul  puwrwlnum  Gwpbdw-
wnhlpujwi uywunidp: ‘

MNuunwhwluwl dhonipjub ghuybipuhw6 GwGwymd GG D[x]

Ly Gi:
Wby np, pun  uwhiwGiwG D[x]:Ml(x—i)zl Jud
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D[x]=2(xk - mx):Z Px =°5
k=1

bph  dwpbiwwpjwhwl uwyuwumip apppmd L X
wwunwhwjwl dtompjul hwjwbwhwlmpyniGitph puwfuswi
ytGwpnlh nhppp, www ghuwbtpuhwl yuunwhwlwé dtonpjub
wpdtpGlph’ hp Jwptidwwmpyuwlwl vuyywunuihg mitiguwo gpiwd,
uthndwG pjwyh6 pGmpwghnb t: '

Qhuytipupw b mGh yunwhwywb vhompjuG
pwpwimom swihwijwlmpymb: GpptiG, gpmip pGnipwgptine
hwyiwp, wytih hwpiwp t oquity wyjGuhuh dEdmpymbGhg, nph
sunhwiwGnipmbp hwipGhimi &t ywuwhwjwuwi dGdmpwa
sunhujubmpyubp: Umuhuh dbomp i bt dhphl prunwliniuuhG
2bnnudp: ’

UULUUULOM-  NMwuwhwiwl  dtompjuG  dhohl
pumwiniuwhG ptinmu Yngnid t Gpu nphuwtipuhuwjh pwnwynuh
wpiwng o, =Dx]= 1> (x, ~m, )’p,

k=1

Ophlwly.- x wwuwhwywl JdGdmpmip wpuwd
htulgwy puyfuiw optlGpny:

Unmuwy 12
X 2 3 4
p 0,3 0,4 0,3

Opnoby’ 1) Swpbdiwwnhijuijwb uvywunnip, 2) ghuytipuphwa,
3) thohf puwnwyniuwghb pGnnuip:
LORSARU-1. M[x]=2-0.3+3-04+4-03=3

2. D[x]=(2-3) -0,3+(3-3)-0,4+(4-3) -03=06

4. o, =+/D[x]=+/0,6 =0,77
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