












































llbwu'g.Jwlft bpljf1Wlwi/Jwljwli lfbljliwpwlintp)lllfi[!: 
l!nJ7ft ;n;wt.fmiJft hwljwuwf1mtfp 

'1-pgrup, mptJ.wi"l t up L 4_np, npp hwtJ.wuwpmuG t ' y=f(x) L 
Gpw 4Jlw u.fl Mu(Xo,Yo) l{bm: Xo-flli UlWGJ2 tlx lU6 u Xo+ X ijbmm.t 
mwfibGp oy wnwGgp)1fi qmqwhhn nuuuf uflli~u qpw:t>fll.J.p hhu1 
hwmuwG M 4.htn[! (qc}.21): M0 4.bmml tmuul:ili}2 4_n(tp MoM 
hwtnnrl[l L MuT zn2wlflnrm: uGpwqphfip tix----+0: 

lijt) ql:iuu:mnt M 4.htn[!, zwrct~html llfiJlp tUtWJmJ., 4_aqmtl 
M11 4.hmpfi: <.l:imuwpwp, MoM hwumrl[l, L4tntntJ.I:itntl Mu ~bmj1 
zmp~f!, 4.6qmfl q.pmtJ.ht MoT Jnzwtlmllll llPfl~f! u <p wGltJntG[! 
4_aqmp a- flG: liJupGpG' cp----+a u tgq>----+tga : 

T 
y 

y=f[x) 

0 Xu X 0+L\x X 

Q.()-.21 . 

U)mu ~nqupg, tiM0CM-pg 4wpnf1 bGp qpbt' ~~ = tg<p L 

WJU hunJ.wuwpmpJwG Ub}l wGgfibtmt uwhUwGp, hpp L\x~O, 

4_umwGwGp' lim 
6

Y =lim tgq> = tga. 4wu · y' = tga.: 
w.~o 6x ru._.o 

~WJQ tga. -G zn}wlfmrtll wG4JmfiwJpG q.npb'w4flgG t, npD, 
(!GqmGtJ.wc) t uzwGwl.J.ht k -mt: OtpMG' y' = k: 

liJupGpG' .'pmG4g.flwJ}l wc}wfigJWU! Ln4.JWL l.J.bmmu 
hwtJ.wuwp t 4npllG WJI) 4.hmmu mwpwc} znzntflnrtll wGltJmGwjpG 
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qnpbUI49f1G: 11-pwGmu t hbfig wbwfigJWtP bpl{(lWil.Utftw4wG 
puUluUll!= 

liJOU L!wquhGp l.J.npp mptl_wc} Mo(xu,Yo) l{bumt.j wGgOnq 
znzwlflnfllt hwtlwuwpnuSn: <.wjtnGp t. Ofl mptJ.wb 4hmnt.jwGgGntl 
mqqll hW\JWUWflnUi(i ntUfl hbml•JWi tnhliJ2J.f 

y-y 0 =k(x-x 0 ), 

npmbrf k-6 wGltJmGw.JJlti qnJtawqpgG t : Uc}wGgJWlP 

bpltJlWlWtPWI.J.wG puwutnllg k = y'lszx., = f'(x 0 ) : ..(bmLwpwp 

lDlUllltni\P hwtlwuwpmup 41tlup· y - Yo = f'(x 0 Xx- x
0 

): 

:bmOljgftw;ft IJ/7./Jbpbfigb!ftmp;mfil! 

Ubq wpiJbG hwJmGjl t. np :pmGl{gpwG l.jnztl.mu t 
qti!pbpbfigttr. mptJ.w() ltbmnui, bph WJI} I.J.bmmu WJO mGp 
wbwOgJWt: <,pow W1.4W~lnLQhG~ up phnpbU, llfll} 4W1.4 t 
hwumwmmu .'pmGI.J.g)1tUJjl qp:pbpbGgbijmtpJwCi 1.t wfi(!fiq­
hwmmpJwfi uj19h: 

liJ-bnJ7btf.- Opb y=f(x) :}>mfiqgpwG qJl:PbpbGghllt t x=xu 
qbmmu, Wutw WJI'} ltbmnu.i UlJfi fiwL wfi{!OT}hwm t: 

UUjwgm;g.- Qum lllWJUWGp, !l>mGI.J.g]lwG qjl:pbphGgbijt t 
Xu ~bumtu: '1-w tizwOwqmu t. np qnJmpJmG mG}1 

f'(x0 ) = fim 
6

y : Qum uwhuwfiGbpp mhumpJwfi ~mGqwuhG-
&:<-+0 6x 

mw1 phnpM)14wpnq bG q.phf 

: = f'(x 0 )+a, npmtr1 a~ 0 qwu, 6y = f'(x
0 
)~x +a.&: 

Umwgt.fhg up qwphnp pwGwau, np~ :t>mfi4gflwJp 
t.fhP9Wtl.np w61! wpmwhwjmmu t GttW wbwfigJtutJl up2ngnt.J.: 

-Rwap. np f'(x 0 ) -G npnzwl.J.p p)ltl. t La~ 0, w1.4w umwg­

tl.wb' WJU pwfiwoLpg hbmumu t , np hpp ~x~ o, GwL ~Y~ o, 
WJU})(ipfi' ~mG4gilwG wG(!GI}hwm t: 
m ~w4wqwpal!, uw4wJG, 6}12U1 ~t. :t>mfil.jgpwG qwrmq t 

4.lwt 4.hmnu1 tJlliht wGJ!Gqhwm, pwJg wbwfigJWt zntGhfiwr 

fipUfhu oppGwq q]lmwplj_bfip y = 1- if;! :}>mGltgpwG, npp 
qpw~ltl! utwmlJhpl{wc} t qc}. 22-mu: 
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-I 0 I 

Q-0.22. 

liju :f>mGl}g(lwG tuG{!I:it}hwm t [- 1; I) hwuutwot'l pntnll 

lJ.hmbpmu, ptuJ9 Gpw wowfigJWU! y' =-
1

2
r, x=O l.J.bumu~ 

3~x 

J. <wUU7WU1nLUj1 WOUJfig)WlJ!. 
'1-~gm~, y=C, npmb11 C-G hwumwmmu t: UJq qbumm t' 

gwfil.J.wgwb qpnJpg mtu(1pbp x-tl hwutufl L\y=O t. 

y' = f irn D.y = 0 : liJutq!mmL hwulllwmmG}J wowllgJtul(l 
A~ u D.x 

hwl}wuwp t <lflllJP : C' = 0: 
2. y=x 

liJU qbutpmu Gwl.t ppWfl hwl}wuwp ~tllfihG Gpwfig w6tpu· 
D.y 

11y=!ix l.t D.x = 1 , npf1 uwhuwGf! l.imJGUJhu 1.{~1Gp 1, wJu}lfinG y1= 1: 

UJU qbll.J.PntU wumu bfi, Of1JillJ1WpwG~JOifl 4.mt.lmfuw~wfi(l 
wawGgJtut6 I!Ulll GmJfi t}1mpnfuwl.J.wGtl hw4.wuwp t 1-p: 

J. q.nllfwpft WOWfig}WIJ! 
'1-t'lgmp, mGbGp y = u ± v , npmbJl u = u(x) -n l.t 

v = v{x )-t! qfl~bphfigbtiJ :}lmGl.J.gpwGbJr bG : liJu qhuwmu· 

y + D.y = u + D.u ± v + D.v , put{ !iy = !1u ± 11v L 

L!y = 11u ± D.v 
D.x D.x !J.x 
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IJ ' !1y f. ' ( L\.u L\.v) , 1 y' == dm - - = 1m - ± - = u ± v : 
Ct.x o D.x .\x o !1x 11x 

I 

UJu~GpG ' (u ± v) = u' ± v' : 
q.muwpp mawGgJWU! huH.l_wuwp t wnmGo}lu qmuw­

pbiltfihplt w<nufigJwtGhpll qmuwppfi: 
4. UpU1Wl)f1JWJ}l WOwUg)WIJJ 

l}.}lgmp, mptlwo t y = u · v, npmbtt u=u(x)-n l.t v=v(x)-n 

q}l~pbGgbtlt 4>ntl:il}gJ1wfibp bG: Oqt.m.fbtnt.l WOWUQJWlP nrnzuwG 
I!fiJ)hwGmp 4wGnGllg" l}wpnq bGp qpbt. 

y + !J.y = (u +!J.uXv + !J.v) = uv +(!1u)v + (t1v )u + (t1uXL\.v) 

D.y == {t1u )· v + (!1 v) · u + {!1u Xt1 v) 

!1y D.u 11 v !1u 
- =-v + - u + - · v 
!1x !1x L\.x !1x 

, o· D.y o· !J.u o· !J.v n· D.u y = <.~rn- = v t-lm -+ u.c~m- + <.~m- · !1v 
Ct.x-40 L\x !>x - •0 !J.x 11.~-40 ~X A., -411 !lx 

.QwG)l np L\x 0, <'lv-Q GntJUl4.hu oqmmo t qpnJfl , mum)l 
WJU wpmwhWjllllllfJWU t}bJ12llfi qmuwpbtiJG [!6qmJl qpnj)ll.t ubfip , 
l.j_m(ih(iwfip y'=u'v+v'u ~wu ( u · v) = u 'v + v'u : 

<awLwtip.- <t.wu1.11wmntli[! ltwpbt}l t qmpu hwGbt , 
wbruGgJWW fi2wGpg : UJup(ipfi" {c · u) = cu': lltlnp, Gw}unpq 

, 
pw6w6Lp hwuwllwJG" (c · u) = c'u + cu' = 0 · u + cu' = cu' : 

5. lmmnpW!Jll WOWfig}W!11 
UmufigJwtlt hw.z4.uwG 2npu pwJthrll oqGmfJWOp l!wphtlt 

u 
t Ull1wfiwL np hfb y = - , npt.nbq u=u(x) L v=v(x}, WllJW 

v 
, u'v-v'u 

y = V2 , WJUllfi{lfi" l!mnnpwltf"J WOWGQJWffi hw4.wUWfl t up 

l[nmnpwl.J.P, npp hwJI.IIWJ1WJU1Ltl qpt.J.mu t mpt.J.wo 4_mnnpw4}1 
hwJmwpwpfl pwnwflmupG, tllll.J. hmuwp]l2mu' hwuwp}l2]1 
wtnufigJWL wGqwo hwJmwpwp hwGwo hwJmwpwp]l wowfigJWL 
wCiqwo hwuwpf12: 
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2. Lnqwpftpuwljwu .jJmuljgftwJft wtrwugJWIIJ 

I 
, 1 

b'ph mpqwo- t y = n x ~mfilJgflwG, WUJ.W y =-, flult 
X 

y =In u pwpl'}.tnqwpflptiw4wG ~mG4gflwJfll}bUJIJOU~ y' = 2_ · u' : 
u 

3. Bmg2w1ftu .jJmuljgftwJft wtrwugJWIIJ 

bpb y =a x, Wll}W Y1 =ax ln a, tm4 bflb y = au , wtqw 

y'=aulna·u': 

4. lJwufiwt.J.np qhUJ.IJmU, bph mfihfiwfip y =ex, WUJW 

Y1 =ex lne=ex,pwfipnp lne=l: 

P.ulJbpb y=eu,WUIW y'=eu ·u' 

bnwuljjmuw2wtftwljwu !pmuljgftwulipft 
wowOgjW[Ulipf! 

5. '1-pgmp, mpt{wa t y =sin x :PmUqgpwfi: flpUJ.bu 
oppfiwlJ, ~npu pWJtbpp oqlimpJWUp hwzt.J.bfip WJU ~>mfil.jgpwJfl 
·wawfigJwll!. 
y + 6y = sin(x + 6x) 

• ( A ·) • 2 ( 6x) . Ax 6y=sm x+LlX -smx= cos x+2 ·sm2, 

2co{ x + ~x )sin ~x ( I:J.x) sin~~ 
I:J.y = =2cos x+ - 2 
6x Ax 2 6x ' 

. 6x 

y'= lim Ay =lim cos(x+ I:J.x) · sm2 =cosx : 
<ix~o Ax tix-40 2 f.x 

2 
I 

UJUU}~umr {sin x) =cos x, flult pwpq ~mGlJgflwJfl 
, 

wffillfiguwfi 4wfinfip hwuwowJG' (sin u) =cos u · u' 

6. 'Uuwfi ohml lJwpbllt t hwztJ.ht y =COS X ~mfiqgpw.Jp 
u~alluliqJwm: Umwgt.J.mu t, np' Y1 =-sin x, tmlt bph y =cos u, 

I ' I 
IIIIIJIII y =-StnU·U 

7. y = tgx 
Uw lJwpbtll t Gbp4WJWQUbt npUJ.hU sin X -p h COS X -11 

lluquuphpmpJmG L. oqmtl_ht lJnmnpw4p wawuguwG 4wGnGpg: 

sm x ( )1 
_ cos 2 x + sin 

2 
x 1 

I 'IIIIP. tgx = -- L. tgx - 2 = 2 , flu4 
COS X COS X COS X 

(lgu)' = 1 
· u': 

cos2 u 
cosx ' 

8. 'UuwG 6Lmt, bph mp4_wa t y = ctgx = -.-, WUJ.W 
smx 

• I 1 I v' -= - .., , Jm4 hpb y = ctgu, wtqw y =- . 2 · u 
sin- x sm u 

<wljwl)wpd bnwfiljjmuwj wtftwljw6 !j>m6l;gftwubpft 
wowug]W[Ubp[! 

9. bpb y =arcsin x, wtqw x =sin y L. hwlJwqwpo 
.'lml ti~gpwjp wcnuGgowG 4wGnGfl hwowowJG qwl.tnq bfip qpht' 

1 1 1 1 
y' =- = -- = = r:--; : uuwa oL.nt.J., tpb 
• x x~ cosy ~l-sin2 y vl-x 2 

. I 1 I , 

'= arcsm u, WUJW Y = ~ 
2 

· u · 
1-u 

10. y = arccosx, x = cosy , 

1 1 
y~ = - , - --

xy smy 

1 1 
--;:::==== = 
~1 - cos 2 y ~ 

uuwG 6Lntl., 

, 1 
t.pb y = arccosu, wlljw y =-

1 2 · '\/l-u 
·u': 

ll. y = arctgx,~ x = tgy, 

so 







l>mGlJ.gpwJp wowGgJWLP uwln~•nlln••q• 1 IHU,IIItlil• t , np 
bpb y = f{x) ~mGljgpwG qp:j>bpb(iqlqj• 1, [u . hj luutmjwomu, 

WUJW Gpw wawGgJWLI! W.Jll 11UIU1lllub jl llflloll!ll . :'< ltbmmu 

npnz4_mu t hbml.tJWthw4_wuwpmfl.JUillfl . li1n !\ f' '(x) : 
i\ \ >0 /\ >. 

UJumtqpg uwhuwuGtpp Lnlnnnt\1'11( :1111diqwtibGmwt 

pbnphup hwuwc:'lwJG' f).y = f'(x) 1 Cl , HJHilllq a ---1- 0, 
f).x 

bpp ~X ---1-0: 12wqUWU!WU1lJ.hGp ~X - 111,1' /\y l''(x)/\x + a~x 
~wGp np [!GI}hwGmp qbUJ.pntl~ f'(x) I 0 ,lllllflll UIJULn bqjl.g 

mhuGmu bGp, np ~mGlJ.qpwJll ~y w6p (illpl t LLIJlll ~lllnn~ 1: bplJ.m 
qmuwphLilGhpp qmuwpp mhupn4_, npnligl19 tlllllll )) jllip qowJpG t 
~x -p GlJ.wmuwup, pulJ. hp4Jlnpq[! w4_btJ1 pwp6p lp t•pql• wGI{bp2 
t.Pnpp uhompJmG t: 

f'{x)~x . qQLUwphLllG ltn~4_nu.~ 1: :j)lldilt ~ IPlUJP w6p 
qt_luw4_np uwu: 

Uwhlfwtinuf.-.bmGlJ.gpwJp w6p tutuwLinp t'iLuup lf1124_mu t 
WJll ~mGLtgpwJp qp~bpbGgpwt l.t (i z wuwltLin•L~ 1. hbml.tJWL 
ol.tn4_' dy Ltwu df(x): 

~bml.twpwp, [!UU1 uwhuwGuwG, y = f(x) ~H11liltg!1WJP 
qp~bpbugpwm hw4_wuwp t ' dy = f'(x)6x : 

~bzmmpJwup wUJ_wgmg4_mu t , np wGlj.wJu 
t.Pnt.PnJuwLJ.wGp w6[! hw4_wuwp t Gpw qJ•:I>l1pbGqpwtJ1G, 
WJUpGpG' ~X = dx : 

~wz@ wnGbtml. WJU hw4_wuwpmp.Jntlit}' :jm•GLtgpwJP 
fll1~hphGgpww npnzuwG hwuwp umwGnu1 blip hbml.tJWl 
hw4_wuwpmpJillU[!. dy = f'(x)dx; 

UJutl.J.Pun4_' ~mGLJ.gpWJP fll1~bpbGgpww hwtlwuwp t Gpw 
wawGgJWLP l.t wpqmuhGmp qp~bpbugpww WJ1U1WllflJWf_pG : Uju 
LtwGnGG tt hbGg ~mGLJ.gpwJP. qp~bpbGgpww hwz4_uwG ljwGnGG t, 
nppg hbml.tnu1 t , np ~mGLtgpwJp qp~bpbugpww npnzuwli Juliqpp[! 
hw4_wuwpwqnp t Gptu wbwligJWLP npnzliwG JuG•lPJ•G : '1-w t 
UIWU16Wil[!, 11[1 wawGgJWtfibppG 4_bpwphpnq zwm J=!hnpbliGbp l.t 
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pwGwol.ttp UJWhUjwGnu1 tG ppbGg mcJn Gwl.t qp~bpbGgpwtGbpp 
hwuw..p: 

OppGwl.( 
d{u + v)=du+dv 

d{u · v )= udv + vdu 

Pwpdp ljwpqft wowOgjw[Obp LIJft.jJbpbOgftwLObp 

bGpwqpbGp, y = f(x) ~mGlJ.gpwG fll1~bptGgbiJ1 t [a: b] 
hwm4_womli: upw f'(x) wawGgJWL[!, [!GI}hwGpwUjbu, Gnt.tfill!hu 
x -p ~mGlJ.gpw t : 

'1-p~bpbGgbtntl WJU Gnp ~mGlJ.gpwG ' LJ.umwGwGp mp4_wa 
~mGlJ.gpwJp bplJ.pnJUllJ.wpqp wb-wfigJWL[!: 

Unw2pG lJ.wpqp wawGgJWLP wawGgJWLI! LJ.n~4_mu t 
mfH.lwo ~mGI.jgl1WJll bplJ.pnpq ljwpqp wawGgJWtl.t GzwGwljqnu) t 
hbml.tJWL ol.tn4_' y" LJ.wu f"{x) 

I 

y" = {y') = f"(x): 

UJUUJhu, oppGw4, bpb y = x 3 , WUJW y' = 3x 2 , y" = 6x: 

~mGLJ.gpwJp bpltpnpq LJ.wpqp wawGgJWLP wawGgJWLI! 
4n~4_nu1 t Gpw bppnJliJ- ljwpqp wawGgJWL l.t GzwGwLJ.4_mu t y'" 

LJ.wu f"'{x) upu4_ntn4_: 

QGI}hwGpwUjbu n -pq 4wpqp wawGgJWLI! GzwGwlt4_mu 

t y (n) ltwu f(n)(x) ol.tn4_ L hw4_wuwp t yn = (y(n - l) J: 
Opfttiwlj. -Sp4_wa t y =sin x ~mG4gpwG: ~wztlbt Gpw u)1 

pwGp ljwpqp wawGgJwtGbp. 
y = smx 

y' = cosx 

y" =-sin x 

y'"=-cosx 

y (IY) =Sin X 

y(v) =cos X 
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y(6
) =-sin x 

:hmGljgltWJP pwpo11 ljwpqj1 l\ll ~llllph!iqllwLfibp£! 
uwhuwGtl_mu bG GuwG bqwGwliml L ti;lll!hult•lllu~ llblllLJWL 
oLtpntl_. 

I 

d2 y = d(dy) = [f'(x)dx] dx = f"(x)dx 
d3y = ct(d 2 y )= f"'(x)dx 3 

d4 y = ct(d 3y )= f 1v (x)dx 4 

UGU'tJB3Ul'\JbPP UP .QU'tJP 
liPPUfl-0.1-@-301-'\J '\JbP 

1. :I>OI-'\JliBPU3P U'fiUU'tJ IJ \..'-l.UQUU\.. 
UPQUliU3_gbPC 
.fiJ-bnpblf.- bpb [a,b] hwmqwomu q)l:pbpb(igbtlt r(x) ~lmtGI.jgpwG 
wnmu t , WlljW Gpw w(twfig.JWII! LUJil hwtmlwomu n~ 

pwgwuwlfwG ubantpjntG t, WJUpfip(i ' f'(x) ~ 0 : lipb f(x) 
:pmGljg}lwG wGJ:!Gilhwm t [a,b] hwmtl_womu L L Illl~l>bJlbG~Jb\11 (a:b) 
'll)12wlfwJpmu, J:!Gq npntu f'(x)> 0, Wllj.W WJq1mtGljgl1wG w6nu1 

t [a,b] hwmtl_wamu: 
y y 

0 
p) 

X X 
w) 

Q.a.24 
"VuwG pbnphU qnJmpJmG mG)l Gwh [a,b] hwmtl_w(tmu 

fitl_wqnq :PmGljgpwJ}l hwuwp: 
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SwGp WJU pbnph'llGbpp bp4_pw~wtjlwljwG ubljGwpwGm­
pjntG[!. 

:;.H.twljhpUjtj.WCt pbnpbO[! wpmwhwJmmo t hbmLJWL bplj-

pw~wtlJwljwG tlJwum[!: bpb f(x) :pmGlJ9pWfi WOntU t, WUJW fi{lW 

JnL{lWpwfi~JOL(l ljbmmu mwptl_w(t znzntJ1nrl.I! WJ'l hwmtl_w(tmo 
ox wnwfigpp hbm ljwqomu t <p ump wfi4JmG ljwo wnwfio)lfi 
ljbmbpmo hnppqnfiwljwG t: _gwfip np ump wfi4Jwfi mwfiqbfiu[! n~ 
pwgwuwljwfi t, WJu)lfipG tg<p ~0 , f'(x)=tg<p ~0 (qCt.24,w), 

WlljW pbnpbo)l powuml! UJ.Wpq t : bpb f(x) :PmfiljgpwG fitl_wqmo 

t, WlljW znzwl}mqp pbpuwG wfi4JntG[! pmp t ljwu wnwGo)lG 
ljbmhpmu znzwtjlnrm hnppqnGwljwG t), npp mwGqbu[! n~ 
llPWljwG ubantpjntG t' 

f'(x) = tg <p $; 0 (qa.24, p): 

. lijUUj)lUntl_, WJU pbnpbt~(! hfiWilWtl_npntpjOLU t U1WU1U 
qwmbtm :PmGljg)lwjp wnuwG L Gtl_wquwG UP2W4WJpbpp uwu)lG 
WCtwU9JWW Gzwfip u.J12ngntl_: 

2. l>OI'l.J45JoU3Jo UU~UJolJOHfC bY.. @l.JJolJOHJC 

bpb f(x) :pmGljgpwfi wubfimphp unGnmnG wnnq ljwu 

unGnmnG Gtl_wqnq ~t . Wlljw wpqmubGm)l npnz wp<tbpGbpp 
qhuwmu WJU }lp J:!GpwgpJ:! tlJn}l.mu) t , wnmuitg wGgGbtntl_ 
Gtl_wquwfi ljwu, J:!GilhwljwnwljJ:!, Gtl_wqnu.i}lg wGgGbtntl_ wnuwG: 
"VuwG m}ltq}l :PmGlfgpwJp qpw-1>r4I! lfwpnq t , oppGwlfp hwuwp, 
mGhGwt hbmhJWl mbupJ:!' 
y 

y=f(x) 

0 X 

<+a.25 
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Uwhtfwfinuf 1- f(x) ~mGqgpw.Jll wpdi•PI' x - x 1 l1humu.'i 

l.Jnzt.Jmu t uwputJumu (max), hpb W.Jii aH.<) I. jlpb(j 
wfiuJ12wltwGnrtfi hwrLwfi pntnr wpdhpubpjtq: U.11 lrbJlUJ wuwo' 

f(x) 1>mUL19)1wfi mGp uwpupumu x = x 1 l.JbuHH .~. bpb 

f(x 1 + A.x) < f(x 1), npml:iq ~x -I} gwfiltw~Jw<) puu.Jw4wfiwzwt.P 
t}lnpp (I]Ilw\.twfi ltwt.l pwgwuwqwG) l~bbm p.Jmfi t: 

Uwhtfwfinuf ll- f(x) 1>mGLJgpw(i mGp upuf'H'iiiiU (min) X= x2 

l.Jhmmu, bf)h f(x 2 +~x)>f(x 2 ) npmb11 ~x-p ~Jwfiqwgwo pw­
tlwl}wuwzrnt.P t!lnpp /qpwqwfi qwu pwgwuwqwG/ ubbntJ3JntG t: 

Oppfiwlt, phptl_wo qawqpmu x = x 1 u x = x 3 lthmhp£! 

uwpupumup lthmhp bfi, tmlt x = x 2 u x = x 4 ltbmhp£!' ufluflumup 
l.Jhmhp: 

:bmGqgtJwJp uwpupumup L upGpumup lthmhp£! upwupG 
4nzt.J.mu hG tpumphUmup 4tml:ip: 

lijdU mbuGbfip, ph wawGgJWtfibpp oqGntpJWUp )lfizuthu 
ltwpbllt t qmfibt ~mfilJgpwJp l:pumpbunu.'ip 4hmbp(l: 

fiTbnpbtf 1-(tpumphunu~p qnJnLJ3JWfi wGhpwdbzm 
tqWJUWGt!).- b13h f(x) qll~bphfigbtlt ~ntfilJgpwG X= X I qbmmu 
mGp urnpupumu lJWU upGpumu, Wtqi.U Gpw wbwGgJWU! UlJfl 
I.J.bmnui l{wu qrnnfimu t qpn f'(x) = 0, l}wu qnJntJ3JmG ~mOp: 

Swfip WJU fhnphUp hpltf1wzwlflrni.JwG wtqwgmJ9l!· 
M, y 

M, 

0 x, x, X 0 x, X 

Q.a.26 

q_()wqppg hphmu t , np X = X I h X =X 3 lJhUlh(l{! 

hwuwUJwmwutuwG 1>muqgpwuhpp uwpupumup l}hmhp bu, pui.J 
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x = x 2 1.'ipGpumup qbm t: M 1 L M 2 tpumt11:iumup lJhmbpnu) 
qnp)1G mwpt.J.wa znzwt}lnqGbpp qmqwhtm bG ox wmuGgppG, 
hhmhwpwp qpwfig wfiltJmGwJflU qnpbtulJpgfihp[! hwt.Jwuwp tfi 
qpnJp, WJuflGpG f'(x)=O: M 3 4hm£! max-p qbm t, pwJg 

wJfimbq ~mfiqgpwJp wawGgJI.Ut qnJntpJmG zntGfl: 
BmJg mwfip, np wtqwgmgqwo hwJmwGpzu wGhpwcthzm 

t, pwJg nz pwt.J.wpwp, wJupOpG WJG pwupg, np wawGgJWU! 
mpt.Jwa l{bmmu qwnGmu t qpn l.J.wu qnJntpJmU zntfip, qhnLu zp 
hbmwuu, np WJI}. lJ.bm[! tpm.npbUmu)1 qhm t: lijutqhu, oppGwq, 

y = x
3 

1>mG4gf1wG mGp y ' = 3x 2 wawGgJWJ., np£! qmnGnu.'i t qpn 

x = 0 lJ.bmnu): PwJg x = 0 4hm£! bppbp tpumpbumup l{l:im[! zt 
(qa.27): 

y )y~' 

X 

Q.a.27. 

UpqmubGmp WJfi wpclbpGhp[!, npmbq 1>mfiqgpwJp 
womGgJWW qwnfimo t qpn I.J.wd qnJntpjntG i_ntfip, I.J.nzt.Jmu l:iG 
4flpmfllJ.w4wG rnpdbpfil:ip 4wu \.J.ppmp4wi.J.wG 4bmbp: 

flptqbqjl tqwpqbGp, pb 4ppmf14w4wfi I.J.bmhppg npnfip hG 
tpumpMmup I.Jbmtp, WU}wgmghGp tpumpbomup qnJmpJwfi 
pwt.JwpwpmpJwG hw.Jmwupzubp[! : 

Unw2ftil pwljwpwpm.p;wO hw;mwu}12.- bpb 1>mGLj-
9PWJP f'(x) wowGgJWW x -[! X 0 -p tlflwJntl. wGgGbtllu t}lntumu t 
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pp Gzwfi{! + -119 - -p, wut.w xo l(buq1 ma x -11 l(l1111li 1. , !lll4 bpb 

f'(x)-I! X-{! X0 -p t.IJlWjnt.j_ wfigtibtJllllltniUIIII~ I. lip (iJIU(ip- -pg + -­
p, WUJ.W WJfl ljbm(! ~mfii.J.gpwJ!l min -11 l(hlllli 1. : 

Ppnp, bpb X<X 0 , f'(x) > O, ltul( x X., , l''(x) < O, qw 

Gzwfiwqmu t , np owfupg ljnp(! untinmn(i IU61111~ 1., ltul~ W2P9 ' 
unGnmnu Citlwqmu: Uw tt Gzwuwqmu 1:, np x - x" max -11 4bm t : 

'Vuwfi qwmnqmpJmU I.J.wpbtJl t ljunnu1pb( !.illllo min ljbtnp 
ui.J.wmuwup (qo.28): 

y 

X 

0 X Xo 

Q.Q-.28 

bpljpnp!J pwljwpwpmp]WU hWjU1WU}12f! .- l1-pgmp, X= X I 

4bmmu f'(x) = 0: Pwgp WJfl, x = x 1 ljbmp ru>-np 1112wl.JwJpmu 

f"(x )-I! qnJmpJmfi mfi!l L wfi{!Ciqhwm t: UJq •1tuwmu wnljw t 
hbmLJWL pbnpbU(!: 

fiJ-bnplitJ:-eanq f'(x)= 0, WJfJ qbUJ.PmU x = x 1 4bmmu 

~mfil}grwG mfip uwpupumu, bpb f"(x 
1 
)< 0 L t1ltfipomu, bpb 

f"(x 1)>0 
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t~USPbtJOI-~lfLbPP SbUfH·i0"5U'V 4PPlilllll'-i0"501'-'VQ 
Iu'Vi1-PP'VbPP lllH5UU'V ct-UUU'VU4 

lufiJJ}l[l 1. -<!,pwfinppg v o uljqpGw4wG wpwqmpJwUp 

pn2_nq wpi.J.p R = OA pn!li.PP hbnwt.j_npmp.JlllU£! npnJt.j_mu t 

v ~sin 2<p 
hbmL.JWL pwGwoL.nt.j_' R = , npmhq <p hpwGnpp 

g 
pbpliwG wGI.J.JmGG t hnppqnGp uqwmuwlip : Opnzbt <p wGI.J.Jwu 

WJU wpdbp(!, npp qbUJ.Pnn) R hhnwt.j_npmpJntU{! ljtJlup 
wubGwllbcJt:! (qo.29): 

y 

0 X 

q_().29. 

Lmonuf.- R ubbntpjlllUJ! <p -p ~mGqgpwG t: OpnzbGp WJfl 

1t dR 2v: cos 2<p 
~mGl}gpwJp max-{!, bpp 0 s <p s - : = _::..___..:.... 

2 d<p g 

2v ~ cos2<p 
0 _::..___...:... = , npmbfJ.Pg 

g 
1t 1t 

cos 2<p = 0, 2<p = 2' <p = 4 : 

bpl}pnpq pwt.j_wpWfllllj:}JWU pbnpbUp oqGmpJWUp 
1t 

hbmwqnmbGp <p =- l}ppmpl}wljwfi wpdbp(!: 
4 
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4 v.: 
0 : 

TC 
..!,bml.twpwp, <p = - -nn~ R ~l>ntli4qluu ti 111 til• thuputn'inu1 

4 

qbmbpnu1 hwtlwuwp bG. R/ <p=O = 0 L. f <r~ ; = 0 : 

UJulllpuml, npnztj_wo t.lwpupunu~u npnlih1l1 lihow qmJG 
wpdbpG t : 

luu!Jllfl 2.- u·wpt.lpGJ:! zwpdtl_nn~ t v = - t 1 + 48t + 1 
uO/tlP4 wpwqmpjwtlp : C}_.mGbt zwpauwG WJli wt'i bGwobo L. 
wobGwtfmpp wpwqmpjntG[!, npG p hWJUl t qwiJllJ LUillll2!1G 5 
tlwJPltJwGp [!Gpwgpnu1 : 

LnuJ-nuf.- Q.mGbGp v' = - 3t 2 + 48 wowG~uww L t = ±4 
qppmpqwlJwG qbmbp[!: OtphoG, [0,5] hwunjwol• Gbpumu lJw 
opwjG ohq ltJljlmjll}wqw(i t = 4 qbm: Sbu(ib(ip LUJLI lthlll[! max -p 
lJbm t, ph min -jl : 

v'/ t<4 > 0 ' v'/ t>4 < 0 
Unw2f1G ljwpqjl wowGgJWW Ljm)umo t li2w G[! +-pg - -Jl : 

~bmLwpwp t = 4 qbmmt.l wpwqmpJwG :j>mGLt!ll•utG mGJl max 
wpdbp · v max = 129: ~wztj_bGp :j>mGLJgpwJil wpahpGbp[! 

jlGmbptl_wt.P owJilwlJbmhpmo. v I 0 I= 1; v 151 = I 16 

~bml.wpwp , wpwqntpjwG wnwtl_htwqmJG wpdhp[! t = 4 
onohGmmt.l ntGhgwo v = 129 wpdhpG t, Jmlt GtjwqwqmJG 
wpdhp[!' t = 0 ont.lbfimmt.l mGbgwo v = 1 wpahpu : 

lJhfip qpmwpljhgpGp uGqwuhG[! htlltm l1tGf1pp, pwJg 
tpumtibumt.lGbpjl mhumpJmGG mGp pwquwpptlltrrwnntt3JmGGbt1 
:j>)lqplJwJp, mb)uGI•ltwJjl, qJfltr]_wmfimhumpJwfi , tLtnfintS!llJwJp h 
WJL tuUqppGbpmo : 
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UvOPOC flvSb<l-PUL 
uwjuuwljwu .'pmuljgftw: Uunpn2 ftumbqpw[ 

lJwpbt.lwmpqwl}wG wGwt.Pqp mbuwl}wG h 4PpwnwqwG 
zwm hwpgbpmt.l hwpl} t JllGmt.l tmcrbt qp:j>bpbGgt.lwG fuGqppG 
hwqwqwpo tuGqpp, WJuppG' :j>mGl}gpwJp mptlwo F'(x) = f(x) 
wawGgJWtntl l}wt.l , np t.lphGmJGG t , mptlwo dF(x)~ f'(x)dx 
qp:j>bpbGgpwtntl, npnzbt ul}qpGwl}wG l}wt.l, WJmqbu l}n~tlwo- , 

F(x) GwtuGwl}wG :j>mGl}gpwG: 

Uwhzfwunuf.- liJG y = F(x) :j>mGqgpwG, npp wawGg­

JWll! hwtlwuwp t mptlwo y = f(x) :j>mGqgpwJpG, WJUpGpG 

F'(x) = f(x) , ltn~tlmt.l t GwtuGwl}wG :j>mGqgpw: 

lill!wgmgtl_wo t , np wt.lb(i t.lp wG[!Gqhwm f(x) :j>mGqgpw 

wGll!WJtlwGnpb(i mGp GwtuGwl}wG :j>mGl}gpw: liJUll!bu, oppGwl}­
x4 
- :j>mGl}gpwG x3 -p GwtuGwl}wG :j>mGl}gpwG t, npntlhbmh 
4 , 

(
x

4 J I 3 3 . 4 = 44x- = x , smx-1! GwtuGwqwG :j>mfilJgpw t cosx-jl 

hwuwp L WJtfi: 
5mJg mwGp, np Jmpwpwfi~mp mptl_wo :j>mGljgpw mfijl 

wfipptl_ pwqumpJWtlp Gwtufiwljwfi :j>mGLJg)lwfibp, npnGp 
mwppbptl_mt.l bfi jlpwpjlg hwumwmmfi qmtlll:IJlbt.Pntl_: Ppnp, bpb 

F(x) -[! f(x )-p Gwtufiwljw(i :Pmfil}gpwfi t , Wll!W wuhfi tlp 

y = F(x) + C :j>mfil}gjlw, npmbq C-G l}wUUlJWl}wG hwumwmmfi 

qnu1wpbJll t , GmJfill!hu Gwtufiwqwfi :j>mfil}gpw t. 
(F(x)+ c]' = F'(x) + C' = F'(x) =f(x) : 

bfipwJlPbGp, F(x) h <I>(x) mptl_wo f(x) :PmGl}gpwJ)l 

bpljm GwfuGwl}wU :j>mGl}gpwGbpG bG: 5mJg mwfip, np JlPwGg 
mwpphpmpJntG[! hwumu!mmG t.lbompJmfi t: Cum ll!WJtlwfip 

F'(x) =f(x) h <I>'(x)=f(x): 

4wqubfip [F(x)-<I>(x)]' =F'(x)-<t>'(x)=f(x)-f(x)=O; 
~hmLwpwp, F(x) - <l>(x) = C, WJupfip(i' F(x) = <t>(x) + C 

ll)fiqnuHi wlllwgmgtl_tucr t : 
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I 
\ ! 

"----- J 

Uwhtfwfinnf.- Spt)_wb f(x) ~mGLt~ltrnJil l'lllllfl (itufuGw4wfi 
~mfilJ.g(lwfihp)l pwqom~Jmfin Ltn~t)_mo t W.J'l :j1111 (ilt~JIHuJI1 wGnpnz 
)lfimbqpwt h fizwGwlJ.t)_mo t hhtnLJWt oLnt)_' f f(x ~lx: 

UjuutJ:tunt)_, (!Uffi uwhowfiow(i' J f(x )dx ""' r(x) + c, npmbq 

F'(x)=f(x) : 

f(x)-1! qn~t)_mo t bfi~w(lGmbqpwJWJ(lG ~l>mfilJ.gpw, 
f(x)dx -I! hfi~wpfimhqpwtruJpG wpmwhtuJtnnlf}.Jnd.i , x -(! 
)16mhqpuwG \flm.fm}uwlJ.wG: uwfuGw4wG ~>mGLtgpwfi npnzhtnt 
qnpbnqm~Jmfin LJ.n~t)_mu t (lGmhqpowu qnpbnqmppnG : 

x4 
OpftOwlj.- f x 3dx =- + C: J cos xdx = sin x + C 

4 

Jdx = Inlxl + C h WJtG: 
X 

Uunpn2 ftuwbqpw/}1 hfttiuwljwu hw w ljmp_Jmuubp[! 

I. Ufinpnz pfimbqpwllt wbmfigJrnm hwt)_wuwp t 
hfi}}w)lfitnbqpwtWJ(lG :pmGLJ.g)lwj(lG, wjupfipfi' 

(Jr(x)dx J =f(x):f"lpnp (Jr(x)dxJ =[F(x)+c]' =F'(x)=f(x): 

II. Ufinpnz )lfimbqpwtJ:t q)l:pbpb.fig.(lwm hwt)_wuwp t 
bfi~w)lfimbq.prntrnJ(lfi wpmwhrnJmm~ JWG(! · 

d f f(x )dx = f(x )dx 

Ppnp' d f f(x)dx = (J f(x)dx)' dx = f(x)dx 

III.- <.wumwmmfi pwquwlllwmlt)lm lJ.wpbtJ:l t qmpu hwfibt 
)lfimbqpwtJ:t GzwUpg J Cf(x}dx = C J f(x}:tx 

IV.- l>mfitm(lwUbp)l hwfipwhwzt)_wlJ.wfi qmuwp(l wGnpnz 
pfimbqpwm hwt)_wuwp t wnwfio(lfi qmuwpht.Pfibp)l 
pfimbqpwtUbp)l qmowp)lfi 

J[f(x)± <p(x}}ix = J f(x)dx ± J <p(x)dx: 
V.- Ufinpnz (lumhqpwlfl oh)l wU\flnlflntublflnt~Jwfi 

hwmqm~Jmfi(!. f f(x)dx = f f(t)dt = f f(u)du = ..... 
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Uunpn2 jJuwbqpwlft bp1Jflw2wljlwljwu 
tfbljuwpw unLpJnLu[! 

Cl-pmbGp, np Jr(x)dx = F(x)+ C : y = F(x) + C ~mGLt­
gflwG C-)1 mwpphp wpdhpfibpflG hwOwUJ.rntnmu}uwfi hwp~m­
~JWfi tlPw LtmGbGw mwpphp qpw~flltGhp, WJUflGpfi' WJfl 
~mGtmflwj(lG hwp~m~JWU tlPrn lJ.hrnOWll!WtntuUfuwG)l Obq 
ll!WflWUbmpwG)l LJ.nphp)l nGmwGflp: uw}ufiwlJ.wfi ~mfiltgflwJ)l 
qpw~p4pG wGqw(ibfip pfimbqpwtWJpG LJ.np: liJUUJ.(lunt)_, b~b 

F'(x)= f(x), wlllw y = F(x)-r qpw~Pltl! )lfimbqpwtrnJpfi qnp t: 
Ufinpnz )lfimbqpwm hplJ.pw~wlflnpbG pntnp 

)1GmbqpwtruJpG LJ.npbp)l {!fimwGppG t (qb.30): 

y 

Q..b.30 

y=F{x)+C, 

y=F(x)+C 2 

y=F(x)+C, 

y=F{x) 

y=F {x)+C" 

X 

<fttifiwljwu jJuw bqpwffibpft WIZJnwwlj 

1}-)l:Pbpbfigpwt hwztlmu ubGp umwgbt bGp hpuGwlJ.wG 
mwppwlJ.wG :pmG4gpwGbpp wbwGgJrutfihpJ!, Gzht hGp 
<±muwpp,wpmwllflJWtP, pwfinplltt, pwJ111 :PmGLJ.gpwJp wbwfiguwfi 
lJ.wfinGGbpJ!: lijq LJ.w(inGGbp{! dbq hfiwpwt)_npm~Jmfi bfi mtl_ht 
npnzbpu pnJ.np mwppwqwG :PmfilJ.gpwfibpp wbmGgJrntGbp{!: 
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uwtufiwlJwfi :Pmfil{gpwGtpp IIPil J L~LUti IHUI~LUP WJ'lUtllUP 
UJ.Wpq L mfipt}hpuwtlJwfinfifibtl qnpllfl.tn•li )tlltit li : 

l>mfilJgpwfihpp pfimbqpmuu ltwuqml~ 1: mwppbp 
utpnqfitpp U2UWU, npnfig oqfint(:)jWUp htiwplln[np t. U1Uillll 
hwufibt GUJ.wmwlJjl.G: 

f"lfimbq[lnlllJ.! hb2mwgfibtm ltwL~UIJl 4wqut.l_mu tfi 
hpuGwlJwG pfimbqpwtfihpp wrumuwl{Gbp, ttpnti12 uuuugt.j_mu bfi 
Illl.'Phflhfiguwfi hpufiw4wfi pwfiwoLtppg : 

~hphfi~ WJI} wrumuwl{[!. 
xn+1 

I. Jx 11 dX =--+ C (n :;t: - 1) 
n +1 

lJwuGwt.j_np qb~mu, bflp n = 0 

J dx = x + C 

II. J d: = ln jxj + C 

III. 

IV. 

V. 

VI. 

VII. 

VIII. 

IX. 

X. 

XI. 

XII. 

Isinxdx =- cos x + C 

J cos xdx =sin x + C 

I dx 
--2-= tgx+ C 
COS X 

f dx -.-- = -ctgx + C 
sm 2 x 

J 
dx 
· J = arctgx + C 

I+ x-

I dx . C 
1 

; = arcsmx + 
-vi-x-

f exdx =ex+ c 

J tgxdx = -Injcosx! + C 

J ctgxdx = In!sin xl + C 
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XIII. I dx = lnlx + ~x2 + a2i+C 
~x2 + a2 

XIV. I dx = _I ln(x -a)+ C 
x 2 -a 2 2a x +a 

XV. I~= lnltg ~~ + C 
sm x 2 

XVI. f~ = lnltg(~ + _::) + C 
cosx 2 4 • 

f"lfimhqpuwG Wfll}JntG~Gbp[! lJwptLll t ummqbt 
qp,<phphGguwfi up2ngnt.l_: 

flumbqplfwu h}Jlfuwljwu biJwuwljubp£! 

Q-nJntpJmG mGp pGmtqpuwfi hph~ hpuGwl{wfi tqwfiwlJ, 
npnfig oqfimpJWUp 4_wpbt}l t wtlhLP pwpq wpmw­
hwJmmpJmfifihpn ouwtllnfuht h fiuwfibgfibt hpufiwlJwG 
pwGwo Lhp}l.G: 

I. q.nzlfwpblftlibpft l/bp[nu7lfwli b!]wliwlj.- Spt.l_wa f(x) 
:PmGl{g}lwG, npfi wfihfiwp t wGuf12WUJ.bu l1fimbqpbL hw6wfu 
hfiwpwt.l_nfl t Lllfimu t1_hpwabt ut1 ~wGp :pmGlJgpwGhpp qmuwr1p, 
npnGgpg Jmpw~wGLJntp[! hbzmmpJwUp ]lfimbqpt1_nu1 t: 

~tpbG~ oppGwlJGbp. 

I r 3 

+ 
2
:X + 

2 
dx = ( ~ X 2 + 2 + ~ }x = ~ J X 

2 
dx+ 2 Jdx + 

Idx 1 x 3 x 3 

+ - =- · - + 2x + !nix! + c =- + 2x + ln jx! + c; 
X 2 3 6 

J dx _ Jcos 
2 

x + sin 
2 

x d _ J ·dx J dx _ 
2. 2 2 - 2 2 X - 2 + 2 -

cos x · sin x cos x · sin x sin x cos x 

= -ctgx + tgx + c; 

11 <Pmftnjuwljwuft ljmjuwpftulfw(j biJwuwlj.- Cwm 

qb~bpmu , ff(x)dx pGmhqpwLll ut2 x 4_mtllntuw4wfip 
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tflnfuwpbfi umgfihtntl_ finp t l}mt.llnJuwlttu(i IIIJHIUH) Jllimbqpwll! 
hfiwpwtl_np t llUJUUntU pbpht Up tinp Jl(imbqpuqJl, 11111! Ltwu 
UJ.Wpntfiwl]qmu t hj1ufiwqwfi j1fimhqpwJGhpfl tmLJnlmuLtmu, I.Jwu 
hbzmntpjwUp phptlmd t fipwfig: flfimbqpt~wti lliJll ubpnru~ ltn~tl_mu 
t tfln¢nfuwqwGp tJlnfuwppGuwG ubpnq: X tJmtlmJuwqwGp 
tJlofuwpbfi tlmgfibfip t~j1 t ¢ntflnfuruqwfi , 11[11) X -Jl hbm i.IWUJ.t.IWO 

t x = <p(t) wnfi~ntpjwup : <p(t)-fi wfiJ!fiqhwm 1>mfiqgpw t ,npG 

mGp <p'(t) WU[!Ul}hwm wawfigJtut lij q '1.0ll1J2lllll dx =-~ <p'(t)dt h 

uhfip ltmfibfiwfip. 

Jr(x)dx = Jr [<p(t))<p'((kit 

UJu pwfiw oLu qn~t.lmu t t.llmfmJuw l}wfijl tJlnJuwpj1GuwG 
pwfiwoL: l)..pw 6zuwpmwgpmpJmfifi WUJ.wgmgbtm hwuw11 
pwt.lwltw fi t fipw bpltm ltnquu •llt.'i>hphfigtr 

Opftuw{fubp.- 1. J dx , Gz w GmltbCip x = at; 
~a2-x2 . 

dx =adt 
Oqmwqnpbbtmltl_bpf! 6zqwo- pw6w6htf l}umwfiwfip. 

r dx = J adt = J ~ = J ~ =arcsin t + C 
.Ja2 - a 2 t2 av1-t2 v1-t 2 

'-l.bpwqwnfiwtntl hpfi tflntflntuwl!wfipfi' qmfibfiwfip. 

J dx X X 
---r=== =arcsin-+ C, pwfip np Gzwfiwqmuflg t =- : 
.Ja2 -x2 a a 

2. JVt+x
2

xdx: 

I 
Sbqwqpbup l + x 2 = t, dt = 2xdx , nrmbqflg xdx =-dt 

2 

Ill lfwubpmf jlumbqpl.fwO biJwOwlj.- lJ!}b u = u( x) l.t 

v = v (x) -[! qp.'pbphGghtll .'pmG4gj1wfibp hG, W l4W ilflWGg 
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wpmwqp.Jwtfl hwuwp mfibfip' d(u · v) = udv + vdu , npfi 

pumbqphtml, qumwfiwup' uv = J udv + f vdu; 

bpb WJU bpl}m pumbqpwtfibpj1g tiblti! qwpn'l.wfiwup 
hwztl_bt, DJOLUI! ltqmfibfip hbfig WJll hwt.lwuwpmpJmfipg ' 

Judv = uv- J vdu 

liju pwfiwoh{! l}n~tl_nnl t uwubpml_ pfimbqpuwfi pwfiwoL: 
Sptt_wo- j1fimhqpww fil}wmuwup WJU pwfiwoLu 4_llpwnbtm 

hwuwp UJ.bmp t l}wpnqwfiwt bfipwj1fimbqpwtWJl1G 
wpmwhWJUllltf)JnLUf! mpnhbt hpqm wpmwqpp~fibpj1, npnfigpg 
uhl}[! GzwGwlJbt u -ml_, UJlllUJ! dv -mt: Spnhuwfi hwuwp, 
{!fiqhwfimp qwfin(i qlljlll(}JlllU ~mfip, lltr}qWl}p UJ.bmp t hwztlfl 
wnfibL np dv = v'(x)dx wpmwhw.JmntpjntfiJ! UJ.bmp t 
I.Jwpnqwfiwt pfimbq.pbt WJfiUJ.bu, npUJ.buqfl umwgtl}l v -fi: 

.Pbphfip bpqm oppfiwq. 

I. Jxsinxdx 

bfipwl}[lbfip u = x , dv =sin xdx, WJumbqpg du = dx : 
v = -cosx 

4ppwnhtm.J. uwuhpntl_ pfitnbq.puwfi pwfiw6L.I!' 

qumwfiwup' Jxsin xdx = -xcosx + Jcosxdx = -xcosx +sin x + C 

2. J(x- l )e
2
xdx 

vzwfiw4hfit2 U = X - 1: dv = e2xdx, npmbqpg 

du = dx: v = Je
2
xdx = ~ Je

2
x d(2x)= ~ e2

x 

J( \,.2x 1 ( 1)e2x 1 I 2x 1 ( 1)e2x 1 2x C x - 1p dx =- x - -- e dx = - x - -- e + 
2 2 2 4 
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OPOC3Ull"'"LSbQ.PUL 

i).pmwpl}b(ip up fuuflllp, npp tntbmU{! hwuqmu t npn2JWL 
p(imbqpwLJ:l qwqwl}lW}lpU: 

<.wztl_b(ip l}npwqpb ubqw(ip uwl}bpbu{!: 

y 

y=f(x) 

0 a x, x 2....... x j., ~; x, ...... . X 

Q.b-.31. 

Uwhtfwunuf.- 4ntlwqpb ubqwG l}wu ubqwGwl}bpUJ. 
l}n~tl_mu t WJU hwpp UJ.tuml}bpi!, llfli! uwhuwGwl}lwl}tl_wb t 
y = f(x) l}npp wqbqntl_, OX wnwugpntl h x =a, x = b 
mqpqubpntl (qb-.31): 

Owmp UJbmp t hwztlbt AabB UJ.tuml}bpp uwl}bpburf S.,b 
<.wztlmuGbpp UJwpqbguwG UUJwmwl{n4. nuqmGbGp a< b , 
f(x)> 0 h wfinfiqhwm [a,b] up2w4wJpmu: [a,b] hwmtl_wbn n-1 

l}tuUtuJtul}wG l}bmbpp up2ngntl_ mpnhbfip uwubpp· 

a =Xo <X 1 <X 2 < .. . <X; < Xi+1 < ... <Xn- 1 <X 11 = b: lijU l}bmbp{! 

[a,b] hwmtl_wb{! l}mpnhbG n mwppwl}wG uwubpp. 

[xo,x,] , [x~.x2], ... , [x;.~,x;], ... , [Xn-I,Xn], 

SpnhuwG l}bmbppg mwfibtntl oy wnwGgppG qmqwhbn 

mflllqubp" mptl_wb l}npwqpb ubqwfi{! I.JpwdwubGp n mwppwl}wu 
l}llfltuqpb ubqw(ifibpp: L,zwGwl}b(ip WJil ubqwGGbpp uw­
l}bpbuubp{! hwuwUJwmwutuwuwpwp ~S 1 , ~S 2 , .... , ~S; , ... . , ~sn : 
(l)wpq t , np Sab = ~S 1 + ~S2 + .... + ~S; + .. .. + ~Sn qwu wtl_btp 

n 

qwp6 ohntl Sab = L~S; npmbq ~ (upquw) qmuwpp GzwGG t: 
i=1 

71 

UwlJ.wJG WJU mwppwlJ.wG qnpwqpb ubqwGGb[ljl 
uwlJ.bpbuGbp{! hwztlbtJ:! GntjGpwfi qdtlwp t, nppwG uba 
ubqwGwljbUJ.p uwljbpbuj1 hwzttmu{!: Owmp tl_wptl_bGp hbmuJWL 

ljbpUJ.. Jntpwpwu~mp mwppwljwG [x i-l; xi] hwmtl_wanui 

tl_bpgGbGp up ljwUWJWlJ.wG Si (xi-1 :::; Si s xJ ~bm u hwztl_bup 

~mUt!Q}lwJI:l wpdbpGbpQ WJil qbmbpmu, wJupGpG' qummgtup 

f(si) opq!1GwmGtpi!: 

liJGmhbmh JntpwpwG~mp mwppwlJ.wG ljnpwqj1a ubqwG 

unmwttnpwtqbu t,hnfuwpjlGbGp lx i-1; X d (i = 1,2, ... , n) h~Up 
mGbgnq mqqwG4JmGGbpntl_, npnGg pwpormtpJmGGbpJ:! hwtl_wuUJfl 

ta f(si) (i = 1,2,3, ... n) (q.o-.3 1): 

'UzwGwljbGp X; - X;_1 = ~x ; (i = 1,2, ... n): liJil qtuwnu1 

mqqwG4JmGGbpjl uwljbpbuGbp[! hwtl_wuwp 4trGbG 

f(s ;)~x ;(i = 1 , 2 , .... ,n), pu4 l!Si ~f(si)t!x i : Sptl_wo- ljnpwqpa 

ubqwGp uwljbpbu[! unmwtl_nptuUJ.bu hwtl_wuwp lupG~ q.b-.31 
mnwgtl_wb wumj16wGwoL UJWm4bpp uwlJ.bpbujlG' 

ll 

sab ~I r(s; )~x i : 
i=1 

fTlwpq t , np bpb ~X ; -pg ubbwq.mjG{! ulJ.up Gtl_wqbt, WU!W 

WJU q.nuiwp[! wtl_bt.tl} 6pzm 4wpmwhwJmp ubqwGwljbpll!P 
uw4bflbU{!: Owmj1 pGwqwG t , np q.pbGp 

ll 

Sab = lim Lf(s; )Ax; 
max JLl..x .J---•0 i=l 

!1 -)>00 

liJuuwuntl_, qnpwq.pb ubqwfip uw4.bpbup hwztlmU[! 
pbfltl_bg WJU mpUJ.ll cp1uiwpp uwhUwGp hwztl_uwG h tuGqti[l{! 
tJlwumnpbG tmatl_wo t: 

"UuwG unmbgmuntl_ 4wpbt_ll t tmbbt pwquwuwup tuGq}111-
Gbp: 

flpn2JWL ftuwbqpwlft uwhtfwumtif! 

liJdU mzwqpntpJmG ~qwpoGbGp 4nG4pbm tuGIJJ1P 
pntl_wGqwlJntpjwG 4_pw, h hwpg[! flllmwp4.bGp nGqhwGmp 
mbupntl_: 
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l).pgmp, f(x) ~mlll19pwu npnztlwb L uwhdwGwtJnu4 t 
[a,b] tlp2w4wJpnui : lfl12w4wwnu) tl.bJI~JGb(i p n - 1 hwm 
4WOWJW4wG J34.bp' 

a =Xo <X 1 <X 2 < .... <Xi_1 <Xi < ... < X11 _ 1 < X11 = b , npn(ip 

tlp2WltWJPI! mpnhmo bG n uwubpp: 
3mpwpwGl.)ntp [x i- 1; Xi ] tlp2w4wwnul tl.bpgGbGp up ~ i 

ltwOWJWltwll qbm' X i- l ~ ~ i ~X i L. WJGmbq hwztl.bGp f(x) 

~mGltgpwJfl wpdbpr!' f(~i) (i = 1,2, .... , n). 

l>mGltgflwJfl WJfl wpdbpGbp[! pwquunqwmltbGp 
hwUWUJ.Wmwutuwfi ~xi Up2WlJWJpbpfl bplJwpntf)JWUp' f(~J8x i 
L. umwgtl.wo pntnr wpmwrytJwtGbJl[! qmuwpbGp' 

n 

f(~J8x 1 +f(~ 2 )8x 2 + .... +f(~n)8x 11 = Lr(~J8xi : 
i=l 

UJu qmuwp[! qn~tl.mu t f(x) ~mGltgpwJp pfimbqpwtwJpfi 

qmuwp [a,b]uf12wltwJpmu: .ilwfip np [a,b] up2wltWJP-P mpnhnul[! 
L. JntpwpwGtJmp tJlnpp 11f12wltwJpmu ~i ltbmbpp uGmpmpJntG[! 

ljwmwptl.mu t ljwUwJwljwG bqwfiwlJntl., mump mptl.wo f(x) 

~mfiljgpwjfl L [a: b] UP2W4WJPP hwuwp uflLGntJU n -p qbuwmu 

qwpbllt t pwquwpptJ. pGmhqpwtwJpG qmuwpGbp Ltwqtiht: 
n -n wfi4.hp2npbG ubawgfibGp WJfiutbu, np pntnr t{mpp 

uf12wltwJpbpp 8xi bpqwpmJ3JmliGbpn wfiqbp2npbfi t{mppwfiwli. 

hliwpwqnp t bpljm qbuw' 
w) mwppbp bqwliwlJfibpml. lJwqutJ.wo pfimbqpwtwJpG 

qmuwpubp[! oqmbu mwppbp uwhtlwfifibpp ljwo tJ.bJ12Wtlnp 
uwhuwfi ~mGbGwG 

p) pntnp hfiwpwtJ.np bqwGwltGhpml ljwqutl.wo 
pGmbqpwtWJpG qmuwpGbpl! oqmbfi opLGnlJG tJ.bp2wtl.np 
uwhowGpG: 

bpljpnpq qhuwmu wumo hG, np f(x) ~mGltgpwG 
ltfimhqphlli t [a,b] tlfl2w4wJpmo, pulJ pfimbqpwtw.Jpli qmuwpfl 
uwhuwfin ljn~tJ.mu t f(x) ~mfiqgpwJp npnlJWl pGmhqpwt (a:b] 

b 

uf12wltwJpmo L GzwGwlttJ.mu wJutqbu' f r(x)dx: 

a 
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Unw2pfi qbtqpmu wumu bfi, np f(x) ~mlilJgpwJfl npnlJWl 

pGmbqpwm [a:b] uf12wltwJpnu1 qnJntJ3Jmfi ~mGp: 
liJutqpuntl., [!Um uwhtlwfiuwG' 

b II 

Jr(x}dx = " ~~m L: r(~i ~xi 
a max ! t.x ;!~O •=I 

f(x) ~mGltgpwG ltn~tl.mu t bGpwpGmbqpwtwJpG, x -u· 

pGmbqpowG tlmtlmtuwltwfi, pult a-u L. b -u' hwowtqwmwu­
tuwuwpwp npnzJWL pfimbqpwt}1 umnppG L. tl.hpllfi uwhowGGbtl: 
3mpwpwG~JnLI1 f(x) ~>mfiltgflwJp hwowp mptl.wo a L 

b uwhowGGbpfl qbtqpmu npnzJwt pfimbqpww npnzwltfl J3P4. t: 
OpnlJWL flGmhqpww wpdhpn lJwtutJ.wa t hfipwpGmbqpwtwJflfi 
~mlilJgflwJP9 L. pfimbqpuwli uwhuwfifibppg: 

UGqpwqwnGwGp tJ.bp[! qpmwpljtJ.wa tufiqppfi: 
~wubuwmhtml. ljnpwqpo ubqwGp Sab uwlJbpbu}l hwuwp 
umwgtJ.wo wpdbp[! npnzJwt }lfimhppwllt uwhuwGuwG hhm' 

b 

Gqwmmu hGp, np' S = J f(x)dx: 
a 

Uw t npnzJwt pfimbqpww hpl.Jp.w~wt{lwlJwG }luwumf!: 
OpnlJWL pfimbqpww uwhuwGuwfi hbm ljwtql{wo hwpg t 

wnw2wfimu, J3b Jlfi~utflup UJWJUWGfibpp wnlJWJntpjwG qhl.llP-ntU 
qnJmpJmfi mfip JlfimhqpwtWJpfi qmuwp}l uwhuwfin, WJU}lfipfi 
npn2JWL flGmbqpwm: l).pw tqwmwu}uwfil! mwwu t npnzJWt 
f1Gmbq.pww q.nJmpJwfi pbnphun, npn fihplJwJwgl{mu t wnwGg 
WUJ.wgmguwG: 

0-bOPbl.J._ <l>wq uf12w4wn~mu JmpwpwG2Jmp wfi'(!fiq­
hwm ~mtfilJg}lw WJl} uf12W4WJpmu Jlfimbq.phlli t, WJUl1fipfi 
qnJmpJntfi mGp fipw npnZJWt }lfimbqpww: 

lijuUJ.}luntl., npUJbuqll ~mGlJgpwfi Lllfilt Jlfimbqpbt}1 
pwtJ.wlJwG t, np WJG LliGfl wli'(!fil}hwm tJlwlt uf12wlJwJpmo: .Pwjg 
npnlJWL pfimbqpww qwpnq t qnJmpJmG mfibfiwt GwL. npnz 
tuqtJ.nq ~mfiltg}lwlihp}l hwuwp: Opf1Gw4, WUJwgmgtJ.mu t, n11 
t{lwlt ufl2w4wJpmu uwhuwGwtJlwlj L. tJ.bp2wtl.np }uquwG ljbmhp 
mGbgnq JntpwpwGtJmp ~mfi4gflwJ}1 hwuwp npnzJwtfJ.Gmbq.pwm 
qnJntpJntG ntfi}l: 
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fl]W2JWL ftilwliqpw/}1 lJwwljmpJm[Hibp[! 

'Gbpl.}wJwgGbG~ npnzJWt pGmbqpwt11 u}1 pwGp 
hwml.}mpJmGGbp, npnfi~ umwgtl,mu bfi hpuGwl.}wGmu Gpw 

b n 

uwhuwllmupg, num npp Jf(x)dx = !.~~f(l;i)~x; 

b a 

l. Jf(x)dx =- Jf(x)dx, 
a b 

WJupG~a· npn2JWt pllmbqpwJ.P uwhuwllfibpn tnbllwtlmtubtP,u' 
l}lntutl,mu t upwJG pllmbqpwJ.P llzwGn: 

a 

2. Jf{x)dx = 0, 

a 

WJUflGpfi' hwtl,wuwp. umnpflll h tl,bp}lfi uwhuwfiGbp mfibgnq 
npn2Jwt pfimhqpwm hwtl,wuwp t qpnJp: 

b b 

3. JAf(x)dx =A Jf(x)dx, 
a a 

WJufl.GpG' hwumwmmfi pwqt~wUiwmi.J.P.m ljwp.blfl t rpnpu pbpbt 
npnlJwt fl.Gmbqpwtll GzwG}l mwi.J.}lg: 

b b b 

4. J[f(x)± cp(x)}Jx = ff(x}i~ ±. fcp(x)dx , 
a a a 

wJupGpG' ~mfil.}gpwllbpfl qmuwpfl npnzJwt fl.Gmbqpwm 
hwtl,wuwp t wnwfiopll qmuwpbtfl.Gbpp npnzJwt pllmbqpwtfibpp 

· qmuwppG: 
b 

5. Jdx=b-a: 
a 

b c b 

6. Jr(x)dx = Jr(x)dx + Jf(x}ix , 
a a c 

nGq npmu, uw hwtl,wmnp t a, b, c ptl,bpp gwG4wgwb' 
qwuwtJ.npmp JWU ql:nqpmu: 
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7. bpb (a,b) t~l12Wl.}Wj~ntU f(x)~ 0 h a< b, WUJ.W' 
h 

Jf(x)dx ~ 0: 

a 

8. bpb f(x) h cp(x) ~ntll4gflwGbp.'[! [a:b] Uf12W4WJI?OLU 
b b 

fl£hnbqp.blfl bfi h f(x)::;<p(x), Wll..J.W Jr(x)dx::; Jcp(x)dx 
a a 

9. bpb [a,b] ufl2w4wJpmu m::; f(x)::; M h a< b, Wll..J.w· 
b 

m(b - a)::; Jf(x)dx::;M(b-a): 
a 

10. bpb f(x) -l! wllnGflhwm t [a;b] uf12w4wJpmu, wtqw WJll 
up2w4wJpmu qnJmpJmfi mfip wnlltl,wqG up c 4hm, np 

b 

Jf(x)dx = f(cXb- a:), a< c < b 
a 

liJu hwmi.J.mpJmGn wUiwgntgtJ.mu t npll..J.bu wnwGoflG 
pbnpbu L ltn~tJ.mu t utwltfi wpdbpfl pbnpbu: 

fl]W2JWL ftilwbqpw[[! flJlUJbu tfbpftil uwhtfwilft !pmilljgftw 

fipnzJwt fl.Gmbqpww uwhuwGmuflg lllJ1llbG qflmbfip, np 
Gpw ptJ.wJfl.ll · wpabpn ltllltutl,wo t bGpwpllmbqP,wtwJpfi 
~mfilJgpwJfl.g, fl.Gmbqpuwfi uwhuwfifibpflg L 4wtutJ.wo ~t 
pfimbqpuwG l}lnl}lntuw4wfiflg, mumfl ltwJtbtll t pllmbqpuwG 
l}lnl}lntuwlJwGn GzwGwi.J.bt gwfii.J.wgwo mwnntJ. L fl.Gmbqpww 

b b b 

wputpn ~P tflntutl}l' Jr(x)dx = Jr(t)dt = Jr(z)dz = ... : 
a a a 

Uw4WJG, bpb l}lntubGp pGmbqpwlfl uwhUwllGbp{!, Wll..J.W 
Gpw wpdbp{!, [!Gqhwapwll..J.bu, lttlmtutUt: . '-lbpfl.G b uwhUUlGfl 
l}lntuwpbG tl,bpgGbGp up X tflntflntuwlJwfi, flult )1Gtnbqpuwll 
l}lntlmtuwlJwGn GzwGwlJbGp t -ntJ.: liJq qbll..J.pmu, bpb x 
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X 

l}ml}mJutUt, WU}w fr(t)dt -)1 wpc:tbp~ rwwG)lg 4mJutl.wb 

a 

4tltntlmJutllt, WJu)1GpG' )1Gmhqpwm 4hwOil)mwGw )1p tlhp)1G 
uwht'iwG)1 ~mG4g)1w: L,zwGw4hGp WJJl ~mG4g)1wG (D(x) -ntl: 

X 

<I>(x) = Jr(t)dt: 

a 

UJu ~mG4g)1wG odmtl.wo t hbmLJLUL h114m 4wpLnJl 
hwm4nt~Jwt'ip' 

l) h~b f(x) ~mG4g}1wG )1Gmbqpbl11 t [a,b] u)12w4mJpmli , 

WU}W <l>(x)-[! Wfi[!Gqhwm t WJI} 0}12W4WJpnu}: 

2) b~b f(x)-[! wG[!Gqhwm t [a,b] li.J12w4mJpmli, WU}LU 

<I>(x)-G WJI} GmJG li.J12w4mJpmli mG)1 wowGgJWL. np£! hwtl.wuwp 

t f(x) -}1' 

<I>'(x)=f(x) : 

UUJwgnLJg.- x-}1G mwGp ~x w6, WJI} qhuwmli 
x+~x x x +~x 

<t>(x + ~x) = J f(t)dt = fr(t)dt + fr(t)dt: 

a a x 

<I>(x) ~mG4g)1wJ)1 w6[! 41PG}1' 
X X +~X X 

~<I>(x) = <t>(x + ~x)- <I>(x)= Jr(t)dt + J f(t)dt - Jr(t)dt: 

a x a 

x+~ 

~<I> = Jr(t)dt: 

X 

UJu hwtlwuwpm~JmGll9 wGli)12WLI.J.hu hbmLmu t, np t~h 
, ~x ~ 0 WU}W ~<I> GmJGU}bu 46qm}1 qpnJp: iJ...w GzwGw4mli t, 
np <I>(x) ~mG4g)1wG wG(!Gqhwm t: Unw2}1G hwm4m~JntG(! 
WU}wgmgtl.wo t: 

\.f.hp2}1G hwl{wuwpm~JWU W2 t'iwu)1 G4wmt'iwlip 
4}1pwnhGp li)12)1G wpdhp)1 ~hnpht'i£!. 
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x+Ax 

~<!> = Jf(t}dt = f(cXx + ~x - x) = f(c)~ x , npmhq 

X 

X <C <X+ ~X : 

lrwquhGp <I>(x) ~mGltgl1mJtt watt L wpq.nu1bGmp matt 
hwpmphpnt~JntG[! L mGgGhGp umht'imG)l ,hpp l{hp2)1Gu oqmmu t 
qp.nJp . 

~<I> = f(c )~x = f(c): 
~X ~X 

<l>'(x) = lim ~<!> = lim f(c) , pU!JQ hpp ~X~ 0, WU}W C ~X 
~x~O ~X D.x->0 ' 

hhmLwpmp lim f(c) = lim f(c) L ~mG4gttmJtt 
~->0 C~X 

mG[!Gqhwmm~JwG hbmLwGpnl{ lim f(c) = f(x) : 
C~X 

UJUUI}luntl., <I>'(x) = f(x) , L hplumrq hmm4m~JmG~ 
GmJGUihu mU}wgmgl{wo t : 

flJ1fl2JWf jzilmbqpwtft hw2tfnuff]." UJmmnil-[wjpilftgft 
pw{iwdLf! 

I 

UbGp WUJwgmgbgpGp, np [ fr(t}:lt J = f(x), wJupGpG' 

X 

<I>(x) = Jr(t )dt -G f(x) ~mG4g)1mJJ1 uw}uGw4wG ~ntG4g)1wG t: 

a 

UjdU WU}UigmghGp u)1 WJUU}}1u)1 ~hnpht'i: 
b~h F(x) -[! f(x) wG£!Gqhwm ~mG4gl1mJJ1 )1G~-np lip 

GwJuGw4wG ~mG4g)1w t, UIU}W wn4w t hhmLJWL pwGmoL£!' 
b 

Jr(x}ix = F(b)- F(a) 

a 

li.Ju pwGwoL[! 4n~tl.mli t l.JJmmnG-lmJpG)1g)1 pwGwoL: 
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X 

t.fmt.PnJutllt, WUJ.w Jr(t)dt -p wp6bi2J~ tl(lwGtt9 t}w)uqwa 

a 

4t.Pnt.PnJutllt, WJupG~G' pfimbqpwm 4hwlifllmwGw pft qbp}l.G 
uwhowGp ~mfi4g}l.w: 'UzwGwt}bG~ WJI} ~mGL{gpwG <t>(x ) -ntl: 

X 

<I>(x) = Jr(t)dt : 

a 

lijU :t>mfiltgpwfi oamqwa t hbmltJWl bpltm lJ.wphn(l 
hwm4mpJWUp' 

1) bpb f(x) :t>mGltg)lwG pfimhqpblll t [a,b] Uf:12w4wJvmu, 

WUJ.w <l>(x)-n wfi(!Gqhwm t WJI1 up2w4wJ~mu: 
2) bpb f(x)-n wGnGqhwm t [a,b] u}12wltwJ~mu, WUJW 

<l>(x)-fi WJI} fimJfi Uf:12W4WJ~mu mfip wawGgjWl., 0(1(! hwqwuwp 

t f(x) -p' 
<l>'(x)=f(x): 

Uu;wgnljg.- x -)lfi mwG~ ~x w6, WJI} qbl..l)pntU 
x +L'l.x x x+Ax 

<r>(x + ~x)= J f(t)dt = Jr(t)dt + Jr(t)dt: 

a a x 

<I>(x) ~mfiltgflwJp w6n 4wG}l. · 
x x+L'l.x x 

~<D(x) = <D(x+~x)-<D(x) = Jr(t)dt+ J f(t)dt - Jr(t)dt: 

a x a 

x+~ 

~<I>= Jr(t)dt: 

X 

UJu hwttwuwpntf)Jntfipg wGufl2WttJ.bu hbmLmu t, np trb 
, ~x ~ 0 UIUJ.W ~<I> GmJGutbu 46q.mfl qpnJp: l).w GzUIGwl{mu t, 
np <I>(x) ~mfi4g}l.wfi wfinfiqhwm t: Unw9}1G hwm4mpJmfin 
WUJwgmgqUib" t: 

'-lhr2P.fi hwqwuwpmpJUIU W2 owup Gl{wmuwup 
ltflpUinbfip tiP.2flfi wpahvp phnpbUf!. 
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x +Ax 

~<}) = Jr(t}it = f(cXx + ~x - x) = f(c)~x, npmb'l 

X 

x <c<x+ ~x: 
4wq_ubGp <t>(x) ~mG4gflwJp w6p lt wpqmubGmt1 w6p 

hwpwpbpntp.JmGn Lt. wGgGhGp uwhuwGp,bpp tlbJ12flGu oqmmu t 
cumJp. 

~<I>= f(c)~x = f(c): 
~X ~X 

<I>'(x)= lim ~<I>= lim f(c),pwJg bpp ~x~O,wtqw c~x, 
~x--70 ~X t.x--70 

hbmLwpwp lim f(c) = lim f(c) L ~mG4gJ:twJJ:l 
~--70 C--7X 

wfi{!fiqhwmmpJWG hhmhwG~ntl lim f(c) = f(x): 
C--7X 

UJUUJ.tmnq, <I>'(x) = f(x), h bp4Jlnpq hwm4mpJmfin 
GmJGUJ.bu wtqwgmgqwa t: 

flpn2Jllll ftOmliqpwlft hw2l/nuf[J: UJnLmnO-Lw]pOftgft 
pwOwdL!J 

I 

IJbfi p WUjWgmg bg ~fip, np ( f f (I )d I J ~ f(x), W JU~fip fi 
X 

<I>(x)= fr(t)dt-G f(x) :t>mG4gpwJp fiw)ufiw4wG ~mfi4g}l.wfi t: 

a 

UJ<hi WUJ.wgmgtfi~ tift WJUUJtmp pbnphu: 
bpb F(x) -1! f(x) Wfi{!Gqhwm :t>mGltg)lwj)l flGt-O(l up 

Gw)uGw4wG :t>mfi4gpw t, wtqw wnltw t hbmltJWl pwfiwohn' 
b 

Jr(x}ix = F(b)- F(a) 
a 

liJu pwGUiohf! 4n~qmu t "bJmmnfi-LwJpfipgp pUIGwoh: 

78 



X 

fiw}uGw4_wG ~mtG4g}lw t : Q.pmbGJJ , n11 f r(t}dt GmJUUJ.bu 

il 

hwfiqpuwGmu t f(x )-11 Gw}uGw4_wG ~)mfi4gjmlfi t: PwJg 
upuGmJ fi ~mfil.]gpw.Jp bp4_m Gw}uGw l{wG ~mfi4g}lwGbpu_ 

mwppbpl{mu b(i upwjG hwumwmmfi qmdwjlbl}1mt: <.hmhwpwjl, 
4_wpnq bGJJ qpht. 

X 

Jf(t~t = F(x)+ C 

C hwmnwmmfip npnzuwfi hwuwp WJU hwtJ.wuwpmpJwfi 
uh2 mbqwllJ1bfip X =a, WJ11 qbll.J.Pnttl 

a 

Jf(t)dt = F(a)+ C 4_wu 0 = F(a)+ C , npmbqpg C = -F(a): 
a 

X 

<.t mhwpwp, J r (t)dt = F(x)- F(a): 

a 

Shqwqpht_ntl. WJU hwtl_wuwpm~.Jwfi uh2 x = b ' 
4_umwGwGp 'lJ.jmtnnfi-LwJpfipgfl pwGwoLJ:!' 

b 

J r (x )dx = F(b) - F(a) 

a 

b~b GzwGw4hfip F(b)-F(a)=F(x)l:. WUJ.W npn]JtUL 

pGmhqpwtlt hwztl_uwG pwfiwoLI! ltwphtlt t qpbt WJUUJ.bu' 
b 

Jr (x)dx = F(x~~= F(b)-F(a) 

. 2 . x4 2 16 . 
Oppfiw4_fihp.- l. J x 3dx =- =-- 0 = 4 

0 4 0 4 

~ ~ 

2. Jsin xdx =-cos x = I + I= 2: 
0 ' . 0 
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I I 

3. Jex dx=ex =e- 1: 
0 0 

l..f..wpchlt~ JntfiGbp 

~ 
2. Jsinxdx 

0 

2 

5. Jxexdx 

I 

~ 
3 J dx 
-~ 

0 
2 

6. f(2x -3)
5
dx 

I 

flpn2JW[ ftOmbqpwtJl ljftpwnmpJmOObp!J 

•·· flpn2JWt pGmhqpwm uwhuwfihgpfip npUJ.hu 
)lfimhqpwtwJpfi qmuwpp uwhuwfi: OpUJ.bu WJqUJ.PuflG, / wJG 
pmquwuumfl 4.Jlpwnm~Jmfifibp mGfl bplJ.pw~wtflm~Jwfi uh2, 
UbfuwGp4_WjntU, ~pq)14_WjntU, ppUpWJntU, 4_bfiuwpwfim~JWfi Ub9, 
t4.nfinu}14.wJmu, mb}uGp4.wl.J.wG qpmmJlJmGGbpmu L WJtG: 

UJc:hi q)lmwpl.J.bfip up pwfip l.J.PpwnmJlJntfifibp. ;, 

I . <.wpp UfWUJ/jbpft tfwljbpbuft hw2t./mtff} 

< OpnzJwt pGmbqpwtlt bpl.J.pw~w.Pwl.J.wfi fluwum}lg hwJmfip 
t, np qnpwqpb" ubqwfip llwlthphul! ltwpbtlt t hwztJ.bt hbmLJWt 

b b 

pfimbqpwtmf S = Jr(x)dx ljwu wtl_btlt 4wp6'S = Jydx ;:,. 

a a 

OpnzJmt pfimhqpwtlt u}12ngml. WJt UJ.Wm4_hpfibpfl 
uw4_bpbufibp hwztl_btm dtuuwfiw4_ npUJ.bU UJ.WpqwqntJU UJ.Wtn4_bp 
q)lmtl_mu t 4_npwqpb uhqwfi{!: 

11-flgmp UJ.Whwfi24_nui t hwztlbt qb-.3 2-mu fihp4.wJwg4_wb 
b b 

· UJ.WU14bpp UWI.J.bpbU{!. S l = f f (x)dx , pul.J. S2 = - f r (x)dx: 

a a 
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ll y 

0 
X 

Q-<).32 

liJuUJ.Puntl_, bpqm qbuwmu tt, bpp f(x )-u hwumwmmG 
fi2wGp :PmGqgpw t, ljnpwqpa ubqwGp uwqbpbu[! qwpbL]1 t 

b 

hw2tlht S= Jr(x)dx pwGwol.tntl: PulJ. t~t f(x) qnp[! hwmmu t 
a 

ox wnwfigp(! (qa.33), WUJ.W ubqwGp hpdp[! UJ.bmp t pw<huGbt 
uwutpp, npnGgpg jntpwpwGDntpmu f(x )-[! UJ.WhUJ.wGmu t 
hwumwmmG G2wG, h tl_wptlbt WJGUJ.bu, pG~tybu Gwtunpq 
qbUJ.Pmd: " 

c b 

S = Jf(x)dx + Jf(x)dxj 
a c 

y 

X 

0 

<l-a.33 
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lfwqbptup hw24.uwG pwGwola[! qwpt!P t oqmwqnpaht 
Gtula LUJG qtuwmu, bpp mptltua hwp~ UJ.Wmqbp[! muh­
uwGwt.Pw4ttwa t bpqm mwppbp qnptpntl_qwu up tpwq qnpntl_: · 

f1-pgmp, ' UJ.WhWfi2tlntU t hw24_ht WJU UJ.Wlflqhpp 
uwqtphu[! : np~ uwhuwGwtl_twqtlwa t y = f 1 (x) , y:::: fz (x) 
qnpbpnql.t X =a m X = b nuijul.Ghpntl /qa.34/: 

y 

y=f1(x) 

0 a b X 

Cl-() .34. 

Sptl_wa UJ.Wtnqhpp uwqtphu[! qwpnq tGp Gbp4wJwgGbt 
npUJ.bu tpqm qnpwqpa utqwGGtpp uwqbpbuGtpp mwpphpm-

~JmG . 
b b 

S = Jr2 (x)dx- Jf1 (x)dx: 
a a 

Opftuwlj.- 1. <.w2tlht WJU UJ.Wmqtpp uw4hpbu[!, np[! 

uwhuwGwt.Pwqtl_wa t y = Fx l.t y = x 2 qnphpntl_ /qa.35/: 

<+a.35. 
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lfll--t5flHJ - q..mGhu1.2 mpt{wa bpl1m 4nfl bpp hwmuwG 
ltbmhp[! : UJq GUJ.wmwltmt tmb'bfiR llllWfig htut.twuwrmuG.hpJ:! 

hwuwmbq. Fx =x 2
, x=x 4

, x(l - x 3 ) = 0 , npmhqpg x 1 =0, 

x2 = 1 y 

-a 

b .J 2 2 npmbqpg y = ±- a - x 
a 

2b(x.J 2 J a
2 

• xJ a =- - a - x- + - arcsm - = nab 
a 2 2 a - a 

lJwufiwtlnp llhUJ.1.2ntU, bpp a = b ltumwfiwGp a zwnwljJl­

qntl ZP2WGp uwl}bptmn' s l P\l = 1ta 
2 

: 

2. ifwptiuft owtjwlft hwztjmtf/} 

1l-pgm1.2, mp4_wo t up T uwpupfi : bGpwllllhGR, ubq 
hwJmGp bfi WJq uwpuGp ox wnwGgppG mqqwhw.Jwg 
hwUlntjpGtpp uwttbpbuGbp{!: (f}wpq t, np X -}1 tllmpnfuuwG hhm, 
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[!fiqhwGmp Jlbuwnu1, 4t}lmpntutlJ1 hwmmJpp uwltbpbu(!: UJGUJ.bu 
np hwmmJpp uwltbpbu[! x -p ~mmwpwG t: 'VzwGwltbGp WJll 
~mGltgpw(i S(x) -ml_: bGpwilllbfip Gwlt, np X-[! t{1mfm}uttnu1 t a-

pg uttG~lt b(a :::; x :::; b) h hw2tlhfip WJG awtltull!, np£! 

whuwfiwt}lwlttlwa t x =a lt x = b hwrpmpJmGGhpp up2h: UJq 
UUJWUlWltntl (a:b] UP2WltW.J1.2I! mpnhhGI.2 n uwubpp 
a = x 0 <x 1 <x 2 < .. . <xi- l <Xi < ... <xn =b lt pwcfuiGuwG 

ltbmbpntl mwGbGp ox wnwGgpflG mqqwhWJW9 hwppmpJmGGbp: 
liJil hwppmp.JmGGbrl! ltmpnhbG mptlwa uwplipG[! n mwppwltwG 
zbrmbpp (qa.37): 

0 

Q.b-.37 

5mpwpwG~JntJ1 mwppwltt~tG hwmt.twamu ll_hpgGbGp up 
qwuwjwl}wfi C; uf:12wfi4Jwtltbm. 

X;_1 5 C; 5 X; (i = 1,2,3, .... ,n) 
c; qbmntl mwfibfip ox wnwfig1.2pfi mqqwhWJW9 hwmmw: 

'Upw uwl}bpbun, npfi [!Gqqatlwb' t qawqpmu, 4Jl1Gp S{c;): 

5ntflW1.2WUDntfl mwppw4wG zbpm UnmwtlnpWUJ.bU 
t{1nfuwppfibGI.2 up nl.I}ju[ qtwGntl, npp pwpopntpJntfifi t 
~xi=xi-xi-t (i=I ,2,3, ... ,n), P.u4 hpup[! S(c;)-G t: liJil 

bqwfiwl}nll_ wupnq2 uwpupfi[! 4tf1nfuwppGI.jl1 up wump6wfiwoh 
UJ.Wml}bpnll_, np[! pwql}wgwa t n mwppwltwfi qtwfifi;bppg: 
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ttMbfimwp qtwfip i'>"wtJ.ww GzwGw4bGp !:!.vi -m-1., pull 

wump6wfiwou owpoGp bwtJ.wli!· V11 -nq: 

!:!.v i = s(cJ !:!.xi (i = 1,2,3, __ .. ,n) , lm4 
n n 

V ="" flv . = 's(c.)·flx . · n ~ 1 ~ 1 ,. 

i; 1 i-1 

T \lmpdfip V bultlwll! hwt.l_wuwp 41.PG\1 V n -p uwhuwGpG, 

bpp max\~x i 1~ 0 4wt1 n ~ oo, wJupGpG' 
n 

v = lim vn lim L:s(ci )flx 
n--.0':> n~oo 

max \t.x;j->0 max\t.x;j->0 i; 1 

11 

ilwjg L s(ci )flxi -{! S(x) :pmG49PWJP pGmbqpwtWJ\:lG 

i- 1 

qm\lwpG t: <.bmuwpwp, Gpw uwh\lwGJ:!, bpp max\~xd~ 0, 4mw 

npnzJWL j1Gmbq[1Wl u 4Wfl11Il bfip q11b( 
b 

V = Js(x)dx 
a 

Uw qm.qwhbn hwmm.J~Gbpp uw4bpbufibp}1 \lps;mgnt.l_ 

uwptW}1 owtJ.wllt hwzt.l_uwfi pwfituc:\L.G t: 
fipUibu oppfiw4, hwztJ.bGp wJG LY.wm4hp}1 o·wtJ.wll!, npJ:! 

x2 / z2 
uwhuwfiwt.flw4tlwa t - 2 + - 2 + - 2 = l tlltLY.unptlfl4.: 

a b c 
UlHH1t-lf._ tuu.4unjlq{! hwmbtn4. x = h hwpf}nt}}JWup' 

y2 z2 h2 
4umwfiwfip - + - = 1 - - 4wl1 

b2 c2 a 2 

UlJUpfip(i tip ttPLY.U, np}1 

4tmwnwfigpfihpfi hfi' bH ~ c~l- :: (qit.38): 
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X 
a 

..f!wfip 1111 ti.PLY.u)l l1w4bphuf.! hwtJ.wuwp t 7t pt.{l1 u 
4}1uwwnwfigpGhpt wpmwqpJwlltfi, mump 4wpnq bGp qpbt, np 

S(h)~ nb{t- : 2 ) 

~hmltwpwp, tJ.bp[! umwgt.lwa brut.ltullt pwfiwoltp t~h2 x -{! 
t.fln}uwppfibtntl h -nq, 4mfibfiwGp' 

a a ( 2) ( ) V = - h h3 a 4 Js(h)dh- Jnbc 1- 2 dh =nbc h - - 1 = - nabc :; 
- a - a a 3a- - a 3 

UwufiwtJ.np 11huwmu, hpp a= b = c = R , uhfip 
~mwfiwfip R zwnwt.{l1qm.J. qGI})l o·wtJ.wti!, np£! hwqwuwp 4lltfi)1 

- nR 3 
· 3 . 
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SSUU"U lJUPlfVP GU4.ULC 

'1-pgmp, lJ.npwqpa ub11wGp hpUpf! ox l}wu oy wnwGgpp 

pGi-np hwmqwaG t h T uwpupG[! umwgqnui t WJll- lJ.npwqlla 
. uh11wGp Uimmmupg PP hpupp zmP2I! (qa.39): 

y 

y 

c 
X 

0 a 

q_a.39 

Unw2pG qbUipntU llltntndw(i wnwGgppG nt1111WhWJW9 

hwmmJpGbpf! S(x) = ny 2 t}lnt}lntuwlJ.wG uwlJ.bpbuGbpnq 

2P2tuGGbp, npmb11 y = f(x) a~ x ~ b: bplJ.pnpq qbUIPntti' 

S(y) = nx 2 uwlJ.bpbunq 2P2tuGGbp, npmb11 x = <p(y) h 

c ~ y ~ d : liJll- qbUIPntd tqmmuwG T uwpuGp awqwm, 
b 

hwuwowjG awqwl.P hwzquwG V. = Js(x)dx [!GqhwGmp 

a 

b b 

pwGwohp, 4.I.PGlf V UJU1 = n f y2 dx = n nf(x)Y dx, tpp UJmmmuf! 
a a 

mbqp t mGmGnui ox wnwGgpp h 
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d d 

V UJ U' = n J x 2dy = n ~<p(y )Y dy, bpp lllmmmllf! mbiJ.ll t mGbGmu 
c c 

oy wnwGgpp znt£121!: 

Opl1Gtuq.- <.wztlbL WJU u~puGp awttww, npl} umwg4_mu t 
/ = x lllwpwpnlfl [0: l] hwmqwomu f!GlJ.wa WilhllP 1.4mmmupg 

ox wnwGgpp zntP2I! (qa.40): 

y 

X 

0 

Cl-o-.40 
I I 

2 

Lfll-GOI'-U·._ V Ujtn = 1t fy 2dx = 1t Jxdx = 1t x
2 

~= ; : 

0 0 

J. <Pmftnfuwljwil mdft ljwmwpwo- W2fuwmwilpft 
hw2tfnu.Jf! 

l).pgmp, M UjntfHU[twG lJ.bm[! F map wqqbgntfljWUp 
fiUlllWqpa zwpaqmu t B [tbmpg upG~h c lJ.bm{! (qa.4l): 

B p. 
I ... 

F+~t 
., • • • • • • 8 

M, M2 M;., M;., Mn.J Mn X 

Cl-a.4l. 
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fllwpqntpJwfi hwuwp bfipwqphfip, np mctfl mqqmpJntfii! 
hwU[!fii.Jfimu t zwpctUwfi mqqntf)JWU hbm: illwhwfi~tlmU t hwztJ.bt 
mdfl qwmwpwcr wzfuwmwfip£!: ~flqpi.JwJ}lg hwJmu}l t, np 
hWUUlWUlnLU mdfl I.Jwmwpwcr wzfuwmwfip[! hwtlwuwp t WJI'}. 
nutp ~wtflp t.. wGgwcr 6wfiwUJ.wphp hpl.J.wpmpJwfi wpmwqpJwtJtG' 
A= F·BC: 

lljdU hfipwl}flhfip, ph F man tfmt.J.mtuwl.Iwfi t: M l.Ihmp 
hbnw4_npntflJntfii! ui.Jqpfiwltwfi 0 qbm}l.g uzwfiwlthGp S-ntl: tllwpq 

t, np F md}l ~WtPI! lJt.Pfill S 6wGwutwph}l. ~mulJgflw' F = F(S): 
lijU flGUJl2nlU fiwfunpfl pwfiw&l...m.J. wzfuwtnwfip£! hwzt.lbt ~bfip 
I.Jwpnq, pwG)l np ~bGp I.Jwpnq )luwfiwL ph wfigwcr 6wfiwutwph[! 
tfmtfmfuwljwfi mct)l n"'p wpctbpm.J. ut}lm(l pwqUWUJ.wmlJht: 

UJu fulilll:tPI! tmbbpu hwuwp tlwptlhfip hhmhJruti.JhpUI. 
BC 6wfiwt4Wph[! qwuwJwl.Iwll hqwfiwl.J.m.J. mpnhhup n 

pt[ntl uwGp (mwppwqwG) uwubp)l: SpnhuwG qbmhp{! pnq tJ:tGbG' 

Mo,MJ,M2, ... ,Mi-I•Mi, ... ,Mn-I•Mn: 

"bzwOw\thfip Mi-l Mi = ~Si : SmpwpwfiDntP mwppw­

ltwfi hwmtl.wbmu t[bpgfihfip u(l u)l~wfiltJwt P(S~ ), (i ::: 1,2,3, ... , n) 

lthm h hwzt.{hfip md)l wpdbpfihprr WJ'l qhmhpmu· F(Sj): 
UfipwqphGp , jntpwpwGDntP mwppwlJwfi hwuu.J.wcrmu ptcJn 
unmwt[npwtqhu UJ.WhtqwGmu t hwumwmmG wpdbp' hwtl.wuwp 

F(s;): Upll.JmGpmu qumwgtl)l,np F md[! BC mhqwuwumu 

tflm.Jmfut.J.mu t pn)l~pwdL.: 
bpb i -flll mwppwqwfi hwmt.{wcrmu mdp l{lllmwpwa 

wzfuwmwfipJ! Gzwulllqhfip Mi ,WUJ.W qwpnq hfip qpb( 

~Ai = F(s: )· ~si : 
P.ulJ bph Jlnfl~pwdh tflntflnfutlnq mdp \tlllmwplllb 

wzfuwmwfip{! BC mbqwUlllUntU fizwGwqhGp A 0 , lllUJ.W 
n n 

A :::"~A-= "F(S')·~S . · 
0 ~ I ~ I 1 • 

i=l i=l 

upb ~Si hlllmt[wbGbpfl bpqwpmpJmufibp[! wuuwhuwGn­

phfi ljlnppwgfihfip, Wl4W F(s;} -I! lJdq.m)1 F md)1 l.jwmwJlWb A 

wzfuwmwGp)lG: llJu)lGpG' 

n 

A= A,= lim :L F(s;)~si 
n~oo n -+oo . 

max\t.S;j~O max\ t.S;j~o 1=1 

lim 

n 

UwlJ.wJG L F(s; }~Si -G F(S) ~mfilJgfl.wJfl. n -Pll 
i=l 

)1fimhq.pwtrnJ}lG q.muwpfi t : <.tmt..wpwp, Gpw uwhUwG[! qmw 
c 

npnzJWL }l.Gmbqpwt t.. 4wpnq bGp qpbt' A = J F(S )ds npmhq 
• b 

b=OB, c =OC: 
tlwpdnzpJmlilibp 

1. ~wztlbt WJU UJWtn\tbpfl UwqhpbU[!, np{! uwhuwGwt}lwlJtlwcr t 
y= x2 + 1 UJ.Wpwpntntl t.. x-y=3 mqqntl: 

2. <.wztlbt y=x2 L. x= y2 UIWpwpntfibpnt.{ uwhuwGwljlwlJtlwa 
UJ.WUlljbpp UWI.JbpbU[!: 

3. ~wzt.J.bt y= 2X, y=2 t.. x=O qbbpntl uwhuwfiwt}lwi.Jtlwb 
UJ.WIDljhp)l UWI.JhphU{!: 

4. <.wztlbt WJU UJ.Wmqbpfl uwlJ.bphun. llfll! uwhuwGwtflwlJ.tlwb t 
y= 2x-x2 lJnpnt[ h ox wnwfigpntl: 

5. Opnzbt y = ln x, x = e t.. y = 0 qbhpntl uwhuwfiwt}lwlttlwb 
UlWIDqhp)l UwqbpbU{! : 

6. <.wzt.J.ht WJG uwpufi}l. bwt.J.wm , npJ! wnw~wfimu t y=2x-x2 h 
y=O q.bhpnt[ uwhuwfiwtflwqtl_wb UJ.Wmqbp{! ox wnwfigpfl 
zmp~{! UJUlUlbtltu: 

7. <.wzt.J.ht y=x2 L. y=2x qabpml uwhuwGwt}lwqtl_wb UJ.Wmqbpf! 
ox wnwfigpfl zmp~{! UJ.mmhtm wpil.Jmfipmu wnw~wgwb 
uwpufifl. awt[wm: 

x2 / 
8. <.wzt.J.ht - 2 + - 2 = 1 tt.Putufl ox wnwGgpfl zntP~I! uttnmhtm 

a b 
WpllJntUpntU wnw~wgwa uwpuG}l awt.J.wm (UJ.tnmUwG 
ttJ:ttqun~q) : 

9. Q.mG.bt y=x2 h y=4 qbbpntl uwhowUwt}lwi.Jt.{wb UJ.Wmqbpn 
x=2 mqq)l zmp~rr UJ.muthtm WMJmGpmu wnw~wgwb 
uwpufifl awqwm: 
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10 . .flpn2tL y=x3, x=O L y=8 qotrml. uwhuwGwt.llW\.tt{wo 
lllWtn\.tbp[! oy wnwGgpp 2lllfl2l! UJmmbtm wprumGpmu 
WllW2W9lll0 uwpufip o·wtJ.wLJ:!: 

fch . .[_U3.J"lv CUP-2bP 
Cv'1-~UvflH) UU~UUvflHJvbP 

bGvwqptGp, mpt.Iwa t wGtJ.hf12 ptJ.wJJ1G hw2npqw4w­
GntpJntG u~, u2, u3,"."' U11 '".: 

liju hw211flflW4wGntpjwG wGqwuGb)lpg l(wqubGp • up 
WJUUJ]mp wGtJ.bfl2 qmuwp' 

u1+ Uz +u3+ .. .. + U11+ ... : 
qmuwp[! 4n~tJ.mu t fltlWJpG 2Wf1P : 

"' 

(1) 
(1) 

(I) 2Wf1Pl! 4wp6 4wpbLJ1 t qpbt Gwh htmhJWL mtupntJ.' L u" 

4wu tppbtlG ~:U.(u o +u , +u 2 + .. . + u. + ... zwppp hwuwp): 
n =-0 

(1) zwppntU U), ll2, U),""'' Un )""ptJ.bJ1[! I.Jni.tJ.ntu b(i 2WflPP 
wGqwuGbp: CGq npmu u1 -[! 2WflPP wnw2}1G wGqwuG t, u"-r!' n-pq 
wGqwU[!: 

<.wpl.j t GzbL np ni_ up qtuwmu zwppp tl.hfl2Pfi wGqwu 
qnJntJ3JntG i_ntGp: 

(l) zwppp hwuwp l.jwqubGp S~, Sz, S3,". S"'"' qmuwpGbp, 
npnGp npnztlmu bfi hbmhJWL ohntJ.' 

sl = ul 
Sz = u1+u2 
s ) = ul+u2+u3 

Sn = ul+u2+".+Un 
liJu qmuwpGbp[! ltni.tJ.ntU bG (I) zwpp(1 uwuGw4}1 

qmuwpGbp, uwuGwtJ.npwUJbu S11- [! ltni.ttmu t n-1111 uwuGwltp 
qntuwp: 

UwhtfwOnuf - bpb uwuGwqp qntUwpGbpp hW21lflf}Wltw­
GmpJWU uwMwGI} n~oo qnJntpjntG mGp L hwtJ.wuw£1 t 

9 1 

t.Itr2wtlnp pt{P, wJupGpG' lim S"=S,(2), WUJW (I) 2Wf1Pl! l.tni.tJ.mu t 
fl --)>00 

qmqwutm h S PPtl.l! l.tni.t.Imu t Gpw qmuwp: l"lu4 tpt WJfl 
uwhUwG[! hwt.Iwuwp t wGI{b[l2nLPJwG l.twu qnJntpJmG i_mGp, 
WUJW 2Wf1Pl! l.tni.tl.mu t mwpwubm L qmuwpp uwupG tunubtG 
wGpuwum t: 

'1-pmwpl.tbGp bp4pwi_wt.llw4wG lllPnqpbupwJp wGqwuGb­
ppg l.twqut{wa zwpp[!' 

a+aq+aq2+ ... +aq"-1+aq"+., .: 
~wGpwhw2tl.P qwu[!Gpwgpg hwJmGp t , np upw n-pq 

uwuGw\.tp qmuwp[!' s . = a{l - q") (q '* 1) : 
1-q 

~w2t1.tGp wJu uwuGwqp qmuwpp uwhuwG[!, bpp n~c.o . 

lim S. = lim a(l - q") =_a_ , bpb Jql < 1, npntJ.hbmh WJU qbUjpntU 
H~ n X l - q 1- q 

!imq" =O: 
n-too 

~bmhwpwp, zwppJ:! wJu qbl4pmu, hwuwowJG uwhuwGuwG 
qmqwupmmu t: J"l u4_ hpb JqJ > 1, Wl4W q" ~ oo, bpp n~oo L 

2Wf1Pl! 4LJ1Gp mwpwubm: Cwpp[! mwpwubm t Gwh WJG qb1..4Pntl~, 

bpp jqj = 1, npntJ.hbmh 

Sn=a+a+,"+a=na h RimS" = Rim na = oo : 
Jl -)>Cf.) ll - ) 0".) 

UJuUJ.11unt{' bp4J1wi.wt.llw4wG UJpnqpbupwJp wGqwuGbpj1q 
4wquttwo 2lllflPl! qmqwupmmu t upwJG h upwJG WJG qbuwn11~ . 

tpp Gpw hwJmwpwp[!' JqJ < 1: J"lu4 bpp JqJz 1, Wl4W JUIPI'P 

mwpwupmmu t: 
X I l l I I 

OppfiwJ. .- " - =1 +-+-
2 

+ - , + .. .. + - + .. . 
'1 ~ 2" 2 2 2' 2" 

zwpp[! qmqwubm t, npntJ.hbmh tp4J1wi.wt.l1w4wG UJJmqphlljJIIIJII 

2lllJ1p f q = J_ hWJU1lUJ1lU[lllt{: 
2 
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CUP.QP. Q£11'(}.UUPSOHct3U"V Uu<.PUd-bCSOHd-3U1 
ht.l SUPUlJbSfll'f<t3Uu i-!U'-l.UPUf'OHil·3Uu 

<.U3SU"VP.Ce 

Cwppp qmuwpp hwzqmul! hw6wtu Ltwlll4mu t 
PWJllllll~Jm(Hibpp hbm: . Dtump, WJfi hwpg(!, ~b zwpp(! 
qmqwuJ:nnmu t , pb mwpwupmmu, mfi):l LtwpLnp GzwGwLtmpJmG: 
liJU hwpgpfi lllWlflWU}uwfibtnt hwuwp UW~I:iUwmp4WJnLU 
Wlllwgmgqmu tfi hwJmwGpzGbp, npnfig oqfimpJwup, ~oqm4btml, 
wpllJmfipmu qmqwupmm~Jwfi wfiuf12w4wfi uwhuwfimupg 
lllW[lqwpwfitlntU t zwppp qmqWU}ltnnt~jWfi hwpg{!: 
/iTbnpbtf- (CwppJ:l qmqwupmm~Jwfi wfihpwctbzmm~JWfi 

00 

hWJUlWUP2I!): b~b L un 2WflJ2I! qmqwupmmu t , WlllW fipw Un 

n= l 

[!Uqhwfimp wfiqwU{! oqmmu t 0-p, n- U oo oqmblflu, WJUJ:lfipfi 
limu 11 = 0 : 
n~oo 

UUJwgmJg.- '1-pmwpl.jbfip S11 _ 1 = u1 + u 2 + ... + u,_1 L 

sIt = u I + u 2 + ... + u II uwufiw4}1 qmuwpfitp{!: .Qwfip np J:!UUl 

lllWJUwfip zwppJ:! qmqwupmmu t, wlllw· lim s._, = s L lim s. = s: 
n~x: n-+::n 

f!wJg u = S - S _, , limu. = lim(S.-S.J = S - S = O: 
n n n n-+ x n-+x: 

UJfi l'tfil lllwhwfi24mu tp Wlllwgmgtr lilllwgmgl[ma 
pbnpbuttg wfilil12WlllhU hbmLnul t zwppl't mwpwUbmnt~]Wfi 
pwqwpwpnt~JWU hWJUlWGpzyf b~b zwppp U11 {!fiqhwfimp wfiqWU(! 
W oqtnntU qpnJJ:l, fl-{! 00 6qmbtPU, Wl4W 2WflJ2(! lflW[lWUI'tUlntU t : 

Ppnp, b~b 2WflJ21! qmqwu):lml't, Wl4W Un~O, n-1! 00 oqmbtllu, 
PWJ9 J:!UUl U!WJUWGp Uu - I! w oqmmu 0-p, bpp n~oo : 

0rl'tfiw4 - <.tmwqnmbt hbmltJWL zwppl't qmqwuttmmpJntG{! 
I 2 3 n 

- +-+-+ ... + + .. . 
101 201 301 lOOn + I 

Lmomtf- lim u" = lim n =_I_ :;t: 0 
HOO n4oo 1 OOn + 1 1 00 

<.tmLwpwp, zwppJ:! mwpwubm t: 
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b~b zwppp qmqwupmmpJmfipg hbmLmu t , np lim u" = 0 
n ~oo 

Wl4W hw4wnw4 Ulfil}ntll{! upzm ~t , np 6J:lzm t : lijupfipfi' 2Wflpp 
{!fiqhwfimp wfiqWUJ:! n ~ 00 4Wfl01'} t oqmbt qpnjp, pwjg zwpp(! 
qmqwubm apfitr flpll!GU 0[1pfiw4 qptnwpltbfip WJUUlbU l.jn~tlwa 
hwpunfi}14 zwpp[!' 

oo l I I I I L -= I +- + -+-+ ... + - + ... : 
n= l n 2 3 4 n 

BmJg mwfip, np WJU zwpp£! mwpwubm t; ~fiWJWO, np 

limu" = lim_!_ = O 
n~oo n4 oo n 

Ppnp' hwpunfiJ:14 zwpp{! qptfip up pJ:l~ uwfipwuwufinpbfi 
I 1 I 1 I I I I I I I 

1+ -+-+-+-+-+- + -+-+ .. . +-+ -+ ... +-+ ... : 
2 3 4 5 6 7 8 9 I6 17 32 

'--v---' ~ '---y---J '-----v-----' 
2 4 8 16 

<I>w4wqatpp ub2 qbpgtlwb' wfiqwt.Hihppg JntpwpwGvmri! 
l}mtuwppfibfip lUJI1 }uup):l qbp2J:lfi wfiqwunt~: lijqlllJ1un4, ubfip 
4tlmppwgfibfip zwppp uwufiw4}1 qmuwp£! L Ltmfibfiwfip 

I 1 I I I I l I I I I 
I +- + -+-+-+-+ -+-+-+ ... +-+-+ ... +-+ .. . 

2 4 4 8 8 8 8 16 16 32 32 
~ "'-----v------ '----v-----' "---v-----' 

2 4 8 16 

l 1 I 
4wll 1 +- +- +-+ ... : 

2 2 2 
liJu Gnp zwppJ:l n-pq uwufiw4}1 qmuwpu, npfi wtlbtJ:l 4'tnpp 

t , pwfi mpqwa hwpunGJ:14 zwppJ:l uwuGw4}1 qmuwpJ:!, 4mGbfiw 
1 

hbmLJWL mbUpJ:!' Sn=1+2n L n-J:! wfiqhp2nt~jWG oqmbtm 

qbl412ntU , Sn-I! GmJfillltu Ltoqmp oo: <.tmLwpwp, hwpunfiJ:14 
zwppp n-pq uwufiwl.jJ:l qmuwpJ:! UmJfilllbu ljoqmp oo: lijupfipfi 
hwpunfi}14 2WPJ2U mwpwubm t: U"fimu t Gzbt, np hwpUnfiJ:14 
zwppJ:! l.jwpLnp GzwGwljm~Jntfi mfip zwppbpJ:l 
mwpwutmm~Jmfifi mumufiwu):lpbtm ctwuwfiw4: 
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l).f\ U4Ul1 U'lJl).UlfUbflfl'-1. CUP.f2liflf"l 
Qfl l'Cl-UUPSfll'f&3U'V PU~lUPUrflHo·3U'V 

~U3SU'VPC'VbPC 

1.f2mqw ziftmmpJWU }Jwzfbzfwmmpjwil hwjmwilft21J 
t;G~wqptfip , mGtGp tpl.jm qpwl.jwG wGl).wUGbpm.l_ zwppbp 

u, +u2+ ... +un+. .. {l) 
v, +v2+ ... +vn+. .. (2) 

Upw fig hwuw p w nl.jw t hbtnhJWl UJ.UqntU[!: 
fi)-bnpbtf-b~t (1 ) zwppp WUl).WUfibp[! ~t(i qbJ1Wqwfigmu (2) 
zw ppp hwUWUJ.WtnwuJuw G w fiqwtWbppG, WJUpfip(i 

U11 ~ Y11 (3) 
l.t (2) zw pp[! qmqwubtn t , WUJ.W qmqwubm t Gwl.t (1) zwpp[!: f"1U 4 
bf}b (I) zwpp[! mw pwubm t , WUJ.W (2) zwpp[! UntjUUJbU 
mwpw ubm t: 
llUJwgmJg.-l1zwGwl.j_hfip (1) zwppp uwufiw4fl qmuwp[! Su, pul.j_ 
(2) zwppp uwufiw 4P qmuw p[! <Jn 

Sn= t u; ;<Jn= t Y ; 
i=l i -= 1 

(3) UJ.WJUwfipg hhmLmu t, np Sn ~ <J11 : ( 4) 

.Qwfip np (2) zwpp{! qmqwubm t, WUJ.W limcr 11 =a l.t WJU 
ll4 (J'J 

UJ.UlJUwfipg , np (1) l.t (2) zwppbp£! qpwl.J.wfi wfiqwufibpntl tfi, 
hhtnLmu t, np crn <cr L (4) wfihwtlwuwpnt~Jwfi hwuwawJG S<cr: 

lljUUJ.pum.J., utfip gmjg mtlbgpfip, np Sn uwufiwl.)p 
qmuwpfibp{! uwhuwGwtflwl.J.tlwb bfi tlhpt.pg: .Qwfip np n-p 
w6uwG hhm upwupfi Sn uwufiwl.J.jl qmuwpf! unfinmnfi w6mu t, 
UlUJ.W WJG mGp uwhuwfi limS" = S, {!Ul). npmu UJ.wpq t, np S~cr L 

""'"' 
f}hnptup. wnw2pG uwuG wUJ.wgmgtlwb t : 

~pUw wfigfihfip ~hnphup hplJ.pnpq UWUp WUJ.UlQntgUWUf!: 
Cum f}bnphup UJ.WJUwfip, (1) zwppf! IDUlJlWUbtn t: ').w 

GzwGwl.J.mu t, np limS" = oo qwu qnJntpJmG ~mGp : .Qwfip np <Jn 
0 ->7 

uwuGw4fl qmuwpfihpp hw2npqwqwfintpjntU[! unfintnnG wrSnq t, 
WUJ.W, num (4) wfihwtlwuwpmpJwfi, n-}1 wfitlbJWDJlbG w6uwG 
hhm upwupfi <J11-f! wnwtlhtl.tu l.J.aqmp co: l).w GzwGwqmu t, np (2) 
ZillPPI! fintJUUJ.hu mwpwuhm t: 
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OpftuwljObp - ~wutuwmm~Jwfi hw.JmwGI1JI1 oqGm~JwUp 
htmwqntnht hhtnhJWl ZWPPhpp qmqwuptnnt ~Jnt G[! 

" I I I I 
1. I -= 1+-, +-+-+ ... 

n =l n n 2 - 3 J 4. 

"' 1 1 1 
2. I c = 1 +-+ r;; + .. 

n =1 vn J2 v3 

• X I I I I 
linw2r G zwpp[! hw ubuwmbfip " - = I + - + - + - I .. . 

ft2 " 2 2 2 ' 2 ' 

qmqwutm hpl.J.pw~wtllwl.J.wG uumqphupwJp zwpJ2p htm: 'VI.jtmnll 
I I 

mfitfiwtm.J., np ~ 5 "2n'", [!Utn hwutuwmmpJwfi ptnpbll!1 WJII 

zwpp[! l.J.tltfip qmqwuhm: 
bpl.umpqzwpp{! hwutuwmtfip hwpunfipl.J. zwpnfl hbm. 

1 1 
-<- · n- .Jn · 

l1l.J.wmp mfibfiwtml wJU wfihwtlwuwpmpJntU{!, [!Ulll 
hwubuwmmpJwfi hwJtnwGpzp,mptlwb zwppn fimJGUJ.bu l.J.tlllilt 
mwpwubm: 

'l{tupdntp JntG Gbp 
<!.wuhuwmm~Jwfi hwJmwGpzfl oqfimpJwlip hhmwqnmht 

hhml.tJwt 11Jlwi.J.wG wGqwufibpntlztupphpfl qmqwupmntpJmfin: 
I 8 I 

I. -+-+ .. . + + .. . 
fln2 fln3 fln(n + I) 

I 1 I 
2. - +-+-+ .. . 

2 4 6 

3 
. 1t . 1t . 

. sm-+sm-+ .. . +sm-
2 4 

4.! 2 I 
n = l n - 4n + 5 

5. f I 
n =l .Jn 2 + 2n 

1t 1t 1C 
6. tg-+ tg-+ ... + tg -+ ... 

4 8 4n 
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I I I 
7. - +- + ... + 2 + ... 

2 5 n +2n 
1 I I 

8. -+-+ .. . +--+ ... 
2 5 3n - 1 

UnwGg WUJ.WQntJ9P pbpbGp pwtl_wpwpmpJWG llp pwGll 

hwjmwGJ:l2Gbp L.u: 

2!1-ULUlJgt;pp <,U3SU'Vf1CC 

JO-bnpbtf- f}..pgmp , I}Jlw4_wG wGq.wuGhpntl_ 

u, + u2 + ··· + un + ··· 2wppp (n+ 1)- flll l..t n-{ll1 wGq.wt1Gbpp 

hwpwphpntpjntU£! n-{! , 00 oqtnblP-u, oqmmll t e tlhf12Wl{np 

uwhllwG}lG, WJUpGpG lim un., =f. , WJll q.hUJ.Pmll' 
n 00 un 

1. hph e < 1, wUJ.w 2WflPI! qmqmuhtn t , 
2. b pb f.> l, WUJ.W 2lllflPI! tnwpwllhm t, 
3. bpb P.= l, lUUJ.W 2WflPP qnt(!WllptnntpjwG hwpg{! 

llGmll t wGnpn2: 
Uw ti2wGwlj_mll t, np bpp f. = 1, WUJ.W 2WflPI! 4_wpnq t LJ:lGbt 

pG~UJ.bu qmqwubm, wJGttJ.bu tt mwpwubm: "'VuwG q.bllJ.PmU 
hwpgp l{hp2Gw4_wG tmbmUL! llJ.WhwG2ntU t ~wgmgp~ 
hbmwqnmmp JmG Gbp: 

~ 1 I I I I 
OppGw4_Gbpl. I -= 1+- +-+-+ ... +-+ ... 

n• l n! 2! 3! 4! n! 

I 1 
u =-= 

" n! I · 2 · 3 · -- n 
1 I I 

u.,1 = (n+l)! = 1· 2 ·3···n(n + 1) = n!(n + l) 

u I . n! I" I 0 I Jim ----'!.!:-= ltm = Lm-- = < : 
~ .... ., u. • .... ., n! (n + I) ..... "' n + l 

hbtnhwpwp, mptl_wo 2WflPI! qmqwubm t: 
"' n I 2 3 n 

2_ I -=-+-+- + ... + - + ... 
• • 1 n + I 2 3 4 n + 1 

n n+ 1 
u. = n + 1; u •• t = n + 2 
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I
. un+l 

1
• (n + IY 

1
. n 2 +2n + l 

tm --= tm = tm = 
n -+oo u n n -+oo n(n + 2) n -+co n 2 + 2n 

2 1 
1+ - + -

11 n 2 =I 
2 

1+ -
n 

OtpbdG f}..wtwllpbpp hwjtnwGP.2P oqGmpJwllp UIJU 2lllflPP 
qmqwupmmpJwG uwupG hhtnL.mpJmG wGht ~p 4_wphlP-, pwJg, 
oqtn4.html qmqwllpmmmJwG wGup2w4.wG uwhuwGmupg, l.J.wpblP-

1 1 1 
t gmJg mwL np 2WflPI! qmqwubm t: Ppnp ( - ----

n n + 1) n n + 1 
l..t Sn llwuGw4.l1 qmUWfli! 4_wphlP- t Gbp4_wjwgGht 

11111 1 1 sn = 1 -- + - -- + -- - + .. .. - -- = 1 - -- mhupnl{: 
2 2 3 3 4 n+l n + l 

lim Sn = lim(l - -
1

- ) = 1 : fltpbdG 2WflPI! qmqwllbm t: 
n -+oc n -+x n + 1 

<C 2" 2 22 23 2" 
4. I - =- +- + - + +-+ 

n =l n 1 2 3 ... n ... 

lim u n+l = lim 2 . _n_ = 2 > 1 : 
n -+:o u n n -+Xl n + 1 

<.ttnl..twpwp, 2WflPI! tnwpwubm t : 

3. 40Cfil'- <.U3SU"'Vf1CC 

{0-bnpbtl- f}..pgmp , u 1 + u , + , .. + u . + ... q.pw4_wG wGq.wuGb­

pntl_ 2WflPP hwllwp ~ llbom_pJntG£!, hpp n~oo mGp 4.hfl2W4.np 

,e uwhuwG, WJupGpG lim~ = f. , wJq. q.bUJ.Pmtr 
11 -+"' 

1. bpb e < 1, 2WflPI! qmqwuttn t , 
2. b_pt f > 1, 2WflPI! tnwpwubm t , 
3, bpb £= 1, WUJ.W 2Wflpp qmqwupmntpjWU Wfl9I! UGmU t 

wGnpnz : UJG tntb"btm hwuwp wGhpwdbzm bG wwgmgp~ 
hbmwqnmmp JmG G bp: 

' ., 1 1 1 1 
OppGw4_Ghp l, 2:- = 1 +-2 + - 3 +-+ +-+ 

n =l n n 2 3 4 4 n n 
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e = lim'i{U: = lim nrt = lim _!_= 0 < 1: 
n -+x: ll -+:.0 v~ 11 _.,:(; n 

~bmLwpwp 4nzm hwjmwG(lz(l hwdw6wjG, zwpp[! qmqwdbm t : 

"' (2n + l)n 3 (5)2 (7)3 (2n + l)n 2 . .L = - + - + - + ... + + ... 
n= l n 1 2 3 n 

I! 1. n~ l J(2n+l )n 1' 2n -1 2 = liD '\fU n = lffi = 1m--· = > 1 
ll ~X n-+:0 n n -+'Xl n 

Otpbufi zwppf! mwpwubm t: CGqhwGpwUJbu gmJg t 
mpt.J.mu, np bpb l)..tutwdpbp(l lJwd 4nlm hw.JmwGpzGhp(lg ub4£! 
qmqwu(lmmpJwG hwpg[! pnqUmu t wfinpnz, WUJW OJnLU[! 
GmJGUJbu pnqfimu t wfinpnz, L. LUJO 4Ppwntm wO(luwum t: 

4. 40Cfil'- p1JSbQ.PUlli3P'V <.U3SU'VPCC 
f&bnpbu- bfipwqpbfip, u I + u 2 + ... + u n + ... qpw4wfi wG­

q.wufihpnt.J. zwppp wfiq.wufihpn unGnumG Gt.J.wqmu bfi, WJUpfipfi' 
U1 ~ u 2 ~ u3 ... , L. qpgmp y=f(x) WJfiUJllup unfinmnG fit.J.wqnq 

wG[!fiqhwm ~mfiljgpw t, np f(l)= u1, f(2)= u2, .. . , f(n)=un: 
liJq. q.hUJpmu' 

"' 
1) bph Jf(x)dx wG(lu4wlJwG }lGmhqpwm qmqwdhm t, 

WUJW mpt.J.wa zwppn GntjGUJbU qmqwuhm t. 
2) bph WJU (lfimhqpwm mwpwuhm t, WUJW zwppn mwpwuhm t: 

co 1 
Opftfiwlj - 5mJg mwGp, np _L-P zwpp£! qmqwobm t , bpp p> I L 

n=l n 
mwpwohm t, bpp p ~ 1: l)..wtwupbp}l hwJmwGpz[! WJU zwpp}l 

qmqwupmmpJwG hwpgl} pnqfimu t wGnpnz (e = 1): 4(1pwnbfip 

4nzm pfimtqpwtwJ}lG hwJmwfipzf!' mhqwqpb1nt.l f(x) = ~: liJu 
X 

~mfi4g}lwG pwtl_wpwpmu t pbnpbujl pntnp UJWJUwGfibp(lG: 
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r I I b I ·s·dx . hfdx . { - xl-p =-(bl -p_ l~ t[lpp :t: l 
-=fim -=€tm 1- p 1 1- p _ 
X P h - u o X ll h- u l 

I I enxl~= enb,b[lpp =I: 

"'dx 1 
bph p>l, J- = --, wfi}lu4w4wfi }lfimbqpwm qmqwuhm t L. 

1 x" 1-p · 

hbmL.wpwf1, zwpp[! GntjGUJbU 4lf1Gp qmqwobm: bpb p ~ 1' WUJ.W 

"' d 
J~ pGmbqpwm hwtl_wuwp t wfitl_tps;mtpjwG, hbmLwpwp, 

x" I . 

zwpp[! mwpwutm t : 
co 1 

liJUUJ}luml, L -p zwpp[! qmqwubm t, bpb p> 1 L 
n=l n 

mwpwubm t, hpb p ~ 1 : 
liju ljwpL.np wpi}.Jmfipn hw6wtu 4oqmwqnpO't.J.}l qnfiqphm 

pt.J.wJ}lG zwppbJl}l qmqwupmmpJmfifi mumufiwu}lphtm 
dwuwfiw4: liJUUJbu op}lfiwlf 

co 1 1 1 1 1 .L-1 = 1+ -2 + -2 + -? + .. . + - 2 + .. . zwpp[! qmqwubm t , 
n=l n- 2 3 4- n 

npmt_hbmL. p=2> 1: 
co 1 1 1 1 L 1 = 1 + r;; + ~ + ... + 1 + ... zwppn mwpwubm t, 

n=l -vn -v2 -v3 -vn 
1 

npnt.J.hbmL. p = - < 1 : 
2 

UP .gli"UP <Pfl<P01uli4U"U "UbPP ,1)fii'"U45Pli"UbP 
OPP1JU4ubP b'-l UU~UU"UOHJl.JbP 

upa~ WJGU ubfip mumuGwuppmu tpGp Ub4 tflmpntuw-
4wfi}lg 4wfutl_wa ~mG4gpwfiGhp: Pwjg UJPW4tnfl4wJnui zwm 
hw6wtu hwfiqpUJmU hfi WJfit.q}mp q.hUJphp, bpp q.}lmwp4tl_nq 
ubamp.Jwfi (:j>mfi4gpwj(1) .pmpnfuntpjntG[! 4wfutl_wa t lflGmu n~ 
ph uhq, WJL Up pwfip ubantpjntGfibpp (wpqmubfimfihpp) 
tflntflntumpJmGfibppg : 
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Op}lfiwlj 1. 01-qqwGl!JwG llw4bpbu~ hwtJ.wuwp t Gpw 
~wt}lmlllibp}l wpmwqpjwt}1G' 

~~~~--------~ 

s 
y S=xy 

X 

Q..a. 42 
lijumhq lllJlll.UIUljJwfi uwqbpbUJ! bp4m t}lnt}ln}uw4wfifibp}1 

~mfi4g}lw t : 
Op}lfiwlj 2. 01'-qqwuljJmu qmqwhbnwu}lum}l awtJ.wm 

hwlJ.wuwp t upwlwt}lmuubp}l wpmwqpJwt}1G: 

/ 

I Z 
I 
I 
I 

/ 
/ 

/ X 
/ 

, ___ r_ _____ _ 

Q_() , 43. 

V=xyz 

lijumbq qmqwhbnwuttum}l awqwm bpbp t}lnt}ln}uw­
qw(i(ibpll ~mu4gpw t: 

Op}lfiwlj 3. Qnnll - Lhug}l opbUp{! wpmwhwJmmu t wfi-
2WmlJ.ni1 2hpUlllfJWfi pwUW\.tll qw}ulJ.wantfjlllG~ hnuwfipp ma}lg, 
hwqnpq.wtwp}l q.puwqpmpJmfi}lg h dwl~wfiw\.tllg Q=0,24I2Rt: 

liJumbq Q-fi fimJfiUJbU bpbp t}lmlm}uwqw!Hibp}l ~mliqgpw 
t: liJumhhmh mwfip u}l pwli}l t}lmlm}uw4wuubpp ~mfiqgpwJ}l L 
lJ.hP2Pfillu npnzuwfi m}lpntJfP uwhllwumUJ!: 

Uwhtfwlinuf 1 .bfb x, y, z, ... , t t}lnt}ln}uw4lufi(ibp}1 
wpcthpfihp}l Jmpwpwfivmp pwqumpJrnUJ! hwllwUJ.wmwu}uwfimu 

101 

t u t}lmlm}uw4wfi}1 npnzwljll wp<tbp, wumll bfi, np u -G x, y, z, ... , t 
t}lmlm}uw4wfifibp}1 ~mfi4g}lw t h WJI}. 4WUJW4gntf}jnt6~ 
~fiq.hwfimp ohm.J. qpmll bfi hbmhJWt4bpUJ' 

u=f(x, y, z, ... , t): 
Uwhuwunuf 2. x, y, z, ... , t t}lmlm}uwqwfifihp}l wpabpfibp}l 

WJfi pwqUnt}}Jntfi~, np}l hwllwp qnJnLf.Jntfi mlibG u-}1 npnzw4}1 
wp<tbpfibp, 4nltJ.mu t ~mfi49PlllJ}1 npnzuwfi m}lpntJf L. 
GzwGwqtJ.mu t D mwnntJ.: 

lfwufiwtJ.npWUJ.bU, llUIUpUllluwfi mumufiwu}lpb(ip bp4m 
t}lnt}ln}uw-lJ.wfifibpntJ. ~mfi4g}lwfibp~: 

z t}lnt}ln}uwqwfi~ 4nltJ.mll t x L y t}lnt}ln}uw4wufibpp ~muq­
g}lw, bfb (x,y) wpabpubp}l Jmpwpwfivmp qmJq~fi hwllwUJ.w­
mwu}uwfimll t z-}1 npnzw4}1 wpabp: (x,y) wpabpubp}l qmJqbp}l 
WJI}. pwqllmfJmU~ 4nltJ.mu t z ~mu4g}lwJp npnzllwfi 4wll 
qnJlllfJUlfi m}lpntjf: 

z=f(x,y) bp4m t}lnt}ln}ulllqwu}l ~muqg}lwJ}l npnzuwfi 
m}lpmJf~ hlllJlflllfJWfi qbmbp}l pwqUmfJlllU t: lfwuGwtJ.np 
q.bUJ..PmU WJfi 4wpnq t t}1Gbt wupnq2 hwpflllfJntfi)!: l>mfi4g}lwJ}1 
npnzuwfi m}lpntJfJ! uwhuwfiwt}lw4nq q}lb')! 4nltJ.mu t bqpwqpo: 

S}lpntJfP bqpwqo}lu lUJ.wm4Ulunq 4hmbpJ! 4nl1J.mu bu Gbp­
Pllfi 4bmbp: liJfi mttpmJfJ!, npJ! pwq4wgwo t upwJU fibpp}lu 
4bmbpl'tg, 4n~tJ.mu t pwg m}lpnlJf: bfb m}lpntJfpfi bu UJ.Wm-
4lllumu filllh bqpwqo}l 4hmbp£!, WJfi 4nllJ.mll t t}llll4 m}lpnlJf: 

liJUUJ.bu op}lfiwq 
1. z= x2+y2 ~mfi4g}lwu npnzlJ.wo t (x,y)-}1 gwfi4wgwo qmJq}l 
hwllwp: Otpbufi upw m}lpmJf~ wupnJl2 xoy hwpfntfJmfiG t . 

2. z = - 1
- ~mfi4gttwG npnzlJ.Ula t wubGmpbp, pwg}l y-x=O 4wu 

y-x 
y=x mqq}14bmbppg. 

3. z = +~4 - X 
2 

- y 2 ~mfiqgpwu npnztJ.wo t upwjG XL y t}ln­

t}ln}uw4wfifihpp WJG wpabpfibp}l hwuwp, npnGp pwtJ.wpwpmu b(i 
x 2 + y 2 

::; 4 wuhwtJ.wuwpmpJmfi~: liJu}l.GpG' z ~muqgpwJ il 

npnzuwu mttpmJf~ R=2 zwnwtl}lqm:J. 2P2Wfi t, np}l 4hfimpnGJ1 
qm(hJ.mu t 4nnpq.}lfiwmw4wli ultqpliwqbmmu libpwnJWL Ow l• 
x 2 + y 2 = 4 2P2Wliwqop qbmbp~ (qo.44): 
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, 1 
(arcsin x) = 

1 
-v1-x 2 

17. , 1 
(arcsin u) = 

1 
· u' 

-v1-u 2 

18. 

, 1 
(arccosx) = -----==-

~2 
, I 

(arccosu) = · u' 
~1- u2 

19. 

, 1 
(arctgx) = -·-

1 + x2 

, 1 
(arctgu) = 

2 
· u' 

I+ u 

20. 

, I 
(arcctgx) = 

2 1+x 
, 1 

(arcctgu) =-
2 

· u' 
l+u 

Opftuwljuhp 

1. y == lnsinx, y' = -.-1-· (sin x)' = - .-
1
- · cosx = ctgx: 

smx smx 

2 _3/2 -x2 / 3 . y- vx~- , 
2 _l 2 2 

y'=3x 3 = 3xt/3 = 3v;z: 

/ 

3 
4. y=5x , 

y' = sx-' ln5(x 3 
)' = sx-' In5. 3x 2 = 3x 2 • sx-' ln5: 

5. y=xFx=x 312
, 

y' = lxu2 = lFx: 
2 2 

6. y = (x 2 
- 2 J, 

y'~3(x 2 
-2J ·(x

2 
-2J =3(x 2 -2J ·2x=6x(x 2 -2J: 

. X 
7. y =sm - , 

2 , 

y' = cos ; (;) = cos ; ~ = ~cos ; : 

2 8. y =cos 3x, 
, , 

y' = 2cos3x(cos3x) = 2cos3x(-sin3xX3x) = 
= -6cos3xsin3x = -3sin6x: 

rf.wpdmpjmililhp 
~w2tlht mpt.J.wo ~mfi4_g}lwGhp}l wowfigJWtfihpJ! 

' t J§+l ' y= -- 2. y=tg2x , · x-1 
':Ill . ? 
;J. y = cosx-

l • y = ln 2 x 
:, , . 

.,. y=e- x sinx 

~· Y = 3 arctgx 

4 . y = lncosx 

6. y = esin2x 

5x + 3 
8. y=----

x2- 3x + 2 

0 
_ arcsm x 

1.y- I ' 
"/1-x-



2 

X 
q.(t.44. 

b'PY:fll'- <l>fl<llflluUY:U'U 'UbPP. ~fli'-:UY:5P.U3P. 
bPY:PUOU<l>UY:U'U UOY:'UUPU'Ufll'-@-3fli'-'UQ 

y 

fl.pmwpltbGp z=f(x,y) ~mUltgpwG: Uw :PmGltgpwjp 
pwgwhwJm mbupG t, pult wfipwgwhwJm mbupn hbmL.JwtG t 
F(x;y;z) = 0: 

z 

z 
y 

X 

q.c}_ 45 
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bGpwqpbGp, mpqwb" ~mGltgpwG npn2tlwb" t D mppmJpmu: 
D Ulp{mtJppg JmpwpwGLJmp P(xy) ltbmpG lthwUwUJ.wmwutuwGp 
up z, npn pwtJ.wpwpmu t z=f(x,y) hwtJ.wuwpuwGn: UpllJmGpmu 
mwpwbntpJwG ub2 ttumwGwGp M(x, y, f (x, y)) ltbmbpp bpltPw­
;_wt}lwltwG mbq, npG, pG;_UJ.bu hwJmGp t wGwwmplt bpltPw­
;_wt}lmpJmGpg, ppbGpg GbpltWJWgGmu t Up UwltbpLntjp (qb". 45): 
liJUUJ.}mntJ., wubG Up bpltm t}lnt}lntuwltwGGbpp ~mGltgpwJpG 
mwpwbntpJwG ub2 hwUwUJ.wmwutuwGmu t up uwltbpLntJp, npn 
ltn;_qmu t Gpw qpw~p4: 

bPl.IOI'- <l>O<l>OiuU\JUl/ubPP l>OI'-"Uli5PU3P 
UU~UU"U "U 01-- U"UC"U~~USOI--.ca-301--"UC 

'Uwtu b"wGnpwGwGp up ltwpLnp hwuttwgmpJwG hbm: 
Mo(xo, Yo) ltbmp r- 2P2W4WJP ltn;_qmu t pntnp WJG (x,y) 

ltbmbpp pwqumpJmGn, npnGp pwtJ.wpwpmu bG 

~(x- x0Y + (y- y0 )
2 < r wGhwtJ.wuwpmpJwGn, wJupGpG' wJG 

ltbmbpp pwqumpJmGn, np qmGqmu bG Mo(Xo, Yo) ltbGmpnGml. r 
zwnwtl.JulntlzP2Wfip Gbpumu (qb". 46): 

y 

~ M 

X 

0 

q.c}, 46 

b'GpwqpbGp, mptlwb" t z=f(x,y) :PmGltgpwG, npn npnztJ.wb" t 
hwppntpjwG D mppntjpntU: fl.pmwpqbfip D mppntjpp up 
npnzwltlt Mo(xo, Yo) ltbm: 
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Uwhtfwunuf. - M(x,y) [Ibm(! Mo(xo, y0) [IbmtJG oqmbtm owuwGw[I 
A plltli! [In~t[mu t f(x,y) :PmG[IgpwJp uwhuwG, bpb JmrtwpwfiDntP 
£>0 ptl}l hwuwp qwpb\}1 t Gzbt WJGU}}1u}1 r>O ppt[, np mb$ 
mGbGw I f(x,y)-AI < £ wGhwt[wuwJ1mpJntG(!, hbGg np mbqj1 t 

mfibGmu [MoM[< r wGhwt[wuwpmpJntfi(!: bpb A PPtli! f(x,y) - 11 
uwhUw(i(i t M(x,y)-(! Mo(Xo, Yo)-pti oqmbtltu, WUJ.W WJIJ: qpmu b(i 
WJUll.lbu' fim r(x,y)= r(xo,Yo): CGq npmu M(x,y) [Ibtni! 

M->M 0 

oqmmu t Mo(Xo, Yo)-pG [IWUWJW[!WG bqwGw[Int[, utJzm uGwtntl 
:pmG[IgtJwJti npnzumfi mppmJpll Ubpumu: liJull.ltJunt[, npll.lhuqp 
f(x,y) :Pmfi[IgpwG lltGp wG(!fiqhwm Mo(Xo,Yo) [Ibmmu, 
wGhpwobzm t, np mbll.P mfibGwU hbmLJWl UJ.WJUwfiGbpf!' 

1. f(x,y)-I! npnzt[wa lltG}1 M o(xo, Yo) qbmpzp2w4wwnu'i, 
2. f(x,y)-I! ll.lhmp t mUbUw uwhuwfi M(x,y)-n Mo(xo, Yo)-}1U 

oqmblltu, 
3. WJIJ: uwhuwfin UJ.bmp t hwt[wuwp \}lfi~ f(x,y)-~ wpobp~fi 

Mo(xo, Yo) [Ibmmu: 
bpb f(x,y) :Pmfi[Igpw(i wU(!fiqhwm t D mppmJPti pntnp · 

[Ibmbpmu, WU}W Uw [In~t[mu t wU(!Uqhwm WJIJ. mfl[lntjpmu: 

b.P4.01-- <l>ll<l>lllullHiT5llFG 'Gb.Pll'4. J)lli'-'G4.5f1U'G 'Gb.Pf1 
UUU'GU4.f1 Ut5U'G55Ul 'Gb.P'G Ill'- UUU'GU4.f1 

q_pJ)b.Pb'G5f1lil'Gb.PC 

f)_pmwp[IbUp z=f(x,y) :PmU[IgpwU, np(! npnzt[wa L. 
wUf!Gqhwm t D mtJpntjpmu: 

z :PmUqgpwjp uwuUwlt}l w6 qnl_t[mu t WJU WD(!, ll[l(! Gw 
umwfimu t wpqmub(imfibppg npL.t ubli}lfi w6 mwtm owtiwGw[I. 

~.z=f(x+~x,y)- f(x,y) 
~yz=f(x,y+~y) - f(x,y) 

UwhtfwOnu.f.- z=f(x,y) :pmG[Ig~WJP uwuGwli}l wawUgJWffi, (!UUl 
npL.pgb up wpqmubGmp, [In~t[mu t Gpw hwUWU}WU1WUfuwG 
uwuGwl!ti w6p L. WJIJ: wpqmubGmp w6~ hwpwpbpmpJwfi 
uwhuwGf!, bpp t[hp2~fiu oqmmu t qpnJp: 

linW2~fi [Iwpqp uwuGw[I)l WGWU9JWtfibpp hwuwp 
nUqmGt[wa t [Iwmwpbt hbmLJWl UzwUw[Imufibpn' 
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z' = oz = ar(x, y) = f' ( ) 
X ax ax X x,y 

z' = 8z = ar(x,y) = f'(x y) : 
y 8y 8y y ' 

liJUUJ.bu np, (!Um uwhuwGuwG, [Iwpnq bGp qpbt' 
Oz =fim ll ,z = fl im f(x+Llx,y)-f(x,y) 
Ox. ~,_." Llx ,.,_" Ax 

oz = f im ~yZ = f im f(x,y+~y)-f(x, y) . 
8y ay-.o ~y ay->O ~y · 

UwhUwGmupg hhmL.mu t, n11 u)l pwfip $nt[mfuwqmfifibp}1 
:pmG[Igpwjp uwuGwli}l wowfigJWtfibp(! (!UU1 npL.t Up tlJ.m.pn­
fuw[IwfiJ1 hwztlblltu UJ.bmp t UJmu $mjmfuw[IwGGbpi! I}.}1mwpl!ht 
llJlU}bu hwumwmmGGbp: liJIJ. ll.lWm6wnnt[ tL :pmG[IgpwJp 
wowUgt'iwU [IwGnGGbpf! uGmu bG GntJGI! tJG2_-np ub[I $ntJm­
fuw[IwG}1 :pmfi[Ig~WJP qbll.lpnu.i, t'itJwJfi wubG wfiqwu U}hmp t 
hwzt[p wnGbt ph [InG4£lbm (!UU1 n"p t.PntlJ.nfuwqwfip t 
qtJ:pbpbGgt[mt'i :PmUqgpwG: 

Ofl!Juwlfubp.-1. z = x 2 sin y, : = 2x sin y, : = x 2 cosy 

3 2 3 az 2 3 az 2 2 2. z=x · +3x y · -6y, - =3x +6xy· , -= 9x y - 6 
ox ay 

OZ 1 OZ 
3. z = x Y,-=yxY- ,-=xYfnx: ax 8y 

Uubfi utt uwuGw[Ip wawfigJWL (bpb WJU q}l:Pbrtbfigbllt t) 
[Iwpb\}1 t pp hbpppG wawfigbt (!UUl JmpwpwfiDntP wpqmubfimp: 

Unw2}1G [Iwpq}1 uwufiw[I}1 wawGgJWtfibp}1 t'iwufiw4}1 
wawfigJWtUbp(! [In2_t[mt'i b(i bp4£lnpq [Iwpqp wowfigJWtfibp L. 
UzwGw[It[mu hfi hbmLJWL [IbpU}. 

a2
z _ a (az) 

ax 2 -ax ax 

!2~ = ;(:) 
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Uwhtiwunuf. - M(x,y) l!bm(! Mo(xo, Yo) l!hmltG oqmbtm owliwGwl! 
A fllttll! l!n~tlmli t f(x,y) 1>mGI!gltwJlt uwhliwfi, hflh JnLflWpWGi_JnLP 
&>0 fll{Jl hwliwp l!wpbllt t Gzbt WJfitqfmlt r>O fllttl_, np mbll.lt 
mGbGw I f(x,y)-AI <~> wfihwqwuwpmpjntG(!, hbfig np mbrlll t 

mGbfimli IM0MI < rwGhwtj_wuwpmpjmGn: Oflb A fllttll! f(x,y) -lt 

uwhuwGG t M(x,y)-1! Mu(Xo, Yo)-ltli oqmtwu, WUJW WJil qpnu} b(i 
WJUUJbu' fim f(x,y)= f(x 0 ,y0 ): CGq npmli M(x,y) l!hml! 

M->M 0 

oqmmli t Mo(Xo, Yo)-ltG l!wuWJWI!wfi bqwGwl!nt\, ultzm ufiwtnt\ 
1>mfil!gltwJlt npnzlitufi mltpntJfllt fibpumli: liJUUJltuml_, npUJbuqp 
f(x,y) 1>mlil!gltwfi Lltfilt tufi(!fiqhwm Mo(Xo,Yo) l!bmmli, 
wfihpwobzm t, np mbll.lt mfibliwG hbmLJWt UJWJliwfifitpn' 

1. f(x,y)-1! npnztlwb LltGlt Mo(xo, Yo) l!bmlt ZP2Wl!WJpntli, 
2. f(x,y)-1! tqbmp t mfibfiw uwhliwli M(x,y)-1! Mu(xu, Yo)-ltfi 

oqmblltu, 
3. WJfl uwhuwfil! UJ.hmp t hwtj_wuwp Lltfilt f(x,y)-lt wpohpltfi 

Mu(xo, Yo) l!Lmmli: 
Oflh f(x,y) 1>mfil!gltwfi wfinfiqhwm t D mltpntJfllt pntnp · 

l!hmhpmli, LUUJ.W Gw l!n~tl_mli t mfinGI}htum WJil mltpntJflntli: 

t;Pltfll'- <1>0<1>01uON<t501'-vvbPfl'-l J)fll'-v45PlivvbPP 
UUUvliltP Ut>Uv55Ul vbPv fll'- UUUvliltP 

q.pJ)t;Pov5PULvoPe 

f}.ltmwpl!hfip z=f(x,y) 1>mfi4gltwfi, npn npnzl[wb h 
wG(!GI}hwm t D mltpntJflmli: 

z 1>mfil!gltwJlt liwuGwlt}1 wn l!n2_tl_mli t Wjfi wn(!, np(! fiw 
umwfimli t wpqmlibfimfibpltg npLt lihlt}1G wn mwtm chutiwGwij. 

Lixz=f(x+Lix,y)- f(x,y) 
Liyz=f(x,y+Liy)- f(x,y) 

UwhlfwOnu.f..- z=f(x,y) 1>mfiqgltwJlt liwufiwlt}1 wbwfig.JWffi, 11um 
nphltgh lilt wpqmlibfimlt, Ltn~tl_mli t Gpw hwliwtqwmwutuwfi 
liwuGw4fl wnlt L WJil wpqmlihfimlt wnlt hwpwphpntfljWG 
uwhliwlil!, bflp tl_hf12ltGu oqmmu t qpnJlt: 

Unw2ltfi Ltwpqlt liwufiw4lt wawfigJWtfibplt hwliwp 
nfiqmfitl_wa t l!wmwpht hbmhJWL GzwGwl!mlifihp(!' 
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z' = az = ar(x,y) = f' (x y) 
X ax ax x> 

z' = az = 8f(x, y) = f' (x y): 
y 0y 0y Y' 

liJGUJbu np, {!Urn uwhliwfiliwfi, ltwpnq bGp qpbt' 
az = fim tl,z = fim f(x:+L1x,y)-f{x,y) 
Ox. ~H" L1x ""'~" L1x 

oz = fim dyz = t im f(x,y+Liy)-f(x,y). 
8y t.y->0 Liy t.y->0 Liy 

UwhliwGmliltg hLmLmu t, np lilt pwfilt t\Jnt\JnJuwijwliGhrlt 
:Pmfil!gltwJlt liwufiw4}1 wbwGgJWLUhfll! l!Um npLl lilt tflnt\ln­
Juwl!wGlt hwztlblltu UJbmp t tlJmu t\Jnt\lnJuwl!wfiubp(! qltmwpl!bt 
npUJhu hwumwmmGGbp: liJq UJ.wmnwnntl_ tt 1>mfiltgltwJlt 
wbwfigliwfi l!wfinGlihpt:I liGmli hG GmJG[! ltfi2_-np lihlt tflnt\Jn­
Juwl!wfilt ~mGI!gltwJlt qbUJ.pmli, liltwJG wlibG wGqwli utbmp t 
hwzl{Jl wnGbt flh I!nG4Pbm 11um n"'p t\Jnt\Jntuwltwlilt t 
Illt1>bpbGgtlmli 1>mGI!gltwG: 

OpjJuwljubp .-1. z = x 2 sin y, : = 2x sin y, : = x 2 cosy 

2 3 23 az 2 18z 22 . z=x · +3x y -6y, -=3x +6xy - , -=9x y -6 
ox 8y 

oz _1 8z 
3. z=xY -=yxY -=xY 0 nx· 'ax 'ay t • 

Ulib(i lilt liwuliwltlt wawGgJWt (hflh WJfi @1>bpbfigbllt t) 
ltwrbllt t ltp hhpflltG wawfigbt [!UU1 JntpwpwG~Jmp wpqmlibfimlt: 

Unw2flfi 4wpqlt liwufiwl!lt wawfigJWtGbplt liwufiwltlt 
wawfigJWtGbpt:I ijn~qmli bfi bp4Pnpq l!wpqlt wawfigJWtlihfl L. 
CizwGw4tl_mli hG hbmhJWt ltbpUJ.. 

~=j__(8z) 
ax 2 ax ax 

!2~ = ~(:) 
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~~=~ (:J 
~:- ~ (:J 

uuwfi ~Lml hw2l{mu hfi hp4m t{lm}m}un4wfifihpnl{ 
:PmuqgpwJp hppnpq L. wl{ht.P pwp~p qwpqp uwuUw\.lll wawUg-

82z a2z a3z o3z . 
JWtUhp(!: u2hUp, np --,- ·-, 2 , - 2- , ... . 4nll{mu hfi 

axay fJyax &..ay fJy ax 
}uWll(! UWUfiW4f1 WOWfiQJWtfihp: 

Unwfig WUJ.Wgmghtm phphfip up pwfip t{lm}m}uw4wfiUhpnl{ : 
:PmU4gpwJp fuwn(! wawUgJWtfihpp uwupfi phnphU(!. . 
JiJ-bnpbtf.- BwU4wgw(l 4wpqp fuwnfi wowUgJWtfihpp wpdhpfihp(! 
4wtul{wo lh(i wawfiguw(i hhppw4wUntpjntUpg, Wjup(ip(i ' j 

a2z a2z o3z a3z a3z 
axfJy = fJyax • axfJy 2 = fJyaxfJy = iJy 2 ax : 

Opftuwlj. -Spl{wo t z = fn(x 2 + y 2) :Pmfi4gpwfi: BmJg 

UlWL np fipw hp4Pnpq 4wpqp }uwn(! WOwfiQJWtfihp(! hwl{wuwp . 
hfi. 

& 2x ~ 2y 
= = ax X 2 + y 2 ' Oy X 2 + y2 

o2z -4xy a2z -4xy 
--= ' = : axfJy (x 2 + y2 )2 iJyax (x 2 + y2 ) 2 

Ufigfihfip uwufiw4P qp~hphfigpwtfihilf1fi: 
up pwfip l}lm}m}uw4wfifihpp ~mfi4gpwjp uwufiw4p qp~h- , 

phfigpwtfihpp qwqwl}lwp(! uwhuwfil{mu t WJfiuthu, pfiluthu Uh4 · 
t{lm}m}uw4wfip ~mfi4gpwJp qp~hphfigpwm: 

bph uh4 t{lnl}ln}uw4wfip ~mfi4gpwJp qp~hphfigpwm uwh­
uwfil{mu t DpUJ.hU Upw wnp qttuwl{np uwu, WUJ.W Up pwfip l}lmlm- : 
}uw4wfifihpp :PmG4gpwjp Uwufiw4f1 qp~hphfigpwm, (!UU1 npL.t Up 
l}lm}m}uwl.J.wUp, uwhuwfil{mu t nputhu (!Um UIJfl l}lmfm}uwl.J.wfip 
uwuUw4P w6p qlluwl{np uwu: 

oz ' . f!.z 
P.pnp, pw(ip np - = b m - '-, WUJ.W f!UU1 uwhUwfifihpp ax <~.<-+o flx 
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~ x z & 
mhumpJwfi hpuUwpwp phnphup, l.J.wpht.P t qph( - = :::~.. . +a, 

~X VA 

npmhq a-fi wfil{hp2 l}lnpp uhontpjntfi t: lijumhqpg 
& 

~ x z =-~x+a~x: 
ax 

UJU wpmwhWJUllll}}jWG up uwumu qpl{wo t hpl.J.m 
wUhwuwpdhp wfil{hp2 l}lnpp uhompJntGUhpp qmuwp, npnl{hhmL 

az 
a~X-(! wl{htJl pwpop l.J.wpqp wGl{hp2l}lnpp t, pwfi Ox ~X : 

Uwhlfwunuf.- az f!.x qmuwphlliU l.J.nll{mu t z ~mfil.J.gpwJp uwu-
, Ox 

Gw4f1 w6p qttuwl{np uwu l.J.wu uwuUw4f1 qp~hphfigpwt (!UUl X 
wpqmuhfimp L. G2wfiwl.J.l{mU t hhmLJWL oL.nl{ 

az az az az 
dxz =ax ~X= ax dx: UUWU oL.nl{ dyz = 0y ~y = Oy dy: 

Ujutq}mnl{, ~mfil.J.gpwJp uwufiw4P qp~hphGgpwffi, (!UU1 
npL.t up l}lm}mfuwl.J.wfip, hwl{wuwp t Upw uwufiwi.Jll wowUgJWLP 
L. WJfl l}lnl}lnfuwl.J.wUp qp~hphUgpww wpmwqpJwwfi: 

Opftuwlj.- z = f n(x 2 + y 2 
): Q.mGht WJU ~mU4gpwjp uwu­

fiw4fl qp~hphfigpwtfihpf!. 
az 2x az 2x 

dxz = -dx = 2 2 dx, dyz = ~. dy = 2 2 dy: 
ax X + y u~ X + y 

z = f(x, y) ~mfil.J.gpwJp LPPtl w6 l.J.nll{mu t WJU w6(!, np(! 
Uw umwfimu t pntnp wpqmuhUmUhpp l}lnl}lnfuuwU hhmLwfipnl{. 

~z=f(x+~x,y+~y)-f(x, y): 
u2hUp np (!fiqhwUmp qhuwmu ~mfil.J.gpwJp LPPtl w6(! 

hwl{wuwp lt fipw UwufiwlJll w6hpp qnuiwppU. ~zi"~xz+~yz: 
bph z=f(x,y) ~mU4gpwfi mUp wU(!Uqhwm uwufiw4P 

wawUgJWtGhp, WUJ.W l.J.wphlli t gntjg UlWL np (ipw LPPtl wnp 
& az 

qlluwl{np UWU(!, mfip -~x+-~ymhup(! : 
ax Oy 
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Uwhtfwumtf.- lp}nl. w6}1 qJluwtlnp UWU[! qn~tl_mu t tp}ltJ. 
@.'l>bptGg}lwt L GzwGwqtJ.mu dz: UJ(h.qtu np, num uwhuwGuwG 

8z az az az 
dz =- .1x +-~y = - dx +- dy : 

ax ay ax. ay 
8z 8z 

~wGfl np -dx L -dy uwuGwlJ.}l llP.'I>bpbGgpwLfibp bG, ax ay 
qwpnq bGp qpb( dz=dxz+dyz: UJU :}>mGqgpwG, npG mGp tp}ltl_ 
qp:J>bptGg}lwL qn~tl_mu t @.'l>bpbfigtl}l: SptJ.wb qtmmu .'l>mGq­
gpwJ}l WU{!Gq.hwm uwufiwqp wbwfigJWtfibp}l qnjnt}'}jntU{! 
q}l.'l>bpbGgbl}lm}'}JWU pwtl_wpwp U}WJUWG t: 

lJP. ~U\.JP <l>fi<l>filvU"4U'"U ubfl-P ~fiFv45PU'VbPP 
t~USPtilTil~lTVbP.C 

Uwhtfwumtf 1.- Uumu bfi, np M1(x1,Y1) qtmn z=f(x, y) 
.'l>mGqgflwJfl uwpupumu}l qbm t, b}'}b WJI). qhmp ZP2W4WJPP9 
tl_hpgpwb gwGqwgwb M(x,y) 4hmfl hwuwp wnqw t f(x,, y,)>f(x, 
y) wfihwtl_wuwpmpJmfin: 

z 

0 Y. 

M 2 

X Q.<). 47 
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Uwhtfwumtf 2.- Uumu tG GwL, · np M2(x2, Y2) qbmn z==f(x, y) 
.'l>mfiqg}lwJ}l uflGflumup qbmG t, bpb WJI). qbmfl ZP2W4WJpflg 
tl_bpgpwb JntpwpwG~mp M(x, y) qbmfl hwuwp f(x2, Y2)<f(x, y): 

~mGqgflwJp uwpupumuGbpn L upGpumufibpn upwupfi 
qn~tl_mu bG tpumpbUmuGbp (qb. 47): ~mGqgpwJp wp<tbpGbpn 
tpumptumu}l qtmbpnu1 qn~tl_mu tfi tpumpbUWL wp<tbpGtp: 
l)..}lgmp, mGhGp z=f(x, y) @.'l>bpbfigbl}l .'l>mGqg}lwG: Umwfiwup 
WJU wfihpwdbzm tqWJUwGGbpr., npnGg qbuwmu WJfi M(.(xo,Yo) 
qtmmu hwufimu t tpumptumup: 
fiJ-lmpbtfw.- (tpumpbumufl qnJmJ}JWU wGhpwdbzm \1\WJUWfi­
Gtpn): bpt z=f(x, y) .'l>mfiqg}lwG Mo(xo, Yo) ltbmmu mG}l 
tpumpbumu, WtqW Gpw uwuGwqp wbwGgJWtfibpG WJI). ltbmmu 
hwtl_wuwp bG qpnJll qwu qnJntJ}Jntfi ~mGbfi' 

( 8z) =0 (8z) =0: 
~ ~=1lg ' ::ftt :..::.._, 
UA. Y=Yc V] Y-Yo 

UUJwgmJg.- bGJ}wqphGp, z=f(x, y) .'l>mGqg}lwG Mo(xu, Yo) lthmmu 
mG}l tpumphumu: y tlJmlmtuwltwGflG mwGp u}l npnzwltfl Y7"Yo 
wpdbp: fip\.llbuqp f(x, Yo) -6, np\.llbU uhq l}lmtmfuwqwfip 
:pmGqg}lw, mGhGw tpumptumu, x=xo qbmmu, wGhpwdbzm t, np 
Gpw wbwfigJWli! hwtl_wuwp l}l.Gp qpnJfl qwu qnJmpJmG ~mGbGw, 

WJU}lfipG (:}::: =0: 

\.JuwG oLntJ., bpb X tlJmlmfuwqwG}lG mwGp npnzwqp x=xn 
wp<tbp, qumwGwGp f(x0, y) ubq tlJnl}lnfuwqwG}l .'l>mGqg}lw, npn 

y=y0 4 bmnui mGp tpmnphumu: "bzwGwqmu t ( az) •=•, === 0 qwu 
8y y =y, 

qnJntpJntfi ~mG}l: 
UmwgwGp WJU, }lG~ tqwhwG2tJ.mu tp wtqwgmgbt: 
UJG qbmbpn, npnGgmu z=f(x, y) .'l>mfiqgpwJ]l wnw2pG qwp­

q]l uwuGwqp wbwUgJwtGbp[! qwnfimu bG qpn qwu qnJDLJ}JntU 
~mfibG, qn~tjmu bG lJppmflqwqwG qwu umwgpnfiwp qbmbp: liJu­
tq]luntl_, mptl_wb z=f(x, y) .'l>mfiqgflwJ}l lJp}lmflqwqwG qbmtpn 
qmfibtm GtqwmwqntJ. tqbmp t hwtl_wuwpbgGbt qpnJ}l Gpw 

Oz az 
WDW2llfi qwpq}l uwufiwqp wmufigJWtfibp{! Ox :::: 0, 8y = 0 L 
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tmbht umwgtlwo bpqm wGhwJmntl hpqm · hwtlwuwpmuGbpp 
hwuwqwpq[!.: 

bPl.Jfil'- <l>fi<l>filuUl.JU'LiubPP ~fii'-'Ul.J5f:\U3P 
t.QUSPblJfiNJP q.nant-10-BU'U ~U4.UPUPfii--10-8U'U 

lllU8UU'U'UbPC 

P.G~uthu uhq tltmpntuwltwGp :PmfilJ.gpwJp hwuwp, tpumph- . 
UmUp qDJfll~JWfi wfihpwabzmm~JWU UJ.WJUWU[! pwtlwpwp lt, 
WJupGpG' bph npht lift qbmmu wnqw bG wGhpwabzmmpJwG 
tqWJUwGGhp[! qw qhn lfl GzwGwqmu, np WJfl lJ.hmhp[! tvumph­
unuip qbm bfi: 

up pwfip t}ml}mjuwqwGGbpntl :}>mGlJ.gpwJp tpumphumup 
Ql1JnlPJWU pwtlwpwpntpjWU UIWJUWfifihp[! zwtn wtlbl}l pwpq hG, 
pwfi ubq tltntltntuwlJ.wGp :PmGlJ.gflwJp hwtiwp: UJq utwm6wnml 
wnwGg WUJ.W9fllJ9P pbpbGp WJlJ. utwJUwGGbp[! bplJ.m 
tltmpnJ:uwlJ.wGGbpntl :pmGqgpwJp hwuwp: 

Ll-ltgmp Mo(xo, Yo), lJ.bmmu z=f(x,y) :PmGlJ.gpwJp uwufiwlJ.p 
wbwfigJWtfihpt! hwtlwuwp bG 0-p, WJUpGpG 

(:), ~ou(:), ~o 
Mo(xo, Yo) lJ.bmmu hwztlbGp :pmGlJ.gpwJp bpqpnpq lJ.wpqp 

uwufiwqp wbwfigJWtfibpt! l.t GzwGw4bfip' 

A=( 82~) ,B=(~) ,c=( 82 ~J 
Ox 0 8x()y 0 Oy 0 

UJqqtuwmu· 
1. bpb AC-B2>0, wtqw z=:= f(x, y) :Pmfiqgpwfi Mo(xo, Yo) qhmmu 

mfip tpumpbumu, [!fiq npmu' uwpupumu, bpp A <0 h 
uflGpumu, bpp A>O, 

2. bpb AC-B2<0, wtqw z=:= f(x, y) :pmGlJ.gpwfi Mo(xo, Yo) ltbmmu 
Q2mnpbumu ~mfip, 

3. bpb AC-B2=0, WtqW :PmGlJ.gpwjp tpumphumup hwpg[! uGmu t 
pwg l.t tqwhwfi2tlmu t wwgmgp~ hbmwqnmm~JmG: 

Opftilwlj.- q.mfibt z=x2-2xy+2y2-4x+6y+IO :pmGlJ.gpwJp 
tpumpbuwt wpdbpfibp[!: 
LmmwJ.- q.m(ibfip qppmplJ.wlJ.wfi lJ.btnbpf!' 
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Oz Bz . 
-= 2x-2y-4, - = -2x+4y +6, 
Ox Oy 

{
2x -2y -4 

-2x+4y+6 =0 

Lmohtml WJU hwuwlJ.wpcn!' lJ.mnwGwGp x= l h y= -1 : 
~hmhwpwp, (1, -1) lJ.hmJ:! twflmplJ.wqwG qhm t: ~wztlhGp hptumpq 
qwpqp uwufiwqp WOwUQJWtfihpp wp.ahpfibp{! WJqlJ.bmnu}: 

82z =2 . a2z =-2 a lz ==4: ax2 , · &ay , ay2 
fil--pbuG ' A =2, B = -2, C= 4, AC-B2=2· 4- (-2)=4>0: 

~bmhwpwp, (1, -1) qbmf! tpumpbumup qbm t: J!wfip np 
A=2>0, mp.hufi WJil lJ.hm{! upGpumup lJ.bm t h 

Zmin=1 2 -2·1· ( -1 )+2·( -1 i -4·1 +6·( -1 )+ 10=5 

'U'-lUQUq.fii--8'U .Qllfl.U4fii'-UP'UbPP lfb@-fil).Q 

up pwGp titntltnJ:uwlJ.wfifibpp :pmGlJ.gpwJp tpumpbumup 
qnpoGwlJ.wG qppwnmpJmfifibppg ublJ.G t GtlwqwqmJfi pwnw­
qmupfibpp ub~nq[!: 

bGpwi}Jlhfip, pfil-np tltnpdp qwu qptnmufihpp up2ngml 
umwgtlmu t x h y tltntltntuwqwGGbpp ufl2h bqwo ltwlllwlJ.­
gmpJmfi[! wrumuwqp mbupntl h tqwhwfi2tlntU t :pmfilJ.g)mGwt 
qw]uuwfi wrumuwqwJpfi mhuppg wfigGht wfiwwmflq 
(pwGwdhwjpG) mbupp, [!Gq npmu, hpb qw huwpwtlnp ~t 
qwmwpbt 6zqppm, WutW wztuwmmu bfi qwmwpht 
UlliDWtlnpwUJ.bU: 

UiumuwlJ.1 

X 

y Yn 

Ll-pgmp, M,(xJ. y,), M2(X2, Yz), ... , Mn(Xn, Yn) qbmbp[! 
unmwtlnpwlllbU qwuwtlnptlwo bfi ubq mqqp tlflw: Ll-w Gzw-
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Gwlj_nu1 t np x u y lflnlflntuwlJ.wGGbpp lip2u hllWO lJ.wUiwlJ.gm­
pjntG(! linm t qawJpfipG' Y=ax+b: 

au b wfihWJUl llllliflWllbmpbp(! (!fiUlpbfip WJfiUibU, DflUJ.bUqp ' 
Y=ax+b ntl\lllll! nppwfi hfiwpwqnp t linm wfigfip mqllwfiltJmfi; 
4_nnJllll1GwmwY.wG hwl1w4_wpqml1 4_wnmg4_wa M,, M2, M3 , .•• , ~ 
lJ.bmbppfi: x; 4_bmml1 (Yd';) mwppbpmpJWfil! wfi4_wfibfip zbqmu ' 
npmbq Y;=ax;+b, pulJ. y;-G ~mtfilJ.gpwJp lflnpopg umwg4_w ·. 
wpdbpG t, np(! hwllWUIWmwufuwGmli t GmJG x; Y.bmpG: 

uqwqwqntJG pwnw4_mupfifibpp libpnqp tmp.Jmfi]!) 
hbmuJWLfi t. Y=ax+b npnfibtll ml\llrtl! (!Gmpbt WJfiUibu, npUJbuqpi 
(Y;-y;) zbqmuubpp pwnw4_mupfibpp qmuwp(! tllfip lflnppwqmJfi(!: J 

liJuUJltun4_, a u b wGhWJUl lllWJlWllbmpbp(! npnz4_ml1 bG'I 
n n 

L(Y; -y;) 2 = :Lcaxi + b-y;) 2 =min UIWJllWGpg : 
i=l i=l ! 

i!wfip np x; u y; hwumwmmfi libb"nt?JntGGbp bG (lflnpop: 
wpllJmfipfibp), WUIW 4_bpf! Gztlwa qmliwpl! a u b UJ.wpwubmpbpp; 
~mfi4_gpw t. · 

n 

2)ax; + b- y;)2 =<I>( a, b): 
i=l 

a-G u b-G npnzbtm hwfiwp oqm4_bGp bp4_m : 
lflnlflntuwlJ.wfifibpp ~mG4_gpwJp tpumpblimup qDJDLPJWG 
wfihpwdbzm UIWJliwGGbppg. Q.mfibfip <I>( a, b) ~mG4_gpwJp 
uwuGwlJ.P wawGgJWtfiGbpG f!um a u b UJ.uipwubmpbpp u 
hw4_wuwpbgfibfip qpnJp. 

8<1> n . 

-=22)ax; +b-y;}x; =0 
oa i=l 

8<1> n 

-=2'L:(ax; + b-y;}=O 
ab i=l 

~bmuwpwp, a u b UJ.WpwlibmpbpJ!, npnfig hwilwp mbqp t 
mfibfimu tw4_wqmJG l1nmwp4_ml1 (l~hpf! Gztlwa pliwumnq), qwpbtll 
t npnzbt umwgqwa hwliwqwpqpg: UJu hwfiw4_wpq(! Y.wpbtll t 
qp.bt hbmL.JWL mbupm\. 

H3 

n 11 n 

a:Lx~ + b LX;= 'L:X;Y; 
i= l i= l i=l 

" n 

a:Lx; + bn = LY; 
i=l i=l 

a u b ubantpJmGGbpp npnzliwfi hwliwp libfip umwgwfip 
bp4.m wfihwJmntl bp4.m qawJpU hw4_wuwpml1Gbpp hwliwqwpq, 
np(! 4_n~4_ml1 t hw4_wuwpml1Gbpp Gnpliwt hwl1w4_wpq: fipnzbtntl 
a-G u b-G' 4_wpbtll t gmJg mwt, np <I>( a, b )-G WJll wpdbpGbpp 

hwowp hwuGmo t ilpGplimop: 
Sbqwqpbtntl a-p u b-p wpdbpUbpJ! Y=ax+b hw4_wuwpl1wfi 

llb2 obfip 4_umwfiwfip WJG qaw.Jpfi ~mG4_gpwfi, np(! tm4_wqntJU 
ohn4_ t wpmwhwJmmli lflnt16p 4_wl1 qpmmlifibpp llp2ugn4_ 
umwg4_wa x u y lflmpntuwY.wGGbpp lip2u h11wa Y.wUJ.(!: 

bpb lltnpnp wpllJmGpGbpfi mJGUJltupG bG, np umwg4_wa M" 
M2, M3, ... , Mn 4_bmbpf! 4_wnmgbtllu GY.wmmu bfip, qpwfigp 
unmw4_np qwuw4_np4_wantpjntG(! pwnw4_muwjpG UJ.Wpwpnw 
4_pw, Wl4W x u y lflnlflntuwY.wUGbpp 

2
lip2u b11wa l1~mw4_np 

Y.wtu4_wantpjntfi(! 4_wpb1P t lflGmpbt Y=ax +bx+c mbupn4_. a, b u c 
qnpawlJ.p.gGbpf! qmGbtm hwliwp, WJU qbuwmll UJ.bmp t npnzbt 

I(Y;- y;}2 
= f(ax; + bx; + c- y; Y = <I>(a,b,c)~mfi4.gpwJp 

i= l i= l 

upfipumlif!: 
<I>( a, b,c) bpbp lflnlflntuwY.wGGbpp ~mfi4_gpwJp lipGplimllp 

npnzliwfi tufiflllpf! hwfiqmli t bpbp wfihwJmnq bpbp qawJ}lG 
hwqwmupmufibpp hwuwqwpqp tmallwfi. 

~ ~ b~ l ~ I= ~XI aL..x; + L..x; +cL..x, L.. ;Y; 
i=l i=l i=l t=- 1 

ai:x: + b fx: + c~:X . = fxs, 
i=l i=l i=l ~= I 

ai:x: + bix; +en =fy; 
i=l j ... ( i=l 

npmbqpg hwztlmli bG a, b u c tqwpwlibmpbp}l wpdbpGbp(!: 
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Gwqnui t np x L. y tP.m.Pn}uwqwGGhpp up2L. bqwa qwUJ.wqgm­
J)JfllU£! unm t qawJpG}lfi ' Y=ax+b: 

a L. b wfihWJUl UJ.Wpwubmpbp£! {!UUlpbfip WJUUJ.hU, npUJ.bU 
Y=ax+b mrtltrti! nppwfi hfiwpwqnp t unm wfigfip mqqwfiltJm , 
qnnJUliluwmwqwu hwuwqwpqmu qwnmgqwa M~, M2, M 3, . .• , M 
qbmbp}lu: X; qbmmu (Y;-}';) mwppbpnti)JWU£! wuqwubfip zbqnui' 
npmbq Y;=ax;+b, }luq y;-G l>mGqg}lwJp 4lnpO.}lg umwg'-lw · 
wp<tbpfi t, npu hwuwUJ.wmwu}uwfimu t GmJG x; qbmpG: 

L,qwqwqmJG pwnwqmu}lu(ibp}l ubl)nqp tmJ}.JmG 
hbmL.JWtU t. Y=ax+b npnubJ.ll nt'lllrti! numpbt WJUUJ.bU, npUJ.b~~ 
(Y;-Y;) zbqmuubpp pwnwqmu}lubpp qmuwp£! Jll.Gp tllnppwqmJG~~~ 

liJmqJmmJ., a L. b wfihwJm UJ.Wpwubmpbp£! npnzqmu bfil-

" " 
L(Y; -yJ

2 
= L(ax; + b-y;)

2 
=min UJ.WJ\lwupg: 

i=l i=l ~ 
.J2wfi}l np X; L. Yi hwumwmmfi ubb"nti)jntGGbp bfi (tllnpO. .· 

WpllJntUpObp), WUJ.W qbp£! uzqwa qmuwp{! a L. b UJ.Wpwtibmpbp . 
l>mfiqgpw t. 

n 

L(ax; +b-yJ
2 

=$(a,b): 
i=l 

a-G L. b-G npnzbtm hwfiwp oqmqbfip bpqm., 
t.Pntlln}uwqwufibp}l l>mGqgpwJp tpumpbumup q.nJntl)JwQ 
wuhpwdbzm UJ.WJUWUUbppg. <l-m(ibfip $(a, b) :j>mfiqgpwj}l 

uwufiwqp wawugJWtGGbp(i {!UUl a L. b UJ.Wpwubmpbpp L.: 
hwqwuwpbgubup qpnJp. 

a<l> n . 

-=2L(ax; +b-y;}x.; =0 
aa i=l 

a<l> 11 

-=2L(ax;+b-yJ=o 
8b i=l 

..!,tmL.wpwp, a L. b UJ.Wpwtibmpbp£!, npnug hwuwp mb$~ 
mubfimu twtlwqmJU unmwpqmu (tlbp£! Gzqwa puwumnq), qwph , 
t npnzbt umwgqwa hwuwqwpqpg: liJu hwGwqwpqu qwpblfl ~ 
qpbt hbmL.JWt mbupml 

!13 

n n n 

aLx~ + bLx; = LX;Y; 
i=l i=l i=l 

" n 

aLx; + bn = LY; 
i=l i=l 

a L. b ubantl)JntGGtpp npnzuwu hwuwp uhup umwgwfip 
hpqm wuhwjmnq bpqm qaWJ}lU hwqwuwpmuubp}l hwuwqwpq, 
npu qn~4mu t hwqwuwpmuGh{lp Gnpuwt hwuwqw{lq: fi{lnzhtn'-l 
a-u L. b-G' qwphlfl t gmJg mwt, np $(a, b )-u WJfl wp<thpGhp}l 

hwuwp hwufimu t upu}lumup: 
Sbqwqphtml. a-p L. b-}1 wpdbpGbp{! Y=ax+b hwqwuw{ltiwG 

uh2 tib(ip qumwuwup WJU qawjpU :pmuqg}lwu, np{! twtlwqntjU 
O.L.nq t wp.mwhWjUlntU 4lnpO.p qwu qpmmu(ibpp up~mgnq 

umwgqwa x L. y tP.ntlln}uwqwuubp.p tip2L. bqwa lJ.wUJ.n: 
bl)b t.PnpO.p wpllJmfi{?Ghp.G WJGUJ.Pupu hu, np. umwgqwa Mt. 

M 2, M 3, ... , M" qbmbp.n qummghlflu Gqwmmu bup, qpwugp 
unmwqnp qwuwqnpqwantl)JlllU£! pwnwi.JmuwjpG UJ.Wpwpnllt 
\ijlw, WUJ.W X L. y tP.m.P,n}uwqwGGhp.}l Up2L. hqwa unmwqnp. 
qw}uqwantJ)JfllU£! qwp.hJ.ll t t.PGmpbt Y=ax2+bx+c mbupnq: a, b L. c 
q.npawqpguhp.f! qmGhtm hwuwp, wJu i}huwmu UJ.bmp t npnzht 

~)Y; - y;}
2 

= f (ax~+ bx; + c- y; Y = <I>(a, b,c ):pmulJg}lwJ}l 
i=l i=l 

upfipumuu: 
$(a, b,c) bphp tP.mtm}uwqwfifihpp :pmGlJgpwJp upGpumup 

np.nzuwfi }uuflllpl! hwuqmu t bphp wfihwJmnq bphp qawj}lfi 
hwqwuwpmuubp.p hwuwlJ.wpqp tmauwa. 

afx; + bix; +cix~ = ~:X~Y, 
i=l i=l i=l i ~ l 

afx; + bix~ +cix, = fx,y, 
i. =.l i=l i=l i=l 

afx~ + bix, +en =fy, 
i=l i= l i=l 

np.mbqpg hwzqmu hG a, b L. c UJ.wpwubmp.hpp wpdhpfihpu: 
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Opftliwlj 1. 'UtlmqwqntJU pwnwqmupGbpp ub~nqml umwGwt 
qbluJpG qwUJ. fun6qnpGbpp qbG:qwGp PW2P L. hwuwqp up2L.: 
<l>npoGwqwG mttJwtGbpf! pbpqwb bG hbmuJWL wrumuwqmu' 

lilllntUWlJ 2. 
~wuwqf!, 0 1 2 3 4 5 6 7 8 

JWPWJ}Ubpmj 
libfiqwGp 

1,3 2,5 3,9 5,2 5,3 7,5 9,0 10,8 13,1 
PW2f!, qq 

Lm011uf.- lunoqnpGbpp hwuwql! G2wfiwqbGp x, puq. qbG:qwGp 
1 

PW21!' y: 'l-pmwpqbtntl WJU ~qbpf! npUJ.bu hwp~m~JWU qbmbpp 
qnnp:qpGwmGbp' qwnmgbGp WJ'l qbmbpf! (qb. 48): 

'Uqwmmu bGp, np qwnmgqwb qbmbpf! unmwqnpwUJ.bU 
:qwuwqnpqwb bG ubq mqqp qpw, npf! ubq hGwpwqnpm~JntG t 
mwum bG~w:qpbtm, np X L. y qmqmfuwqwfiGbpf! qwUJ.qwb b(i 
qbluJpG opbGpnq' Y=ax+b: a L. b UJ.Wpwubmpbpp npn2uwG hwuwp 
oqmqbGp GqwqwqntJG pwnwqmupGbpp ub~n:qp finpuwt hwuw­
qwpqpg. 

14 y 

12 

10 

8 

6 

4 

2 

0 

0 2 3 4 5 6 1 8 9 

q.c). 48 
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{a. tx~+ht.x. ,=tx,y, 

'tx, +hn= iY, 
t=l •=J 

llJu hwqwuwpmufibpp ub2 umfinq qnpbluqpgGbpp 
hw2quwfi wp:qJmfipGbpf! GUJ.wmwqwhwpuwp t GbpqwJwgGbt 
wrumuwqp mbupnq: 

llil muwlJ 3. 

N X; Y; X ~ 
I 

X; y; YP .1. 

1 0 1,3 0 0 
--

2 1 2,5 1 2,5 
3 2 3,9 4 7,8-
4 3 5,2 9 15,6 
5 4 5,3 16 21,2 
6 5 7,5 15 37,5 
7 6 9,0 36 54,0 
8 7 10,8 49 75,6 
9 8 13,1 64 104,8 
L 36 58,6 204 319 

~bmL.wpwp Gnpuwt·hwqwuwpmuGbpf! qmGbGwG hbmuJWL 
mbupf!. 

{
204a + 36b = 319 

36a + 9b = 58,6 

lmbbtntl hwqwuwpmuGbpp WJU hwuwqwpqf!, qumwGwGp' 
a=1,41, b=0,87: 

UJuUJ.Punq, fuil6qnpGbpp hwuwqp (x) L. GpwGg qbGqwGp 
pw2p (y) up2L. bqwb npnGhtll qWUJ.I! wpmwhwJmqmu t 

· y=1,41x+0,87 pwGwoL.nq: ~wp~mpJwG qpw (qb. 48) qwnmgbGp 
Gw L. w JU mq}um: 

Opftliwlj 2.- bGpw:qpbGp, qmpop WMJntGpGbpf! mpqwb bG 
hbmuJWt wrumuwlt}l mbupnq. 
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OpjJOwlj 1. "04_wqwqntJU pwnw4_mupUhpp UbfDI}Il4_ umwUwt 
qmuJpU 4_wtq tun64_npUhpp 4_b(iqwUp pwzp l.t hwuw4_P up21.t: 
<l>npo(iw4_w(i mtlJwtGhpf! pbp4_wc) hG hhml.tJWL wrumuw4_mu' 

Urumuw\t2. 
.c!,wuw4.f!, 0 1 2 3 4 5 6 7 8 

JWJ!WJ}Gbpm.J 
llhUqwUp 1,3 2,5 3,9 5,2 5,3 7,5 9,0 10,8 13,1 
PWJ}!, \tq 

Lnumztf.- lun64_npUhpp hwuw4.l! UzwUw4_hUp x, pu4_. 4_hUqwUp 
pwzl!' y: ll-pmwp4_htn4_ WJU ftlhfll! nptqbu hwpfDI.fJWG 4_hmhpp 
4_nnpqpUwmUhp' 4_wnmghUp WJil 4_hmhpf! (qc). 48): 

"04_wmmu hUp, np 4_wnntg4_wc) 4_bmbpf! unmw4_npwtqhu 
qwuw4_np4_wc) b(i uh4_ m:qllP 4_pw, npf! uhq hUwpw4_npDLfJDLG t 
mwwu bGfwqphtm, np X l.t y tJmtlmtuw4.wUUbpf! 4_wtq4_wc) b(i 
qmuJpU ophUpn4_' Y=ax+b: a l.t b UJ.Wpwuhmphpp npnzuwU hwuwp 
oqm4_hUp U4_wqwqntJG pwnw4_ntupUhpp Ubfnqp Unpuwl hwuw-
4_wpqpg. 

14 y 

12 

10 

8 

6 

4 

2 

0 

0 2 3 4 5 6 1 8 9 

q_c), 48 
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{at.x~ + b t.x, = t.x,y, 

:~::Xi+ bn = IY, 
i :: l i=l 

UJu hw4_wuwpmuUhpp ub2 umfin:q qnpmu4_Pgfibpp 
hwz4_uwU wprumUpfihpn fitqwmw4_whwpuwp t Uhp4.wJwgfiht 
wrumuw4_P mbupn4_: 

Urumuw4_ 3. 
N X; y; X~ 

I 
x;y; YP ~ 

1 0 1,3 0 0 --
2 1 2,5 1 2,5 
3 2 3,9 4 7,8. 
4 3 5,2 9 15,6 
5 4 5,3 16 21,2 
6 5 7,5 15 37,5 
7 6 9,0 36 54,0 
8 7 10,8 49 75,6 
9 8 13,1 64 104,8 
L 36 58,6 204 319 

.c!.bml.twpwp finpuwt'ht.Q4_wuwpmufihpf! 4_mfibfiwfi hbmuJWL 
mhupf!. · 

{
204a+36b = 319 

36a + 9b = 58,6 

Lmc)htn4_ hw4_wuwpmufihpp WJU hwuw4_wpqf!, 4_umwfiwfip' 
a=1,41, b=0,87: · 

UJutqpun4_, tun64_npfihpp hwuw4_P (x) l.t fipwfig 4_hfiqwfip 
pwzp (y) up21.t h:qwc) npnfihllt 4_wtql! wpmwhwjm4_mu t 

· y=1,41x+0,87 pwfiwoLn4_: .c!.wpfDI.fJWfi 4_pw (qc). 48) 4_wnmgbfip 
UWU WJU DlrWill!: 

Opftliwlj 2.- hfifUIIlPhfip, tlmpop WililJmfipfihpf! mp4_wc) bfi 
hbmuJWL WllJDI.UW4_P mhupn4_. 
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linJntUWI..J 4. 
X 0 1 1,5 2,1 3 

y 2,9 6,3 7,9 10,0 13,2 
--

4wnmgbtmt WJU \.tbmbpf! hwp~m~JWU qpw, \.thwunql[blip, np 
IlflWUJ) unmwl[npwUlbU qwuwl[npl[wa b(i up mqq}l tlflw: '1-w 
Gzwuwt.tmu t, np x L. y t}lmpnJ:uwltwfifibp}l u}12Lt bqwb 
ltwJ:ul[want~Jntfi(! 4wpb\}l t t}lfimpht qbwJpfi . ~mfi\.tg}lwJ}l 
mbupmt' Y= ax+b: Oqmwqnpbbtntl ul[wqwqntJfi pwnw\.tmupfibp}l 
ub~lllll!' qmfibfip a L. b wfihWJUl UllliflWUbmpbp{!: Pfii.Ulbll 
liwJ:unpq opGw\.tnu1, qw lilllwmwltwhwpuwp t }lpwqnpcrht 
WilJntUWlt}l oqfint~JWUp: 

lin.Jmuwll 5. 
N 

? 
Xi Yi X ~ XiYi Yp /J.y I 

I 0 2,9 9,00 0,00 2,86 0,04 
2 1,0 6,3 --~ .. oo 6,36 6,28 0,02 
3 1,5 7,9 2,25 11,85 7,99 0,09 
4 2,1 10,0 4,41 21,00 10,04 0,04 
5 3,0 13,2 9,00 39,60 13,12 0,08 
~ 7,6 40,3 16,66 78,75 

Cum WJU WilJmuw4}1 t.twqublip finpliwt hwqwuwpmufibp}l 

{
16,66a + 7,6b = 78,75 

hwuwt.twpqn. 
7,6a + 5b = 40,3 

lmohtntl. WJU hwuwltwpq{! ltumwfiwfip a=3,42, b=2,86: 
~bmltwpwp, Y=3,42x+2,86=yp: 

YP - ~mfi\.tg}lwJ}l pwGwoltwJ}lG wpdbpfi t, t-.y- t}lnpo}l 
Wfll}Jntfipfibp}l 2hqmllGbpG bfi WJU pwfiwohnq hW2tlWO 
wpdbplibp}lg: 

qU.Pd-O.H&30Po obP 
l. x L. y t}lnt}lntuwl!wfifihp}l ll}l2L. hqwo qwtuuwG 

t}lnpofiwqwfi mtl.Jwtfihpf! fibplJ.wJwgttwo bfi hbtnltJWl 
wrumuwl!mu 
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Urumuwlt 6 

~-:--+1 --1-5 -4--~-0~---~-·~--:--+--:--~!---fij 

Cfiqmlibtntl, np WJU 4wlllw4gmpJntU(! unwmtnpwlllhu 

qbwj}lfi t, lil[wqwqntjfi pwnwltmu}lfihpp ubpnqmt npnzbt 

Y = ax+ b ~mfiltg}lwJ}l a L. b qnpowlt}lgfibpf!: 

lllwm.' Y = -5,06x + 19,87 
2. 4:}1pwnhtntl fiqwqwqntJG pwnw\.tmu}lfihp}l ubpnqp' npn2hL 

y=ax2+bx+c ~mfi\.tgpWJP wfihWJUl qnpawt.t}lgfibpp, t~t x L. y 
t}lnt}lntuwltwfifihp}l wpubpfitpp mptl.wo tfi htmltJWl WilJmuwlt}l. 
mhupmt' 

Urumuwlt 7 

X o,5 I 1,0 I 1,5 I 2,o 2,5 l 
I y o,8 I 4,9 I 8,8 13,5 I 

lllwm.' y=2,54x - x+ 0,575 

3. oqwqwqmJU pwnw\.tmu}lGbp}l ubpni}Iltl qmfibt 
hbmltJWl W11Jmuw\.tnu.l tn{lqwb 1>mfi\.tgpnfiwt ijw}uuwfi pwfiw6L.(! 
y= ax+b mbupnq. 

Urumuwij 8 

lllwm.' y=0,24x+ 0,01 

Uiumuwij 9 

4:wnmgbtntl. WJU l!hmtpp, qwpbt}l t hwunqtl.ht. np Upwfip 
11 8 



UnmwtlnpWUihu qwuwtlnptlwc) hfi DUlPll qc)p 4Pw: 'VtlwqwqntjG 
pwnwl}mupGbpp ubpnqntl qmfibt WJil qc)wjpG .'f>mGl}gpwjp 
mbupn: 

lllwm.' y=0,87x+ 67,5 

ti!USPbt.rfl~U"LbPP. 4P.PUO-flHiT3U"V UP S!U'VP. 
Iu'V'l-P.P'VbP Q-3flFlUS'VSbUU4U'V UPSU'l-PflHiT5fl~'VP.5 

"4..hP2Pfi dwuwfiwl}Gbpu pmnG pwtfmtl qwpqwfimu t 
uwpbUwmpl}wl}wG ubpnqfibpp lJPpwnntpjDLU{! tl}nGnupl}WJDlU I.J. 

uwufiwtlnpWUihU qJDLqwmfimbuwl}wG tl}nfinupl}wjp )ufiqppfihp{! 
tmb-btm <twuwfiwl}: '1-pwGp wpi}JmfiwtlbmnpbG oqmwqnpatlmu J 
bG tqnGnupl}wJp pntnp pGwqwtlwnGbpmu, fiUiwummu hmupp, 
GJmpbpp, tlwnbtllpp, up2ngfibpp mGmbuuwG[!: 

'1-pmwpl}bfip qJntqwmGmbuwqwG tl}nGnupl}wJp up pwfip 
)uGqppGbp,npnGg tmamul! l}wpbtll t mwt tpumpbumuGbpp 
tnhuntpjwO oqUntpjti:nip: ·• 
1. '1-pgmp mGbGp n l}wpGwwuwwupwJpG .'f>bpuwfibp' ' 
Mi(Xi,y;), hwuwlllwmwu)uwfiwpwp mi(i=1,2, ... ,n) wpmwi}Jlwfipp > 

pwGwl}ntpjntGGbpntl: illwhwfi2tlntu t wfigl}wgfibt up 6wfiwlllwph 
WJUUihu, np wpmwqpwGpp pwGwl}ntpjntGGhp[! qbUl]l WJil · 
6wGWUIWPhl! mbqwtfm)ubtllu l}wmwptlbG upGpuwt mu)uubp: 

flpnfibtlt 6wGwUiwphp (ntqqp) hwtlwuwpntU[! l}IGmpbGp 
Gnpuwt mbupntl 

x cosa + y sina- p = 0 
npmbq a-G ox wnwGgpp L. mqqpG mqqwhwjwg mqqp up2L. bqwc) 
wG4JmGG t, p-G mqpqp hbnwtlnpn.tpJDLU(! ul}qpGwl}bmpg : 

P.G~Uibu hwJmGp t, Mj(Xi>Yi) l}bmp hbnwtlnpmpJntG[! mpl{wa 
mqqpg npnzl{mu t hbmhJWL pwGwoL.nl{ 8=±(x;cosa+y;sina-p ): 

-'!wfip np mqqp llPPPl! hwppmpJwG tlPw' pGnpnzl{mu t a L. 
p UIWpwubmpbpntl, mump l}ln)uwqpmuGbpp 4Pw l}wmwpl{wc) 

aw)uuhp{! qtltfib(i hwubuwmwl}wfi hbmhJWl wpmwhWJIDDlfJWUI!' 

R(a,p) = L1mi(x;cosa + yisina- p) -

- L 2mi(x;cosa + y;sina - p ), 
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npmbq L 1 hwuwlllwmwu)uwGmu t WJU l}bmbppG, npnfip 

qwuwl{npl{wc) bG mqqpg l{bpi.J., puq Lrn' WJG l}bmbppG, npnfip 
qwuwl{npl{wc) bG mqqpg Gbppk 

lllbmp t a I.J. p lllWpwubmpbp{! [!fiiDt1ht WJUUjhu, nplllhuqp 

R( a , p) J.llGp upfipuwr fltump qpbfip bpqm l}lnl}ln)uwl}wGp 

.'f>mGqgpwJp tpumpbumup qnJntpJwG wfihpwdbzm UjWJUwGGtpn' 

: = L
1 
m;(- X; sin a+ Y; cosu)- Z:2m;(- X ; sin a+ Y; cosa)= 0 

oR 
-ap=-Z:~m; + L 2m; =0 

UJu hwuwl}wpqp wnw2pfi hwttwuwpmupg npnzbGp tga 

K t 
L 2ffi;Y;- Llffi;Y; 

= ga= 
"mx-"mx L-.2 I I L-.1 I I 

<!.wtiwqwpqp bpl}pnpq hwtlwuwpmupg mGbGp 

"m=" m: L-.1 I L-.2 I 

n 

'VzwGw4btntl M = Z:m; , put} (x", y c
1 

), 

i=l 

I.J. tx q , y c
2 

J-mJ. hwUWUlWmwu)uwfiwpwp qbmbpp wnw2pG L. 

bpqpnpq hwuwqwpqbpp awGpmpJwG qbGmpnGGbpp 
qnnpqpGwmGhp{!, qwpnq bfip qpbt, 

Uju hwl{wuwpmpJWU w2 UWU£! bpqm hwuwqwpqhpp 
awGpntpjwG qbGmpnGGbpnl{ wGgGnq mqqp wG4JmGwjpu 
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qnpaw4J:lgG t: ..!,hmLwpwp, npnfihlll mq.lum Uihmp t mqqwhwJWQ .. 
t.llfip lthmhpp WllW2Pfi L hpltrnpq hwuwltwpqhpp awfipnt!}JWU; 
lthfimpnGGhp[! upwgfinq mqqp(i L wfigG}l WJ'l hwml{wa 
up2fiwlthmnl{: 

2.- l)..pgmp ml{wa hfi n ltwJ}GwwUIPwfipwJpG :}>hpuwfihp~: 
npnfip mhqwl{npl{wa hG Mi(x;,yi) lthmhpmu L npnUJ) 
hWUWUiwmwutuwGwpwp mwwu b(i mi(i=l,2, ... ,n) wpmwqpwfip , 
np(! hUJ}wltw t tltniuwll.PuwG: · 

fllwhwfi2t1mu t qmfiht UUIWuwpltUwG WJG F(x,y) lthfim; 
pnfip mhq(!, npp hwuwp 

n 

R(x,y)= Lmi~(x-xJ2 +(y-yi)2 =min: 
i=l 

R(x,y·. ) :}>mGliQpWJP tpumptumup wfihpwohzmm!}JWG UIWJ~~. -. 
uw(i(ibp(! mwwu b(i X L y tltntltntuwltwGGbp}l filtwmuwuwp. 
hhmLJWL hwl{i.uuwpmufihp(!. '· 

lmb-htntl WJU hwUwltwpq(!, ltwpnq hfip qmfiht x L YJ 
tltntltniuwltwGGhp(!, WJupfip(i mGmhuwitwG Iunznp lthfimpnfip 
qmfit{htm mbq(!: 

l)..p~bPbvBPUL..!.U~UUUPfl~UbbP 
..!.PUbUliUv ..!.UUliUBfi~£0-50~ v vbP b~ UU..!.UUvfl~UboP,~ 

"' UU..!.UU"LfiHf.-UJG hwl{wuwpntU[!, np(! ltwU! t 
hwumwmmu x wGitwiu tltntltntuwltwfip, y=y(x) npnfihl.lt 

:}>mfiltgpwJp L Gpw y', y" , .. . , y(n) wawGgJWtfihpp up2L, ltnll{mu t 
IJft:PhphtJgftwf hwtfwuwpmtl: 1 
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L . l)..p:}>hphfigpwt hwl{wuwpmU(! upul{nt.lllt lthpUintl qpl{mu t 
1 11 (n)) 0 1, .~ (n) f { , , (n-1 )) WJUUibU. F(x, y, y, y , ... y = 'iwu y = - x, y, y , y , ... y , 

pGm umwgl{mu t Uwtunpqpg, y<nJ -p Gltwmuwup, tmb-htm 
lUpllJmGpmu:? 

~.b!}h y=y{x) npnGhtli :}>mfiltgpwU uhlt wUitwtu 
tltntltniuwltwfip :}>mfiltgpw t, WUIW q}l~hphfigpwt hwl{wuwpmUJ:! 
I.J.nll{mu t umfnpwljwu: Pult h!}h npnfihlll :}>mfii.J.gpwG up pa~Up 
wfiltwtu tltntltniuwltwGGbpp :}>multgpw t, WUIW qp:}>hphfigpwt 
hwl{wuwpmUJ:! I.J.nltlnn\ t tlwuuwljft wowugJW[Uhpmf 
IJft!phph{}gftwl hwtfwuwpnuf: 
~ lTU~UU"LfiHJ.- l)..p:}>hpnfigpwt hwl{wuwpuwfi ltwpq 

ltnll{mu t hwl{wuwpuw(i Uh2 Umunq WOWU9JWW wuhuwpwpop 
ltwpq[!; -> .. 

..::"'· Opftuwlj.- y'-xy = 0 hwl{wuwpmuG wnw2pfi ltwpqp 

qp:}>hphfigpwt hwl{wuwpmu t: y"+ky'-sin x = 0 hwl{utuwpmUf! 

hpltrnpq ltwpqp t: .>--
L UU~UU"LfiHJ.- l)..}l:PhphGgpwt hwl{wuwpuwu [ntomtli.J.wu 

ftumbqpwf ItnltJ.mu t WJG y = y(x) :}>mfiltgpwu, npJ:! L npp 
wawGgJWL Ghp[! mhqwll.Phtntl ml{wa qp:}>hphfigpwt hwl{wuwpuwu 
ut2 Gpwfi qwpofimu hfi GmJGm~Jmfi: 

Opftuwlj.- y"+y = 0 qp:}>hphfigpwl hwl{wuwpuwa hwuwp 

y = CJ sin X+ c2 cosx mhupp :}>mfiltgpwfibp(! tmamufibp b(i 

C1 L C2 hwumwmmGGhpp gwfiltwgwb-(!GmpntJ}JwG I}hUipmu: > 
l)..p:}>hpbfigpwt hwl{wuwpmufibpp mbum~JmGG m qpwfig 

tmb-Uwli (pGmhqpuwG) uh~nqGbpG mGbG uta GzwGwltmpJmG: 
l)..w pwgwmpl{mu t upwlinl{, np hpltPwlwtltntJ}JWG, :}>pqpltwJp, 
ub(uwGpltwJp, wumqwqpmntpjwG, lthfiuwpwunt!}JWG L WJL 
4J:lpwnwltwfi qpmnt~jntufihpp, zwm lufiqppfihp phpl{mu b(i 
qp:}>hphfigpwt hwl{wuwpmuQbpp: l)..pmwplthfip up pwfip 
WJ'lUIPUP IuGqppfihp: 

1. 0-Ul)..PflHJtt 0-Ul)..PfiUliSP~ .QU5.QU5fi~U'C 

<l>npofiwltwfi 6wfiwUiwphnl{ hwumwml{wa t, np 
nwqJmwltmpl{ pwJpWJUwG wpwqm~Jntfi(! m4Jwt UIWhpG 
hwuhuwmwltwfi t lPWJPWJI.{wa GJnt!}p pwfiwltm!}JWG(!: 
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bG~wqpbtnt.l., np UJnt}}p ulJ.qpliwlJ.wfi pwfiwlJ.m~JmGu M o t, 
npnzhGp ~pWJPWJt.I.WO Ujntpp M pwfiwlJ.mpjWU L t aun1wGw4}1 
t1p2L tqwo I.J.w)umt!u: 

fl.wJltmwlJ.m}lt.l. pWJPWJtlWfi wpwqmpJntfiQ hwLJ.wuwp t 
Ujntpp M pwfiwl!mpJWU wowGgjwtJlG QUU1 dwuwGwqp, 

dM dM 
WJU}lGpfi ' - : 12wjg QUU1 UjWJtlWG}l - = - kM , npmbq k-G 

ili ~ . 
hwuhuwmwlJ.wGmpJwfi q.npowLtJ1gfi t : U11Gmu GzwG£! tJ.bpgtJ.mu t ~ 
WJU UjWU16wnml, np t-}1 w6uwG hbm upwupO Ujntpp M; 
pwfiwi.J.m~Jntfi{! GtJ.wqmt1 t: Uw wnw2}1fi ljwpq.fl llP.'l>bttbfigpwt : 
hwtJwuwpmu t npnfibl}l M(t) :}>mfilJ.g}lwJ}l GI.J.wmuwup: 

UmwgtJwo J1P~hphfig}lwt hwijwuwpmuu I.J.wphtll t q.pht • 

hbmLJWl mbupn4' dM = -kdt 
M 

Pfimbq.pbtntl. WJU hwtJ.wuwpuwG bpl!m 4nqt1Q' l!umwfiwfip' 
M M -kt lnM = -kt + ln C l{wtl In-= -kt, npmbq}lg - == e L c c 

M = Ce -kt : UJumbq C-O pOmbq.puwG qwtlwJwqwO hwumwmmfi 
t: .QwGp np t = 0 unubOmmtl llWJl}lmup qwOq.ttwou Mo tp, WUjW 

C-G Ujbmp t pwtJ.wpwpp M . =Ce-k 0 =C wnG~nt}}JWUQ : 
Sbqwl}phtn4 C-p wpdbpu' qumwfiw(ip M-}1 qw)umUQ t-pg 

ijbp20w4w0 mbupnij' 

M = M oe-kt: 

k qnpaw4}:tgQ npnztj_mu t t}lnpofiwqwfi 6wOwUjwphntJ.: 
fl.wJl}lmup hwuwp k=0,000436: 

2. UUPlTUP UUO.b50:f-.ITC 4UlJ SU.QU80:f-.lJC 

"UJmmnG}l qnqt!pg hwumwmtj_wo ophGpp hwuwowJG : 
uwpufip uwnhguwfi wpwqm~Jntfil! hwuhuwmwqwG t uwpufip h : 
2P2W4w tl}12wtJ.wJPp 2hpt1wumf16wGObpp mwpphpmpJwfiu: · 

bfipwqpbfip, uwpt1}10Q mwpwgtJwo t upO~L To wump6w0, 

tlP2WtlWJPP 2bpuwump6wOu hwumwmmO t L hwtlwuwp 
Tc (Tc < T): Q.mfihfip uwpufip t}lnt}ln)uijnq T 2hpuwump6t.uOp L 

uwnhguwG t dwuwfiwlt}l t1}12h hqwo qwtumu£!: bfipwqphfip, 
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awuwfiwlJ.l:t t t4whpO uwpuGp 2hpuwump6wfil! T t: 
dT 

Qhpowump6wup t}lnt}ln)uuwO wpwqmpJmUu, wJupOpO' dt -0, 

ujntmnfip opbfipp hwuwowJG, 

hwohtlwmwqwfi t T-Tc mwpphpnt}}jwOu: <!.hmLwpwp, 

dT = -k(T- T) 
dt c 

upanm OzwGQ IlPtlWO t WJU UjWU16wnntl, np awuwGwqp 
w6t1wfi hhm opwupfi owpofip 2hpowum}16wGI! Oijwqmo t, 
wJupfipG' T = T(t) ~mfiqgpwG Gijwqnq .'l>mfiqgpw t : UmwgtJ.wa 

dT 
1}}1.'l>hphfig}lwt hwtJ.wuwpntU{! GbpqwJwgfihGpG T _ T = -kdt 

c 

mhupntl, npmhq}lg ln(T- Tc) = -kt + InC h T = Tc + Ce -kt : 

uqwmp mfihGwtntJ., np t = 0 UjWh}lG T =To' qumwGwfip 

T. = Tc + C, npmhq}lg C ::o T. - Tc: ~hmhwpwp, uwpuGp 

uwnbguwG ophfip£!, qw)utJ.wo awowGw4}1g, l!mGbfiw hbmLJWl 
1.}bp2GwqwG mhup{!. 

T = Tc +(To- Tc~-kt: 
3.4wqtibt WJU 4nr}l hwLJ.wuwpmGu, npG wGgGmo t (-2, 3) 

qbmntJ. L npp gwGqwgwo qhmntl mwptJwa znznt}lnqp 
wfiltJntUwJ}lfi qnpow4P91! htUl.jwuwp t WJil OmJO l1bm}l 
wpugpupG: 

LO.f-.15flHJ.- <!.wOWOWJU wawGgjWl}l hp4Pw~wt}lwqw0 

dy 
puwump' znzwt}lnq}l wutumGWJllG qnpawlj}lgQ hwtJ.wuwp t dx : 

lJjntU qnqujlg, hwUWOWJU )ufiqpp UJWJUWU}l znzwt}lnqjl, 
wfiltJmGwjpO qnpowq}lgu hwtjwuwp t znzwt}luwG qbmp 

wpugpupfi (x) :UJullltmntJ., mfihGp :~ = x, npmhqpg dy = xdx: 

pfimbqpbtntl. WJU llP.'l>bpbfigpwt hwtJ.wuwpowG bpqm 4mltli!' 
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J x-
4.umwfiwfip' y ==- + C : 

2 
Uw UJ.Wpwpntfihp}l u}l (!UUlWfi}lp t: liJU (!fimwfi}lp}lg 

UJ.bmp t ~Gmpbt WJG UJ.Wpwpnm, npfi wfigfinu.i t mpttwo (-2, 3) 
lj_bmntl: liJu UJ.WJlh.\.ll:ipg tt lj_npn2bfip C lj_wuwJwlJ.wl:i 

hwumwmmfi1:!' 3 = (- 2Y + C, npmbtlflg C::::l: Sbqwl]1lbtml C-p 
2 

x2 
wpctbp[! · tlbp5_>fiw4_wfiwUJ.bu lj_umwfiwfip y = 2 + 1 : 

UO-UQf"\u 4UP<l-P l).f"\l>b.Pb'U5PUL ~U4.UUUPOHJlJbP 

F(x, y, y') = 0 4wu y' = f(x, y) mbupp hwttwuwpmu~ 
4n~ttmu t wnw~pfi 4wpq.p q)l~hphfigflwt hwt.J.wuwpmu: 

pfi~UJ.bu Glj_wmbgpfip, t.J.bp~ tmbt.J.wb JuGq)lpfibp[! phptlbgpfi 
wnw~pfi 4wpq.p I]JI1>hpbfigpwt hwt.J.wuwpmufibpp lt l]1lwUg 
tntbmU(!, npUJ.hU lj_wfinfi, UJ.Wpmfiwlj_mu t ublJ. [lfimbq.puwfi 
lj_wuwjwqwfi hwumwmmfi: 

UU(.UU'UOHf.- liJfi y = y(x) ~mfiqgpwfi, np(! L.. npp 
WOulUQJWLfl mbi]Wl]1lbtnt{ wnw2pfi qwpq.p @1>bpbfig[lWL 
hwtlwuwpuwfi ub~ Gpwfi qwp6Gmu t GmJfint~Jmfi, 4Ntlmu t 
I]jl~bpbfigpwt hwtlwuwpuwfi tmbmu: 3mpwpwfiDntfl y'=f(x,y) 
q)l~hphfigpwt hwt.J.wuwpmu mfip wfi~ptl pwqUntf}JWUp 
tmomtifibp: liJil tmomofibpp pwquntf}Jntfil! qn~tlmu t wnw~pfi 
lJ.wpq.p I]jl~bpbfigpwt hwtl_wuwpuw{i pfil)hw{]mp znu)nufL. q.ptlmu 
t WJUUJ.hu' y=<p(x,C): 

4nfi4.£lbm JuGI]jlpfibp tmbblflu wGhpwcth2m t lflGmu q.mfibt 
@~bpbfigpwt hwtlwuwpuwfi WJU tntbmU(!, Dfll! pwtlwpwpmu t 
mptlwb UJ.WJuwGflG: liJil UJ.WJUWfil! qn~tl_mu t qp~bpbfig[lwt 
hwtlwuwpuwfi ulj_qp(huqwG qwu GwtuGwlJ.wG UJ.WJUwG: Unw2pfi 
qwpq.p qp~bpbGgflwt hwttwuwpuwfi hwuwp uqqpfiwqwfi 

UJ.WJUWfi(! q.pt{mu t hbmL.JWl mbupntl Y\x=x, == Yo: 

l).p1>hphfigpwt hwt.J.wuwpuwfi WJfi tmbmU(!, npo 
umwgtl_mu t nfiqhwfimp tmbmupg, bpp UJ.whwfi~tlmu t , np WJG 
pwtlwpwpfl mtlwa ulJ.qpGwlj_wG UJ.WJUWfipfi, qn~tlmu t lfwu{]wljft . 
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fniO"nuf: 

Unw5_>pfi qwpq]l I]JI1>bpbfig}lwt hwtl_wuwpuwfi [!Gqhwfimp 
tntOUWUJ:! hwp~nt~JWfi tlfltU hWUtUUJ.tUUltUuJuwfimu t ubq­
UJ.Wpwutnnpwfill lj_npbpll (!fitnwG}lp, npnfip 4.n~ttmu bfi 
ftumbqpwfWJ/Jfi ljilpbp: 

lJOCOt- Juul).PPQ.- Sptlwb t y'=f(x,y) qp~bpbGgflwt 
hwtlwuwpnu.i[! : q.mfiht WJU hwtlwuwpuwfi WJU tmbnul[!, np[! 

. pwl\wpwpmu t Ylx=x, == y 0 u4qpGwqwfi UJ.WJUwfipfi: Uw lJn2m 

Jufiq}lpfi t wnw5_>pfi qwpq.p Ilfl~bpbfigpwt hwttwuwpuwfi hwuwp: 
QfiqhlllGpwUJ.hu, tnptl_wb hwtl_wuwpmun u}12m ~t. np mG}l 

Wjl}UI}tup uwu(iwqnp tntbntu: f:J~h f(x , y) l>mfil{gpw(i L fipw : 

Uwufiw4.}1 tUOWU9JWll! Wfi[!fiqhwtn bfi (x., y.) 4htnp pfi~-np 
2P~wl}wjpntu, WUJ.W q}l~bpbfigpwt hWtll.\JUWpuw(i tntOlllU[! Wjq 
mppntJ~nu1 q.nJnt~JntG mG}l L. upwqfi t: Y:nzm JuGI]jlp[! 
ilh4fiwpwfibfip bpl}pw~wljlnpbfi ( q.a .49 ): 

y 

<l-b.49. 
~wp~m~Jwfi tlflw mwfibGp mpttwa I]ji~bpbGg}1wt 

hwtlwuwpuwfi pfimhq.pwtwJpfi qnpbp(!: Lmbbt 4nzm JuGilfl£11! 
hpqpw~wljlnrtG GzwGwlJ.mu t }1fimbqpwtWJ}1fi ltnpbp}1 
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I}Gtnwfipppg qmGht WJG l.J.np~. npG wfigfimu t hwppmpJwG 4.Pw 

IIJutuwUJbu mpt{wo Mo (x . ,Y J l.J.bmml: 
UjdU owfinpwfiwup WflW2PU lJ.wpq.p Uitupqwq.ntjU 

q.p~hphugflwl hwt{wuwpnu1uhpp tnflUihPP L. I}pwug tmouwu 
uhpnqGhpp hhm: 

U"UQUS~UU b4. U'VQUS~l'1. cDflcDOiuULIUIJ 'Ub.Pfl4. 
~U~UUlli'fl.J-.ISub.P 

M(x)dx + N(y )dy = 0 mflutlt hwt{wuwpmun lJ.n~t{mu I 

wfipwuufwa tjmtjlnjuwljwfifibpmfhwtlwuwpmu: cl-pw {!fiqhwump 

pfimbq.pwm l.J.l.Pfip' J M(x)dx + JN(y )dy = C : 

M 1 (x )N 1 (y )dx + M 2 (x )N 2 (y )dy = 0 mhupp hwtlwuw­

pmun l.J.n~qnu1 t wu2wmt{nq l}lm}mtuwlJ.wGGhpnt{: UJG 4wpnq t 
pbptJht wG2WUHlwa tpnl}ln]uwl.J.wfifihpnt{ hwt{wuwpliwG' Gpw 
hpl.J.m uwuhp{! Nl(y)M2(x) . wpmwhWJUlfilJ}JWU tl_pw 

pw<twGhtmJ.. 

M1 (x)N 1 (y) dx + M2(x)N 2(y) dy == O 
N 1(y)M 2(x) N 1(y)M 2(x) 

l.J.wti M 1(x) dx + Nz(y) dy = 0, npG wpl}hfi . wfi2wmt{wo 
M 2 (x) N 1(y) 

.PmtmfuwlJ.wGGbpml hwtlwuwpmu t: l).pmwplJ.lj_wa hpbp tufiqpp­
Ghpp tmouwG dwuwGwq umwgl{wo qp~bph(igpmt hwl{wuw­
pmUfibp{! w(i2wmt{nq l}lnl}lnfuwlJ.wGfibpntJ. hwtJ.wuwpmuGtp tpG: 

~UUUUbfl. ~U~UUUPOI--UUb.P 

Unw2pfi LJ.wpqp qp:phpbGgpmt hwtJwuwpmUI} LJ.n~tJnui t 
hwtfwubn, hpb tntObtml. WJU y' -p GlJ.wmuwup, W2 uwunnl 

umwGmu bGJ2 up wpmwhwJmmpJm(i LJ.wfuqwo y 
X 

hwpwphpnt}}Jntfi}lg. y' = f( ~): 
liJu mput}l qp~hphfigpwt hwt{wuwpnuHihpn tmbbtm 
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y 
hwuwp -; = u mhqwl}IlUwG up2ngmt WJU phpntu hG wG

2
tLitntJ.nq 

lflmtmfuwlJ.wfifibpmJ hwtJwuwpuwG: hpnJ2' oJ""" 
l ux ' 

y'=u'x+u, u'x+u=f(u), dux=f(u)-u~ du ::::~ 
dx f(u)-u x 

t!ml}lnfuUiqwufihpn wu2wtntJwo bfi: 
Q.mGbtntl WJU hwt{wuwpuwfi nfiqhwfintp tntonuS[! ~ u -G 

lflnfuwppGhtntl ~ hwpwphpnt}}JWUp' LtutnwGUifip 111tutwo 

hwtJwuwpuwfi nuqhwfimp tmomun: 

Ufl-U.Qp"U liUPQ.p Q.UU3P"V ~U~UUUPONflJt1f\ 

UU~UU"UO.HT.- Unw2pfi LJ.wpq.p q.otUJpu htutluJU(u nul 
qn~t{mu t WJfi hwt{wuwpmun, npn q.otuJpu t l))Qh~ m 
!pmGLJ.gptu.Jp 1... Gpw wawfigJWtP GLJ.wmuwup: llJa J(i}l 
y'+P(x)y=Q(x) mtmpn, npmbq P(x)-n t.. Q(x)-p.ll(p~~o 
WU{!Gl}hwm ~mfilj_gpwfihp (LJ.wu hwumwmmfiutp) hfi: 

Q.~Jpfi hwt{wuwpuwu tmcrnuiD DflnGhup x-P bpqm 
:}>mGLJ.gpwfiGbpp wrunwqpJWtP mhupml' y = u(x) , v(x) 11nnugpg 

utLJ.n lj_wphl.P t t{bpgfiht LJ.wuwJwlJ.wG, pulj UJntun LJ.npnztlfl ~ tJwo 
q}l.'phphfigpwt hwttwuwpuwu hpuwu tlJlw' y'::::: u'v + v.'u P 

Stqwl}[lhtmt mttwo hwt{wuwpuwG ut2' qllla~fi a , 
u'v + v'u + Puv = Q l}wo u'v + u(v' + Pv) == Q: v ~maliQp:fi 12 

l}fitnphGp WJUU}hu, np v' + Pv = 0: Uttt v -p 04l>l\tniwt1 
wG2tutntlnq lflnl}lnfuwLJ.wfifihpntl. hwttwuwpntu t, np[! tn\ob .~ 

, dv dv tn .... , 
qumwGwGp -- == -Pv LJ.wu -:::: -Pdx rtn bnh 

dx v ' ln •u•9 

In v:::- JPdx, v == e ·-Jt>dx : 

~wzti.P wnubtntJ, np v' + Pv = 0 hpufiwljwG llllll{wuw­
pmpJmupg u ~mGl}gpwJp npnzuwu hwuwp qufiw h~mL.Jwl 
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hwqwuwpmti[f u'v = Q, du v(x) === Q(x) 
dx 

u = JQ(x) dx + C = JO(x)efrdx dx + C 
v(x) 

( ) ( ) [ fQ( \_jP(x)dxd J - JP(x)dx. 
y = U X · V X == C + XfC X e . 

<!,U'-l.U'GU4Uu0Hcr301-u ubPfl Sl:JUOI-[c}3Uu SUPPbPC 
<!.flUUU4Uu<!.UU4U801-[c}30~uubPl:J'-l.UU<!,UU'GOI-UUbP 

<!.wtlwGw~wfintpJntfifibpp mbuntpJntfi(! owqbt t XVII qwp}1 
~bubp]1fi ' h}Iuliwltwfinu.i ~wtqqwo mwppbp mbuw4}1 pw}umw­
fuwqbpmu hwrwwGw4}1 2wliubp}1 hwJ!lwpl.l}1 hbm: XVll-XVlll 
qwpbpmu hwtlwfiwltwtimpJmGfibp]1 mbumpJntfil! qwpqwgmtl 
wfifi2wfi ~wtflntl, pwlip np qpw lJ}1pwnmpJntfifibp}1 ntnpm[! 
uwhuwGwtflw~qwo tp n~ uba pwfiw4}1 hwpgbpfl2P2WUW~fibpnq: 
XIX qwp)1g u~uwo upG~L ubp opbpJ:!, hwqwGw~wfintpJmfifibp}1 -
mbumpJmfin wfi(!Gqhwm L pmnG ~bpUintl qwpqwlimu t ' pp 
4}1pwnm~JWU ntn11mfi [!Gqqpltbtntl qpmmpJwfi , mbjuGflltwJp, 
t4nfim1fl~wJ)1 pwquwp)1tl pfiw<:lwtlwnfibp: 

<!_wqwfiw ltwfintp jntfi fi bpp mbump jntfip Uwpbuwmfl~WJ)1 
WJfi pwdpGG t, npJ! qpwql[mu t uwuuwJwljwfi hwuwutm UIWmw­
hwljwG bpLntJpfibpp opflGw~_wtflmpJmGGbpfl tlbptmMwup: 

Ubq J[l2WU}llltnnq bpLntjpGbpfl mumufiwuppntpjntfi{! 
4wUitlwo t t}1npobpp qflmwpttuwfi hbm: <llnpofl hfiwpwqnp h!Pl! 
U}wmwhwltwfi tr1LntJP t, nppfi nGqmGqwo t wfil[wGbt 
UIWmwhwp ttwu UIWtnwhmw: liJupfipli, npnJwl!P U}WJUwfifibpfl 
wnltwJntPJWU qbU}PntU, WJfi pfi ~ 4wpn11 t mbl'\]1 mfibGwt ~wu n~, 
l.JNl[mu t U}Wtnwhwp: 

~bphGp tqwmwhwpGhpp ufl pwGp oppGwltGbp: 
1. <!,pwfinp)1g qpwltbllm fi2wGwqbml! fungbt ttwu ~fungtm 

U}Wtnwhwp t: 
2. Ubmwll.JW qpwli(! Gbtnbtflu <1hppp ltwu ptl.}1 hwfiqbu qwm 

UJ.WUlWhWp t : 
3. luWil.llU~[ll! (ibmbtflu' 1-pg up(i~L 6 npLt Pti.P hwlillhU 'lUlU! . 

UJ.Wmwhwp t L WJtfi: 
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lllwmwhwpfibp]! nfiqmGqwo t GzwGw~bt A , B, C,... mwnb­

pnq: fl1wmwhwpfib[ll! tP-fimu bu hwqwump, wlihGwpflG, hwlJw­
qpp, hwuwmbqhtll , wfihwuwmbqbtfl, u}lw~}l hfiwpwqnp, hwtj_w­
uwpwhfiwpwqnp, wfi~w]u L 4wfuJWl ~wu U}WJUWfiw~wfi : 

<!.wqwumfllln~qmu t WJG U}Wmwhwp]!, np[! mtlwt ljmpowp4-
uwfi ctwuwGwlt WUUJ.WJUWUnpbfi mbl'\]1 t mfibfimu: Op)1Gwlf 
UU}ptnwlt qfiqw~Gbpntl t9tlwo wp~l'\]lg UU}pmwlt qfiqwlj hwGbtm 
UIWtnwhwp[! ~t.PU.P hwqwump: ~wqwump U}wmwhwp\! 
J!Gqmfil[wo t U2wUwlJbt E mwnml: 

liJfi UJ.wmwhwp{!, npJ! mti.Jwt ljmpowpljuwfi ctwuwfiw~ ~}1 
4wpn11 hwfiqbu qwt_, 4n~qmu t wfihfiwppfi UIWmwhwp: 

Oppfiw~' bplJm fuWil.llU4pGbpp libmuwli awuwUwlj wfihfituil 
t, np hwfiqbu h4wo pqbpf1 mwppbpmpJntfi{! hwl[wuwp tflG)1 6-f1: 
Ufihfiwp)1G U}WmwhwpJ! G2wfiw4mu bfi U mwnntl: 

lllwmwhwpfibp[! 4n~l[mu bfi wfihwutumbll.btlt, bpb mti.Jwt 
awuwfiw4}1 {!fipwgpmu Gpwfip upwawuwfiwlt ~bfi ljtupnq 
hwfiqbu qwr 

tllwmwhwpfibp[! lJ.wqunui bfi tpfnl tumup, bpb JmpwpwfiHntP 
ljmpowpljuwfi awuwtiwlJ. lJ.wpnq t bphwu qwt rwwGgll9 
gwfiljwgwaf! L ~p 4wpnq bpltwfi qtut mpf1z npltt WJLUIWmwhwp, 
npJ:! qpwfig hbm hwuwmbll.htP ~t: UJq UJ.Wmwhwpfibppfi 
wfiqwfimu bu GwL upwlJ.p hGwpwtjnp U}wmwhwpfibp: 

bplJm U{wmwhwr1ubp lJn~tjmu bfi hwuwmbqbtfl, bpb 
qpwfigpg ub~p hwfiqbu qwm ~}1 pwgwnmu UjntUp hwfiqbu 
qwtmG: Oppfiw4' bpb ~pw~mu bfip bp~m hpwgwfi}lg, WUJ.lll 
bp~mupg tt upwctwuwfiwlj qwpnq bfi fungbt G2wfiwlJbmu: 

A 1, A 2 •... , An UIWtnwhwpGbp]! ljn~tjmu bfi hwtjwuwpw-

hfiwpwtjnp, bpb ~~wfi pfi~-np opJb4mptj UJ.Wm6wnfibp, bpp WJU 
qwu WJfi U}wtnwhwp[! qwpnq t wt)btlt hw6wfu hw(iqbu qm1, pwfi 
UjntU]!: 

bplJ.m tqwmwhwpfibp lJ.n)tjmu bfi hwljwtlPJl, bpb qpwup 
wuhwuwmbqhtll bu L 4wqumu bCi LPPtl tumup: UJuf1Gpfi ' A 
tqwmwhwpp hwlJ.wqpp L4Wtnwhwp[! qw wJG t, D[ll! ljwjwfimu t 
A -p mbqp ~mfibGwtm ub2: 

A UJ.wmwhwpp hwlJ.wqpp U}Wmwhwpn u2wuw4mu bG A­
ntj: 

'l-}lgmp, A tqwmwhwpp wprumfipmu fungmu bfi 
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GzwGwlJ. hmn, A UJ.Wmwhwpp wpllJmGpnur n~: 
UGlJ.wJ:u qn~~mu bG WJU utmmwhwpGbpn, npnGgpg uhl}Pt~ 

hwGqbu qwm qw)uqwb ~t UJmupg: . Put} qw}uJWL l}wU:~ 
UJ.WJUwGwqwG qn~_tlmU bG WJU UJ.WmwhwpGhpf!, npnGgpg 1Ih4fl{­
hwGqbu qwm lJ.wJ:uqwb t UJmupg: 

lijd"U wGgGhGp qwpLnpwqmJG qwqwtlJwpp' UJ.Wmwhwpp :· 
hwqwGwlJ.wGntpjwG qwqwtlJwpp mumuuwuppuwGn: ·l 

bGpwqpbGp, m(ib(ip A 1, A 2 •.. .• A 0 qntJq-qmJq:'r 

wGhwuwmhqblll, upwlJ. huwpwtlnp, hwqwuwpwhGwpwqnpl•­
UJ.WmwhwpGbpp hwuw)umup: ').pgmp, A UJ.Wmwhllipf! hwuqbu t · 
£lWU1U ntmz Ai t4wmwhwpGbpp hbm 1Ipwu}1G: UJG Ai , 

UJ.WmwhwpGhpn, npnug hwGqbu qwtm <twuwGwlJ. hwfiqbu t . ~ 
qw{}1u GwL. A UJ.Wmwhwp[!, qn~qmu bu A UJ.wmwhwppG j 
UUJ.lUUUlllij UJ.WJUWuGbp: '1-pmwpqhup up WJUUJ.pup oppGwlJ.: ; 

bupwqpbGp, uwtlJnpp ub2 lJ.w 20 quqwlJ., nppg 5-n' UUJ.lunwq, ; 
7-n' lJ.wpupp L. 8-n' uL: A utmmwhwpn uwtlJnppg quqwq hwfihtG · 
t: lijumhq nul}hwump hwbpp PPtlt! hwqwuwp t 20-p: Ul4Pmw4 
quqwl} hwGbtm UJ.wmwhwppG UUJ.Wumnq bwbpp PPtll! hwqwuwp 
t 5-p, qwpuppGbppGn' 7, put.} uL.pGn' 8: 

Spqwb A UJ.Wmwhwpp hwGqhu qwtm hwqwGwqwGmpJntU(! 

{!GtpnGqwb t GzwGwlJht P(A) = p, hGwpwqnp twbpp nGI}hwGmp 

PPtll!' n pulJ. GUJ.wumnq hwbpp PPtll!' m: UJq qbUJ.pmu 
A UJ.WmwhwppG GUJ.wumnq twhpp ptl}l L. hwqwuwpwhGw­
pwqnp UJ.WmwhwpGbpp twbpp nGI}hwGmp ptl}l hwpwpb­
pmpJntG(! lJ.n~qmu t A UJ.mmwhwpp hwqwGwqwGmpJmG: 

UJGUJ.hu np, num uwhuwGuwG' P(A) = p = m 
n 

Uw UJ.Wmwhwpp hwqwGwqwGntpjwG qwuwqwG 
uwhuwGmuG t: 

5 1 7 
'4.hp(! qpmwpl}tlwb oppGwqmu 'P1 =-=- P2 =-

20 4' 20' 
8 2 

p3 =-=-
20 5 

"UqwmbGp, np gwGqwgwb A UJ.WmwhwppG UUJ.Wumnq 
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UJ.WJUwGGbpp m rPtll! pwqwpwpmu t 
0 ~ m ~ n wGhwqwuwpmpJmGn : ~hmL.wpwp, UJ.wmwhwpp 
hwqwGw\twGmpjntGtf 0 ~ p ~ 1 t: 

E hwqwump UJ.mmwhwpp hwuwp m = n L., hbmL.wpwp, 
P(E) = 1, pu\t U wGhGwppG utmmwhwpp hwuwp m = 0 t,, 
hhmLwpwp P(U) = 0 : 

IT}wmwhwpp hwqwGwltwGmpJmG uwhuwGmuG wqht}l UJ.Wpq 
qwpoGbtm hwuwp qpmwpltbGp L.u up oppGwlt: 

l).pgmp, lihmmu blip }uwqnutwlihpn: PG~n"'tliG t 
hwqwfiwltwfimpJmun WJU pwup, np pwgqwb pqhpp qmuwpf! 
q{}1Gp 8: 

~wqwuwpwhGwpwqnp hwhpp (!UqhwGmp ~Ptlt! ltt}lGp 
n = 6·6 = 36 

vUJ.wumnq hWhPt! \t{}1GbG' (6, 2), (5, 3), (4, 4), (2, 6), (3 , 5) 
, 

5 
m 5 

WJUllGpG m = , hhmL.wpwp p = --- = - : 
n 36 

bGpwqpbGp, muhGp bpqm wGhwuwmbqbt}l 
UJ.WmwhwpGbp' A L. B: liJu hpqm UJ.mmwhwpGbpp qmuwp 
qn~qntU t WJU C UJ.WUlWhWp{!, np[! WJI} UJ.WUlWhwpGbppg qnGb 
uh4}1 bpLwG qwtm ub2 t: bpqm wGhwuwmhqbt}l 
UJ.Wmwhwpubpp qmuwp(! GzwGwqmu bG C=A+B qwu (A l}wu B) 
mhupnq: bpqm UJ.WmwhwpGbppg qwu A -p qwu B -p mhqp · 
mGhGwtm, WJupGr.G' qpwGg qmuwpp hwqwGwqwGmpJmGn 
GzwuwlJ.hGp P (lJ.wu A l}wu B) L. hwztlhGp WJG: ~wqwump t 
hhmL.JWL pbnphuf!, npn ltn~qmu t phnpbu 
hwqwGwqwGmpJmGubpp qmuwpp uwupG: 

.!O'bOflblJ.- bpqm wGhwuwmhqbiP UJ.WmwhwpGbpp 
qmuwpp hwqwGw\twGmpjntG(! hwqwuwp t wnwGopG 
utmmwhwpGbpp hwqwGwqwGmpJmGGbpp qmuwppG, WJupGp(i' P 

_ (\twu A l}wu B )=P(A)+P(B) 

UtllU50H35.- ').pgmp, P(A) = m, , 
n 
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P(B) = mz : EwGp 
n 



np A L. B UJ.Wmwhwpfih(lfi wfihwowmhqhJll hfi , WUJ.W qhUJ.pbpp 
n J!UI}hwfimp ptl}l qhuwmo opwdwowfiw4 A L. B 
UJ.WmwhwpfihpflG UUJ.wumnq qhuwhpp PPtli! hwl{wuwp t 0-p, 
pu4 4w0 A 4wo B UJ.WUlwhwpp hwGqhu qwtmG UUJ.wumnq 
qhUJ.Phpp ppl{J! hwl{wuwp t m 1 + m 2 : <!.hmL.wpwp' 

P(4wuA4wu B)= m1 +m 2 =~+ m 2 = P(A)+P(B) : 
n n n 

lijU pG~ UJ.WhWfi2l{ntU tp WUJ.Wgmght: 
"UuwG oL.nl{ 4wphJll t phnphuG WUJ.Wgmght gwG4wgwa 

pl{nl{ qmuwphJllfihpp hwuwp. 

P(A1 4wu A2 4wu . ... 4wu A1,)=P(A1)+ P(A2)+ .. . +P(An) 

4wu P( t. A;) = t. P(AJ 

lijdu qpmw~4hfip A L. A hw4wqflp UJ.WUlwhwpfihpJ!: .10-nq 

P(A)= p pu4 P(AJ= q : . 

~wup np t}mpowp4uwfi owuwfiw4 mhqp t mfihfimu 4wu 

A 4wu A , mum~ A+ A -1! hwl{wump UJ.Wmwhwp t : 

<!,hmL.wpw11, P(A +A)= P (4wu A 4wu A) = 1: 

q.muwpuwfi phnphUp hwuwowJG ' 

P(A +A)= P(A)+ P(A)= 1 

wjupfipfi ' p + q = l , npmhqpg q = 1-p 

<!.lJSbq_U"U~. - bph A 1,A2 ••• , An UJ.WUlwhwpfihpJ! 

4wqumu hfi LPPtl tumup, WUJ.W wn4w t hhmL.JWL 
hwl{wuwpmpJntUJ! 

P(A1 )+ P(A 2 )+ ... + P(A") = 1: 
U(J}U501'35.- ~wfip np A 1, A 2, ... , An UJ.WUlwhwpfihpf! 

4wqumu hfi LPM tumup, mump llPwGgpg uh4p hwfiqhu qww 
hwl{wumflUJ.wmwhwp t : <!,hmL.wpwp, 

P(At 4wu A2 4wu .. .. 4wu An)= l 
~wtu UWUJ! oL.wt}mluhtntl qmuwpuwfi phnphUp hWUWOWJU 
4umwfiwfip l{hpnhfl2JWL hwl{wuwpmpJmUJ!' 

P(A 1 )+ P(A 2 )+ ... P(An) = 1: 

133 

(J}U3UU"UU4U"U <!.U'-lU"UU4U"UOHo·3fll'"U "UbP: 
<!.U'-lU"UU4U"UOI'.I0-301-"U"UlJP~~UQUU(J}US4UU"U 

.10-b OPlJ tJC 

UbGp wpqhfi qpmhfip, np A L. B tqwmwhwpfihpf! lJNtlmu 
hG wfi4wtu, hph A tqwmwhwpp hwGqhu qwtm hwl{wGw4w­
GmpJntU[! 4wtutlwb >t WJU pwfipg , ph B UJWmwhWflf! mhqp t 
mfihght4wo mhqp ~P mfihghr 

liGpwqphGp. uwt}mpfl uh2 4w l 0 hwm uL. L. utqpmw4 
qGqw4Ghp: bGpwllPhGp A tqwmwhwpf! uwt}lnflpg utqpmw4 
qfiqw4 hwfihtG t , uwt}lnpp ut2 4w J!UqwuhGJ! 6 hwm utqpmw4 
qfiqw4: 

liJq qtuwmu P(A) = ~ : <!.wfiwa qGqw4J! Gnppg qghGp 
5 

uwt}lnpJ! L. pnq B UJ.WmwhwpJ! Jllfip hp4Pnpq wfiqwu uwt}lnppg 
utqpmw4 qGqwlJ hwuhw: (J}wpq t, np WJU qhtqpmu GmJGtqhu 

P(B) = ~: A L. B tqwmwhwpfihpJ! mtlJwt qhuwmu wG4wtu 
5 

llJ.WUlwhwpGhp h(i : U}1 t}lnpp t}m)uhfip WJU )ufiqplJ. llJ.WJUWGJ!: 
"Unppg hGpwqphGp, O(l A tqwmwhwpJ! uwt}lnplJ.g utqlJ.mwlJ 

3 
qfiqw4 hwfihtG t P(A) =- hwqwGw4wGmpJwup: <!.wGl{wa 

5 
qfiqw41! ~l{hpwqwpofihGp uwt}lnp, L. pnq B tqwmwhw(lJ! Gnppg 
Jllfip uwt}lnppg hp4(1npq wfiqwu uuJllmw4 qfiqw4 hwfihw: 

liJu qhtqpmu P(B) = ~, hph A tqwmwhwpJ! mhqp ~P 
9 

5 
mfihght, L. P(B) = 9', hph A tqwmwhwpJ! mhqp t mfihghr 

~G~tqhu mbufimu hfip, B tqwmwhwpp hwl{wfiw4wGmpjntGJ! 
4wtul{wa t A tqwmwhwpp mhqp mfihfiwtm9. 4wu mhqp 
~mfibfiwtmg : 

"UuwG UlPllJ.il tqwmwhwpfihpJ! l1n~l{mu hG 4w)uJWL lJwu 
llJ.WJUwfiw4wfi UJ.Wmwhwpfihp: (J}wjuwfiw4wfi tqwmwhwpfihpp 
hwl{wfiw4wfimpJwfifi tt J!Gqmfil{wa t wfil{wfiht llJ.WJUWfiwlJwfi 

hwl{wGw4wfimpJmG L. fi2wfiwlJht P A (B) : 4wpqwgl{mu t 
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WJUllltu· B lllwmwhwpfl hwl[wGwltwfimrJmfi[! A-ll mhqp 
mGhGwtm lllWJUWfinl[: 

llJfilllhu np Gwfunpq opf1Gwlfl1g ltwpnrt bG~ qpbt. 
5 6 2 

PA(B)=9; PA(B)=9=3 

orb A L. B lliWUlWhwpGhp{! tflGbG wGltwtu, WlliW lllW[lq t , D[l 

PA(B)=P(B) 
f<tbOPblJ.- A L. B lliWUlWhwpGhpp upwltwuwfiwlt hwGqhu qwtm 

(hwuwmhquwfi) hwl[wGwltwGmrJmfin hwtl.wuwp t 
A lllwmwhwpfl hwtl.wfiwltwumrJwfi L. B 
UJWmwhwpp UJ.WJUwfiwltwfi hwtl.wfiwltwfimrJwfi, 
wpmwqpJwtflG hwztl.w() A lliWUlwhwpfl mhqp 
mubGwtm UJ.WJUWuntl.. 

P(A h B ) = P(A) · P A (B): 

Ull)U5fll-35.-bGpwqphGp, hGwpwl[np twhpfl n [!Gl}hwGmp 
rtl.Pg A \.llWUlWhwpfl hwGqbu qwtmG GUJ.WUUlDUi bG k .hwhp[!, 
nppg f UlWJUWGGtp filllwummu bu GwL. B lllwmwhwpp hwGqbu 
qwtmfi: llJq qhUJ.pmu A L. B UJ.wmwhwpGhpfl upwdwuwGwlt 
hwfiqbu qwtmG ltGWUJ.WUUlhU £ UJ.WJUWfiGhp L.ltwpnrt h(i~ qpht 

P(AhB)=i,pwJg P(A)=~; PA(B)= kP. : 
n n 

f P. ·k k f f_ 
- -t! fihpltWJWgGhG~ hbml.tJWt mhu~n4_. - = - = -·· -, 

n n·k n k n 
pwquwlllwmttuwG 

rtnpbuG wll!wgmg4_w() t: 
liJu pwGwol.tn ltppwnhG~ B L. A wpmwhwJmmrJwG 

liltwmuwup. P(BhA)=P(B) · P8 (A) : 
liJU htlltm pwGwol.tbpp owtu uwuhpl! hwl[wuwp tO npl4hU 

upL.GmJG hw4_wGwltwGmpJmG, hhml.twpwp, hwl[wuwp hfi fiwL. 
W2 uwuhpn: Ommp ltwpnrt bG~ qpht hhmL.JWt hwtl.wuwpntpjntUJf 

P(A) · P A (B)= P(B) · P8 (A) 

, P(A)·PA(B). 
U.Jumhi1.Pg P8 (A)= P(B) . 

lJwuGwtl.np qhll.U2ntU WJU flhnpMl! ltwpbtfl t lfl1pwnbt GwL. 
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wuttwtu U[WUlWhwpfibpp G4wmuwup: bph A L. B UlWUlWhwp­

Ghp(i wfi4wtu hG, Wl4W P A (B)= P(B) L pwqllwutwmttuwG 

phnphul! 4l!GqmGfl hhmL.JWt mhu~n· P(A h B)= P(A)· P (B): 

liJOU hfipwtylhfip mfihfip A 1, A 2 , ... ,An lliWU1WhwpGbpp 

tPlltl. tunuip L qpwfigpg wnwfioflG ufl B utUimwhwp: 11)whwu2l[mu 
t hwztl.bt WJG pwup hwl[wfiwltwfimpJntU{!, np B lliWUlwhwp[! 
hwuqbu 4qw A;(i = 1,2, ... ,n) UJ.wmwhwpGbppg npLt ob4lt hbm 

upwdwuwfiw4: UJuflu~a· hwz4_b(i~ . 

P(l.J.wll A 1, B l.J.wll A 2 , B qwu .. . qwu An , B): 

<!.wtl.wlhultwGmpJmGGhpp qmuwpuwG rbnpbufl 
hwUWOWJU \.twpnrt b(i~ qpht . 

P(qwu A, ,B qwu A2 ,B qwll ... qwu A" ,B)= P(A, ,B)+ 
n 

+ P(A 2 ,B)+ ... + P(A .. ,B)= LP(A;B) : 

~wqUWU[WUlltUwfi rtnphUp hwUWOWJfi ' 
P(Ai,B)= P(AJ PA; (B) 

UJu wpmwhwJUlntpJntlit! mbqwqphtnLI. Gwfunpq hwl[w­
uwpmrJwfi llhs>ltumwuwGp' 

n n 

P(B)= :LP(A; ,B)= :LP(AJ PA, (B) 
i=l i·=l · 

UJU pwGwOL[! ltn~tl.mu t {fl}ll/ hwljwOwljwOmpjwO pw­
Gwol.t: 

<!,pll)flf<tb9ubPP<!.liqUuU4UuOI-~301-uC: PU3bUP 
~Ut,U~bqC 

C)..pmwp4bGp A 1, A 2 , . .. , An wfihwuwmbrtbtfl tqwmwhwp­

fihpp lJlPtl tumupJ!, npnGg hwfiqbu qwtm hwtl.wfiwltwGmrJmG­
IihpG hG P(A 1 ~ P(A 2 ), ... P(An): 

B lliWUlWhWJll! ltwpnrt t mhllP mfihfiwt A 1, A 2 , ... ,An 
lliWmwhwpfibppg npLt llblfl1 hbm, npnG~ l.Jnl l[mu bG 
hftUJnpbqfibp: 

lp}u.l hw4_wGw4wGmrJmfiGbpp pwGwol.tp hwuwowJfi B 
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UIWmwhwpp hwfiqbu qwtm hwtl_wfiwi.J.wfimpJntU{! I.J.Lllfip 
n 

P(B)= IP(Ak)·PAk (B) 
k=l 

"· 

Cfiqmfibfip, np B UIWmwhwp{! mbqp t mfibght: lijfi, np B-fi ;, 

mbqp t mfibgbL I.J.tlmtup P(Ak) (k = 1,2, ... ,n) hwtl_wfiwi.J.wfim-? 

pJmfifibp£!: (J}whwfi2tl_mu t npnzbt WJil hpUinphqfibplt 
ppwi.J.wfiwguwfi UIWJUwfiwi.J.wfi hwtl_wfiwi.J.wfimpJmfi!ihp!i WJU 
bfipwqpntpjwUp, np B UIWIDWhWp£! mbqp t m!ihgbL WJUpfip(i~ 

npnzbL P.8 (A k) (k = 1,2, ... , n) hwtl_w!iwi.J.wGmpJm!i!ibp£!: 

f!wquwlllwmi.J.uw!i I.J.wfin(ip .hwuwowJ!i' I.J.wpnq b!ip qpbt 

P(AkB) = P(Ak )· P Ak (B)= P(B)· P8 (Ak ), npmbllltg 

( ) 
P(Ak)·PAk (B) 

Ps Ak = P(B) : ' 
j 

liJu hwtl_wuwpmpJWU ut2 LPPtl hwtl_w!iwi.J.w!impJmU!ibpp pwfiw-~ 
oL.pg mbqwqpbtntl P(B)-p wpobp£!' I.J.umw!iw!ip • 

P(Ak)·PA (B) 
P8 (Ak)= n k (k=1,2, .... ,n) 

IP(AJPA; (B) 

liJu pw!iwoL.J:! I.J.n~tJ.mu t hfllllnpbq!ibpp hwtl_wfiwi.J.w!impJw(i 
pw!iwoL. I.J.wu f!wJbup pw!iwoL.: 

(J}liSU~UPP~li~UuU4Uu0~~3Uu 

U3l UU~UUuflNfubP 

1. bP4PUOU<l>U4Uu ~U~UuU4Uufl~~O~u/\-pgmp.~! 

m!ib!ip ufl tJ.bp2wtlnp 0 mppntJp, npp uwi.J.bpbu£! hwtl_wuwp t S-fl: i 
~ 

bfipwqpb!ip 0 1 mppntJPI! Uiwmi.J.w!imu t 0 mppmJpp!i~ 

npp uwi.J.bpbu£! hwtl_wuwp t S1 - p (qb'.50 ): '1-bUIP 0 mppmJpa) 
!ibmmu bfip p!i~-np UJmpwi.J.w!i I.J.bm: Q.mfibt 
hwtl_wfiwi.J.wfintpjntU{! WJU pw!ip, np !ibmtl_wb' I.J.bm{! I.J.l!!ii.J.fip o.~ 
mppntJPP ut2: · 
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Q.b'. 50 

UU~UUuflHf.- (J}wmwhwpp 
bpi.J.pw).w$wi.J.wfi hwtl_w!iwi.J.w!im­
PJDLU I.J.n~tl_mu t o. L. 0 mppmJpfibpp 
uwi.J.bpbu!ihpp hwpwpbpntpJntUJ:!: 

bpb 0 1 mppmJPI! £!UI.J.!ibtm 
UIWmwhwp}l 
hwtl_w!iwi.J.w!impJmUJ! !izw!iwi.J.h!ip 
P(01), WUIW {!UID uwhUw!iuwG, 

P(D 1 )=~ : s 
ui.J.wmb!ip, np WJU uwhUw!intU{! ~p 

hwi.J.wumu hwtl_w!iwi.J.w!impJWU qwuwi.J.w!i uwhUwuuwt:i{!: 
~wtl_w!iwi.J.w!impJmfifibpp qmuwpuwfi L. pwquwUiwml.J.uwfi 
pbnpbufibp£! I.J.wphlll t fiuwfi I.J.wpqntl_ oL.wi.J.bpUibL fiwL. 
bpi.J.pw~wtltwi.J.wfi hwtl_wfiwi.J.w!impJWU hwuwp: 

1. Q.fl~UUPUUu ~bflPbUC 

'1-pgmp, mfibfip 0 1 L. 0 2 mppmJpfibp, npnfip J:!UI.J.wb' bfi 0 
mppntJPP ut2 L. ppwp hbm ~b!i hwmtl_mu (qb'. 51): 

Q.b'.51 

(J}whw!i2tlmt! t npnzbL W.Jfi pwfip hwtl_wuwi.J.wumpJmU£!, np 
fibmtl_wb' uwpuflfil! I.J.I!!ii.J.fip I.J.wu o. I.J.wu 0 2 mflpmJp£!: o. L. 0 2 
mppntjpfibpp ~hwmtJ.btJ! hwUWUIWIDWufuwGmU t 
UIWmwhwpubpp wGhwuwmbqblllmpJwfi UIWJUwfipfi: 

P(01 I.J.wu 02)=P(O.)+P(02) 
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2.P-UQUUfllUS4UU'V fO'oflPt;lJC 
l.ofi~wl}Jlhfip, D m}lpntj~}lfi UIWtnlfwfinq D 1 L D2, , 

tn}lpntj~fihpfi mfih(i {!fiqhwfimp UWU, WJU}lfipfi, hwun}mU hli ; 
(qb".52): fllwhwfi2l}mu t hwztJ.ht WJfi pwfi}l hwl}wfiwltwfim~.Jntfi{!, : 
np fihml}wb" lttmu ltnfi4fi}l L.' D, L.' D2 mtJ.rmtJ~fihp[!, WJU~fipli ' D3< 

m}lpmJ~I! : · 
P(L. D, L. D2)=P(D3)= P(D 1) • P01 (0 2 ) 

Q.c)-.52 
2. ..!.wawfu hwl}wliwltwfim~JWU mhum~Jwfi mwpphp 

lt}lpwnm~Jmfiuhp}l ut2 filltwmw(Jwhwpuwp t }}1limu oqmtJ.hL 
UIWtnwhwp~ hwl}wfiwltwfim~JWU WJUllthu ltn~l}wb" 
t}ll.6w4wqpwlfwU uwhuwfimutJ.g: 

olipwl}Jlhlip, qnpb" mlihlip utb" ~l}nl} l!lnp<\wplfmufihplJ. hhm, 
WJU}lfipfi' qtJ.gmp mlihlip n ~l}nl} l!lnp<\wplfmulihp, npmtq n -I! 
pwl}wltwfiw~wl!l utc) ~lltl. t: "1-}lgmp, qpwugpg m wfiqwu 

m 
hwliqtu t hltht mtl.Jwt lltWtnwhwpu: liJil qhUipmu qpwlig 1..1. =-

n 
hwpwphpm~Jmliu l~.nttJ.mu t UIWtnwhwplJ. hwawfuwltwlim~Jmli: 
Cwm ~l}nl} l!lnp<\tp}l wprumliplihp qpmh\llu hpptuli fi4wml}mu t 
lllwmwhwp}l hwawfuwltwfim~Jwli ltwJmfiwgmu, np}l zntP2I! 

m 
lfwmwpl}mu tli - -11 wpcthpfihplJ. mwmwlimufitp: liwJmfi n . 
hwawfuwltwlim~Jmfil! pfinpnznq ~Ptl.I! hhfig 4n~l}mu t , 
lllWtnwhwpp t}ll.awlfwqpwlfwli hwl}wfiwltwlim~Jmfi: {; 
),q_lljntpjntfi ntfilJ. fiwlt lltWtnwhwp}l hwl}wfiwlfwlint~JWfi 
wpupnuwmplt uwhUwlimu: 
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UP .RU'VJ"l So'lb4flf'{(}3flf''l_,1JfJP 
UPU5fll'f0'3fll'uubPJ"lSfJUfll'@'3fli'uP5 

<l-nJnt~Jmli mOtU hphp m}lUJ.ll u}lwgmpJntlilitp , 
I. 4wpqwl}npm~Jmfilihp. 
2. Shqw~Pntum~Jmfifitp. 
3.Qmqnpqmpjmlifihp: 

n mwphptJ.g m -wlJwli lJwqul}wb" 4wp.qwl}npnt{}.Jntfifihp}l 

~lltl.I! GzwUwlfmu hfi A~ L. hwzl}mu hb,mL.J!lll pwfiwoLntJ.. 

A~ =n(n-1Xn-2} .. [n-(m-1)]: . 
m mwpphptJ.g lJwqul}wb" mtqwl!lnfunt~Jmfifihp}l ~Ptl.I! 

fi2wfiw4mu hfi Pm -nl} L. hwzl}mu WJUUihu' 

Pill = 1 · 2 · 3 · ... m = m ! 
n mwphp~g m -wltwfi ltwqul}wb" qmqnpflriL~JmfifihplJ. ~lltl.l! 

Uzwfiwltiuu h(i c~ -nl}, L. hwzl}mu hhtnL.JWl pwfiw<\L.nl}' 

C~ =A~ = n(n -lXn- 2), .. [n- (m -1)] = n! 
Pill 1· 2 ·. J ... m m!(n -m) 

..!.wl}wfiwlfwfintpJWfi lnQUnt~jWfi zwm lt}lpwnnt~jntfifihpp llh2 
npnzwltp mtq mfihli 4Pltfil}nq wliltwtu UIWtnwhwpfitpu: 

ofi~wqptfip, ttwmwpl}mu t n hwm wfiltwtu ltpltfil}nq l!lnp­
<\wplfmufihp: tllwhwfi2l}mu t qmfiht WJfi pwfi~ hwl}wfiw­
ltwfim~Jntfi{!, np WJil n l!lnp<\wpltmllfihp}l ctwuwfiwlt A 
Uitumwhwpu hwfiqhu ltqw m wfiqwu (m s n): · 

A lltWtnwhwpp hwfiqhu qwtm hwl}wfiwltwfim~Jmfiu ohlt 
t.Pnp<\wplfuwfi ctwuwfiwlt Gzwfiwlthfip P(A)=p, tJ.ult I}JlW hwliqhu 

lqwtm hwl}wliwltwfimpJmfiu' P(A)= q = 1- p: li.Jfi pwfi~ hwl}w­

fiwltwfim~Jmfiu, np n l!lnp<\hplJ.g m wfiqwu hwliqhu lfqw ml}wb" 
lltWtnwhwpl! UzwUwlfhfip P llln -nl}: 

"1-ptnwplfhfip UWUfitul}np qhlltphp: Ofi~WI}Jlhfip, n = 3, ffi = 2 
L. hwzl}hfip Pn-u: fllwpq t, hp A lllwmwhwpp 4Pltfiwlt}l hwfiqhu 

140 



qwm LtwuttJ.wo t A UfWIDWhwpp ubq wuqwo hwuqbu <).Wtnt hbm 
L. WJflUWUP tw LttltUp hbmhJWt huwpwtJ.np qtuwtp}lg obq(i nt 
otqmu. 

qwu AAA, qwu AAA, Ltwu AAA 
UJu pwpq utwmwhwpGbp}lg Jntpwpwu~Jntp}l hwtJ.wGwqw­

Unt})JDtU1! o}lL.untjU J)ptJ.u t, DP1! qtupbtlt t npnzbt pwqOWUfWID­
qow(i J)bnpbo}l oqunt})JWOp. 

P(u A L. A L. A)= P(u A L. A L. A)= P(u A L. A L.A)= p2q 
q.mowpowa })bnpto}l hwuwowJu 

P(AAA qwo AAA qwu AAA)= p2q + p2q + p2q = 3p 2q 

liJdU bG})wqptGp n = 4, m = 2: UJu qtuwmu hGwpwtJ.np bu 

hbmL.JwtLtnop}luwg}lwubpl!. 

AAAA· AAAA·AAAA·AAAA· AAAA· AAAA ' , ' ' ' 
f.!wqOWUfWIDqUwu })bnpbO}l hwUWOWJU' 

P(u A L. A L. A L.A)= P(u A L. A L. AL.A)= .... = p2q 2
, 

}lult qmuwpuwG ~bnptu}lg 

P(AAA A qwu AAAA qwu .... }=6p 2q 2 

f.!wJg 3=Ci;6=C~, 

htmL.wpwp P23 = 3p 2q = C~p 2q; P24 = 6p 2q 2 = C~ p2q 2 

liJdU hwztJ.bup hwtJ.wuwqwGnt~JntUl! WJU pwu}l, np n 
qpqutJ.nq l}lnpobp}l dwuwGwlt A utwmwhwp{! hwGqtu qqw m 
wGqwu npnzwlt}l lJwpqntJ., op}luwq' hbmuJWt ututuwJmU 

ubpltwJwgtJ.wo l.JwpqntJ. AA. .. A A ... A : 
'-v----' '----y---J 

m n- m 

Uju hwtJ.wuwqwunt})JntU1! hwtJ.wuwp I.J.tltli}l p'"q n-m : n mwpp}lg 

qwqotJ.wo pntnp ututowubp}l J)PtJ.I!, npnug ut2 A .Ufwmwhwpl! 
hwuqbu t qwtltu m wuqwu, pwJg mwppbp qwuwtJ.npntJ)JWUp, 

lttltG}l c~: Ujq UfWIDCiwnntJ., hWUW.OWJU hwtJ.wuw­

qwUnt})jntGGbp}l qmuwpuwa ~tnpto}l I.J.wpnq bup qpbt 
. n' p _ C m m n-m _ • m n-m 

mn - n P q - t( ) P q m. n-m 
liJu pwuwohl! I.J.n~tlmo t f1tnumtlt}l pwliwoL.: liJu pwliwoh}l 
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w2 uwul! "l..rJmmnG}l bpqwuqwo}l tJ.bptmO"ntJ)JWu l!uqhwGmp 
wuqwou t: 
(p+q)" =p" +C~-Ipn-lq+C~-2pn-2q2 +c:;-3pn-3qJ + ... + 

C2 2 n-2 c' n-1 n 1 r. 1 + nP q + nPq + q = .I~wu}l np p + q = : ..!.tmL.wpwp, 
Ltwpnq bGp qpb( 

pnn + pn-l,n + pn-2,n + ... + p2n +Pin + Pon = 1, 
II 

Wjup(ip(i' Lpmn = 1 

Uw hbmL.wGp t WJU pwG}l, np hwliwutwmwu}uwu 
utwmwhwputpl! Ltwqomo ta lPPtl. tumop: 

Pmn =C~p'"qn-m = '( n! ) pmqn-m hwtJ.wuwqwunt})jntufibp}l 
m. n-m 

hwowtumupl! qn~tJ.mo t hwtJ.wuwqwum~JmUGbp}l pwztuuwa 
pjJOmfwljwO opbOp: 

..!.wtJ.wGtulJwGm~Jmliubp}l pwtuzuwli p}l.Gnuwqwu opbfipl! 
huwpwtJ.npnt~jntG t mwtltu npnzbtnt A utrnmwhwp}l hwfiqbu 
<).Wtnt wutuwhwtJ.wuwl.Jwu twtp}l PPtll!: 
OpftOwlj.- '1-}lgmp, hpwoqm~Jwu <twuwuwq Gzwliwqhml! 

fungbtm hwtJ.wuwqwGm~Jntu{! hwtJ.wuwp t 0,8: 
<.wztJ.bt })h, }lu~}l" t hwtJ.wuwp WJG pwu}l hwtJ.wuwqwum~JmG{!, 
np 6 wuqwu qpwlJbtm Wpfljntupmu 5-1! tUung}l Gzwuwl.Jbml!: 

liJumtq n = 6, m = 5 : ..!.wowowJu p}lunuwi.J.wu pwzfuuwa 
opbup}l 

P56 =C~p
5 q; q=l-p=l-0.8=0.2 

6. 5. 4 ( )5 ( ) 
p56 = 0.8 . 0.2 = 0.064 

1·2·3·4·5 
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<,wqwfiwijwGntpjwG mbunt}JJWU ut2 wnwGgpw.JpG bG 
UJ.WtnwhwlJ.wG ubb-nt}Jjntfilibpf! l.t llJlWGg pwztuuwfi opbGpfibp[!: 

(J)wmwhwlJ.wG ubb-ntpjntGGbp 4.n~qmu bfi WJU 
ubbnt}JjntGGbpf!, npnGp, btGbtntl t}lnpop Wpll.JmfipGbppg lJ.wpnq bfi 
nGqmGbt WJU lJ.wu WJU UJ.WtnwhwijwG rtlwJpU wpdbpGbp: bpb 
UJ.WtnwhwlJ.wG ubb-nt})Jntfil! {!fiqmGmu t hw2npqwl}wG ijnGlJ.pbm 
rtlwJpU wpdbpGbp, npnfig rlttll! lJ.wpnq t tltGbt PU1UJ.bU qbp2wqnp, 
WJfiUJ.bu tt wfiqbp2 1.t hwJmfip t Gwl.t Jntpwpwfi~Jntp wpdbpp 
hwGqbu qwtm hwqwGwijwGnt})JlllUf!, WUJ.W WJI}UJ.pup 
UJ.Wtnwhwijwfi UbOnt})JlllUf! lJ.n~qm~ t l)}lu/jpbm UJ.WtnwhwlJ.wfi 
utb-ntr Jmfi: 

liJG ·:Pmfiijgpnfiwt lJ.tuluqwb-nt}}Jntfif!, Dill! 4.mUJ. t hwumw­
mmu llllu4_pbm UJ.WtnwhwlJ.wG ubbntpjwfi wpdbpfibpp l.t l}JlWfig 
hti.luwu}wtnwufuwG hwqwfiwlJ.wGmrJmGGbpp up21.t, lJ.il~qmu t 
UJ.WtnwhwlJ.wG ubb-nt}JjWG -<wtfwliwljwlimpjnilillbp}l PWlfuliwli 
opblip: · · 

l}.pu4.Pbm UJ.WmwhwlJ.wG ·ubamrJwG pwtuzuwfi opbfipl! 
UUJ.WtnwlJ.whwpuwp t tnWL wil.Jmuwlt}l mbupnq · 

UrumuwlJ. I o 

X x, 

I 
Xj 

I 
xn 

p 
PI p2 Pn 

liJfi ijwpbtlt t tnwt Gwl.t wGwwmpijnpbG 
Pi = f(x;), (i = 1,2,3, ... , n, ... ) l.t qpw:pplJ.npbfi' hwqwfiwijwfint}JjntG­
Gbpp pwztuuwG pwquwGlJ.JwG mbupnq, bpp lJ.nnpqpGwmGbpp 
mqqwGlJ.JmG hwuwlJ.wpqmu lJ.wnmgqmu bG (xi, Pi) 4_nnplll1-
GwtnGbp mGbgnq lJ.bmbpf! l.t l}PwGp upwgqmu bG pblJ.Jwtntl 
(q.b-. 53): lijG, np X UJ.WtnwhwlJ.wG ubb-nt}JjntGI! 4.I!fil}ntGp 
X1, X 2 , ... , X 11 

,... hwimpqwijwfint}JjWfi W)ldbpfibppg ublJ.f!, 
n 

hwqwump UJ.Wtnwhwp t, mump UJ.bmp t ijwmwpqp L Pi = 1 
i=1 

143 

"' 
ijwu L Pi ~I UJ.WJUwGn: 

i=l 

p 

0 XII X 

q_b-.53 
q_nJnt}JjntG mGbG Gwl.t wliplil)hwm UJ.WtnwhwijwG 

ubb-nt}JjntGGbp: UGnGqhwm lJ.n~qmu t WJU X UJ.WtnwhwlJ.wG 
ubb-ntpjntGf!, npG pG~-np UP2W4.WJpmu (tlbp2wqnp lJ.wu wGqbp2) 
wfinGqhwmnpbG ijwpnq t {!GrpuGbt pntnp wpdbpfibpn: (J)wpq t, np 
WJU qbUJ.PmU hwqwGwlJ.wGmrJmGGbpp pwztuuwG opbGpn lJ.tltGp 
x -p wGnGqhwm :PmGlJ.gpw: liJq :PmGlJ.gpwG {!GrpuGqwb- t 
GzwGwlJ.bt F(x) -nq, l.t wGqwGbt UJ.WtnwhwlJ.wG ubb-nt}JjWG 

hwqwGwlJ.wfimrJmGGbpp pwztuuwfi :PmfilJ.gpw lJ.wu pw2Juuwli 
}llimbqpwfwJ}lli .JJflzliljg}lw, npn pwqwpwpmu t 0 ~ F(x) ~ 1 
wfihwqwuwpmrJwGn: 

£I-pu4Pbm UJ.WtnwhwlJ.wfi ubb-nt})JWfi oppGwlJ.Gbp ijwpnq bfi 
tltGbt' 

I. Iuwqnu4Pn Gbtnbtltu 1-pg upfi~l.t 6 npl.tt rtlll hwfiqbu q.wm, 

2. .QGGmpJwG <huuwGw4 fuupmu muwfinqGbpp umwgwb­
q.bpwqwGg q.GwhwtnwlJ.wfifibpp rlttll! l.t WJLU: 

P.ulJ. wfinfiqhwm UJ.WtnwhwlJ.wG ubb-nt}JJWfi oppfiwlJ.Gbp ijwpnq 
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1. Ul}wt{wnw4Jl GbmuwG mbq}1g uflG~L t{WJPt2Pfl l}bm(! hll.WO 
hbnwt{npm~JnLU[!, 

2. <!.pwoqm~JwG dwuwfiwl} qfiqw4Jl tungt{wa mbflll L 
Gzwuwl}bmp up2L bqw() htmw4npm~Jntfi(! L wnu : 
Uunuqhwm Ujwmwhwl}wG uba~tpJmfiGbpfl pGmpwqpuwG 

hwuwp, pwgfl F(x) pwztuuwG flumbqpwtw.Jflu ~mGl}gflwJpg, 

oqmwqnpamu bfi GwL pwztuuwfi qp:}>bpbfigpwtwJflfi ophGpn' 
4.wl44.wa hw4_fiw4_wfimpJmfifibpfl pwztuuwfi fummpJwli hbm: 
liJfi <p(x) :pmG4_gpwti, np[! wpmwhWJmmu t hwt{wGw­

l}wfimpJmfifibpfl pwztuliwfi tummpJmGn, l}n~t{mu t 
qp~bpbfigpwtwJpfi ~mfi4_gpw L hwt{wuwp t ' <p(x) = F'(x) : 

q.nJmpJmu mubG Ujwmwhwl}wfi ubant~JntfiGbpp hwt{wfiw-
4.wGmpJmGGbpp pwztuuwG hbmLJWl tnfll4P opbGpubp. 
1. f!pGnuw4_wG pwztuuwG opbGp. UJG opbGpG t, (!Urn npfl 
hw4_wfiw4_wfimpJmGGbpfl pwztumun mp4_mli t f!bnGmJllfl 

pwGwoLn4_' Pmn = c:Pmqn-m: 

2. ~w4_wuwpw~wt.P pwztuliwG ophfip: UJG ophup(j t , npfl 
hw4_wGw4_wGm~JmGGbpp fummpJwli :pmliljgftwli npnz4.mli t 
hbtnLJWL oLnt{' 

<p(x) = 

0, tpp - oo < x < a 

I 
--, tpp a < x < b 
b-a 
0, hpp b < x < +oo 

3. ~wt{wfiwl}wGmpJmfifihpfl Gnpuwt pwztuuwG ophup 4_wu 
lWUjLWU}l opbup: Uju qbUjpntU }ummpJWU q>(x) ~mGl}gpwG ; 

npnz4.mli t WJUI.ljbu' 
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1 
_(x-af_ 

<p(x) =--e 2o2 

cr.J2n 

4. lllmwunfifl pwzjuliwu ' opbup : UJU qhUjpntu 
hw4_wGw4wGmpJmfiuhp}1 pwzjuliwG ophGp[! qpt{mu t hhtnLJWl 
l}hpUj. 

f11USU<!.U4Uu lfur50Hcr50l'uub.Pfl fchlli5Pu 
.Pufll'fcTUq.f'bf'C 

lllwmwhw4wfi lihantpJwG pwzjumun pumpwqpnq l}wpLnp 
obantpjntGfibp}lg t Gpw tfwplii.fwmjJijwljw{i llllfWUlllUf!: 

l).pgmp, muhGp qflul}pbrn UjWtnwhw4wG uhampJmfi ' mpt{wa 
pp pwzJuuwG ophfipn4_. 

Urumuwltll 

X XI x2 XJ .. . Xn 

Q_ Ql P2 P J ... Pn 

UU~UU'GDHT.- lllwmwhwl}wfi lihampJwG tfwpbtfwmftljwljwli 
uUJwumtf 4_n~4.mli t Gpw pntnp hfiwpw4_np wpdhi?fibpp L. 
hwliwl.ljwmwu}uwu hw4_wGw4_wGmp Jntfifibpp wprnwqpJWtfibpp 
qmliwpn: 

X UjWtnWhw4_w(i llbantpJWfi uwpbliwtnp4wl}wfi UUJ.WUnlU[! 

nuqmG4_wa t GzwGw4.bt M[x] -n4. 4_wli mx -n4_, hppbufi' x -n4_: 

UJGUjbu, np [!urn uwhuwGuwG 

n 

II 

M(x]=x1P1 +X2P2 + .. . +XnPn = LPiXi: 
i=1 

CGq npmu WJUmbq 4wpLnp t lipzm hwz4.}1 wnfibt, np 

L Pi = 1 : b~b UjWtnwhw4_wG ubampJmGG [!Gqmfimu t wG4_bp2 
i=1 
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00 00 

IH.lml wpdhpfibp, WutW M[x]= LP;X; h LP; zwpp[! uthtnp t 
i=1 i=1 

qmqwupmp 1-pfi: 
fllwtnwhwi.J.wfi ubbnt}}jWG UW}}UUWtnpi.J.wi.J.wfi UutWUntUG 

ntGp WJil UbOnt}}JWU Uf12l1U wpdhpp puwum: UtnwUwUp 
Uw}}huwmpi.J.wi.J.wU uutwuuwU h t~P2P£i }}qwpwUwi.J.wfip I.J.Wut£! : 
bU}}WilJlbfip, }}t I.J.wmwptl_wa bU uta ptl_ntl_ t}mpawpi.J.muUhp (N): 

CGq npmu hwjtnGp t, np x utwmwhwi.J.wU utbm}}JWG x 1 wpdtp[! 

hwfiqtu t hi.J.tt n 1 wfiqwu, x 2 -I!' n 2 wUqwu , xk -fi' nk wfiqwu: 

lljl} qhutPntU utUp ltwpnq tap qpht, np X utont}}jWG UP2PU 
}}tl_wpwfiwi.J.wU[! I.J.1PGp' 

x1n1+x2n2 + ... +xknk n1 n2 nk 
N =x1 N+ x2N+ ... +xk N= 

k 

=X1P1 +X2P2 + ... +XkPk = LX;P; =M[x] 
i=1 

x utwmwhwi.J.wU ubant}}JWG t~W}}hUwtnpi.J.wi.J.wG UutWUntU[! 
I.J.n~qmu t WJil utbnt}}JWU hwtjwfiwqwfimpJmti fibpft pw2futfwfi 
qbfimpnfi: Uju wfitl_wfinul[! umgl{wa t «OWUpntpjWU I.J.hfitnpnfi» 
wfil[wfiuwa Uuwfint}}jWUp: bpt Ox wmufigpp XI' X 2 , . .. , xn 

wpugpufitpfi mfitgnq I.J.hmhpmu mtqwtl_npl{wiJ hfi p1, p2 , ... p 11 

qwfiql[wiJfitp[!, WutW hWJtnfip t, np WJil qwfiqtl_wofitpp 
owfipnt}}JWU I.J.hfimpnUp wpugpu£! npn2l[mu t httnhJWL 

11 n 

"Vltwmpmfihfiwtml,np LPk =1, WutW xc =Ixkpk: 
k~ k~ 
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uutwuuwu pwfiwahpu: btl WJUuttu, hwumwmtl_wiJ t, np 
qwUqtl_wiJUtpp owfipnt}}JWU l.j_tGmpnU£!. h Uw}}bUwtnpi.J.wi.J.wU 
uutwumu£! hwzqqmu tU hwuwauwU pwfiwahtpntl_: UJumtqpg t( 
«hwtl_wfiwi.J.wfim}}Jnt.Gfitpp pwz)uuwfi lthfimpnG» wfitl_wfimU[!: 

UUiO"bUUSP4U4U"V UfllUUUU"V .t,US4fll'i0"5fli'"V"VbPC 
1. .t.wumwmmfip uw}}tuwmpltwltwU uutwumU[! hwtl_wuwp t 

hhfig pphfi' M(C] = C: 

2. bpi.J.m wfii.J.w]u utwmwhwltwfi ubant}}Jntfifitpp qmuwpp 
Uw}}tuwmpi.J.wltwfi uutwuntU£! hwtl_wuwp t wnwfi6l1G 
qmuwph1Pfihpp UW}}bUwmpttwi.J.wU uutwumufitpp qmuwppfi. 
M(X + Y] == M(X]+ M(Y] 

3. UptnWI}PJWlP UW}}hUwmpi.J.wi.J.wU uutwumU£! hwtl_wuwp t 
Wfl\.!1WilJlp~Ghpp UW}}UUWtnpi.J.wi.J.wU uutwumuGtpp 
wptnWl}flJWtPfi. M(X · Y)= M(X]· M(Y] 

fllUSU.t,UliU"V Ubt>fll'i0"5U"V "1-PUfllbPUPU"V bq_ 
UPQP"V ~UfiU401'UU5P"V Cb~l'lf 

lfw}}tUwtnpltwi.J.wfi uutwumU[! utWtnwhwi.J.wU utbnt}}JWfi 
pfinpnJUWfi upwJfi pwl[wpwp utWJUwfi t, pwJg tpptua hwptt t 
1Pfimu puwfiwtutwmwhwi.J.wfi utont}}JWfi wnwfiapfi wpdtpfitpp 
2bqmui! fipw t~w}}Mwmpltwttwfi uutwumupg ttwu Uf12Pfi 
wpdtppg: fltump wUhpwdtzmnt}}JntG t wnw2wfimu umgfittm 
utwtnwhwltwfi utom}}JWU wpdtpfitpp pptUpg UW}}tUwmp­
ltwltwfi UutWUntUpg mfitgwiJ ztquwfi qwqwt}lwp[!, WjUpfip(i 
x-xttwuxi-mx: 

UU.t,UU"VOI'lf.- X utWtnwhwltwfi utont}}JWU IJftuUJbpuftw 
ttn~l[mu t WJil utWtnwhwltwG utbnt}}jWG La Upw uwptUwtnp­
ttwttwU uutwuuwG mwpphpnt}}JWU pwnwttmum UW}}UUW­
tnpltwltwG UutWUntU[!: 

fllwmwhwltwfi uhontpjwG I}}luuthpupwU UzwGwi.J.mU tfi D(x] 
2 

I.J.wu crx: 

UJfiuthu np, {!Utn uwhuwfiuwG D[x] = Ml(x- xY j I.J.wu 
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n 

D[x]== L:(xk -mxl2 Pk =cr~ 
k=1 

bpb OwpbUwuiplfwlfwU UUJWUOlO[! npnznui t X 

UJwmwhwlfwG ubompJWU hwqwGwlfwGmpJmUUbpp pwztuuwG 
ltbfimpnfip qppp(!, WUJW qpmqbpupwli llJWmwhwlfwfi ubampJwfi 
WJldbpfihiJll' llfl uwpbuwmpqwqwfi ullJwumupg mfibgwo gpuwu, 
u..pnuwu f4WJflG pGmfwqppfi t: · 

q_}lUUJbpupwfi mfip llJWtnwhw\twfi ubontpjWU 
pwnwlfmum ~wtflwltwfintJ}JntU: bppbUG, gpnui{! pfimpwqpbtm 
hwuwp, wqbtlt hwpuwp t oqmtlbt WJUlllltu)l ubantpjntU)lg , np)l 
~wtftw\twfimpjntU(! hWU[!GlJ.Gmu t llJWmwhwlfwG ubompJWU 
~wtflwlfwGntpJWU{! : liJqllJltup ubOntfJntfi t uftpftfi pwnwljnwwjftfi 
JbiJnllfp: · 

. UU~UU"UDI·U.- Olwmwhwqwfi ubompJwfi u)l2)lfi 
pwnwlfmUWJpU zbqmu lfn~qmu t Gpw q}luUJbpu)lwj}l pwnwttnmp 

n 

wpuwm(!' cr x = fofx] == L (x k - m x Y Pk 
k =1 

OppGwlf.- X UJWtnwhwqw(i ubontpjntU[! UlflqWa t 
hbtnuJWl pwztuuwG ophfipnq: 

lliumuwlj 12 
X 2 3 
p 0,3 0,4 

Dpnzh(l) UWfbUWmpl.J.wl.J.wG UUJWUntU[!, 2) q}lullJhpupwfi, 
3) UP2PU pwnwi.{DIUWJ}lfi zbqntU{!: 
LOH'5DPtf.-l. M(x] = 2 · 0.3 + 3 · 0.4 + 4 · 0.3 = 3 

2. D[x]=(2-3Y ·0,3+(3-3Y ·0,4+(4-3Y ·0,3=0,6 

4. (}'X = JD[XJ = )0,6 = 0, 77 
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